Recent Researches in Communications and Computers

PDF's of Time Derivatives at Two Time Moments in the Presence of
Nakagami Fading

DRAGANA KRSTIC
Department for Telecommunications, Faculty of Electronic Engineering,
University of Ni§, Serbia
Aleksandra Medvedeva 14, 18000 Nis
dragana.krstic@elfak.ni.ac.rs

PETAR NIKOLIC
Tigar Tyres, Pirot
Nikole Pasi¢a 213, 18300 Pirot
nikpetar@gmail.com

GORAN STAMENOVIC
Tigar, Pirot
Nikole Pasi¢a 213, 18300 Pirot
goran.stamenovic@tigar.com
SERBIA

Abstract: - The probability density functions (PDFs) of derivatives in two time moments for dual
branch Switch and Stay Combiner (SSC) output signals in the presence of Nakagami-m fading are
determined in this paper. The second order statistics, such as the average level crossing rate and the
average fade duration, can be calculated by using obtained closed-form expressions, because of what
it is very important to find PDFs in the closed-form expressions.
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1 Introduction complicated combining methods 1is selection
combining (SC) [6]. Contrary to previous
combining techniques, SC combiner processes only
one of the diversity branches because of what is
much simpler for practical realization. Generally,
selection combining, selects the branch with the

The received signal in wireless communication
systems is exposed to short-term fading, which
is the result of multipath propagation, and long-
term fading or shadowing, which is the result of

large obstacles and deviations in terrain highest signal-to-noise ratio (SNR), that is the
between transmitter and receiver [1]. branch with the strongest signal [7].

An efficient method for improvement system’s SSC is the method of simplifying the system
quality of service with using multiple receiver complexity but with loss in performance. In this
antennas is space diversity [2]. There are several case, the receiver selects a particular antenna until
main types of combining techniques [3]. They have its quality drops below a predetermined threshold.
different complexities and amount of channel state When this happens, the receiver switches to another
information available at the receiver. Combining antenna and stays with it for the next time slot,
techniques like maximal ratio combining (MRC) [4] regardless of the signal quality of that antenna [8].
and equal gain combining (EGC) [5] require all or Rayleigh, Rician, Nakagami-m and Weibull
some of the amount of the channel state information statistical models are the most frequently used to
of received signal. They require separate receiver describe the short-term signal variation. The
chain for each branch of the diversity system, which Rayleigh distribution is frequently used to model
increase its system complexity. One of the least multipath fading with no direct line-of-sight (LOS)
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path. The Rician distribution is often used to model
propagation paths consisting of one strong direct
LOS component and many random lower
components. The Nakagami-m distribution has
gained widespread application in the modeling of
physical fading radio channels [9]. The main
advantage of usage of Nakagami-m fading model is
its good fit to empirical fading data. We can model
signal fading conditions that range from severe to
moderate, light fading or no fading through
Nakagami parameter m. It includes the one-sided
Gaussian distribution and the Rayleigh distribution
as special cases for m=0.5 and m=1, respectively.

The authors determined the expressions for the
probability density functions and joint probability
density functions for SSC combiner output signals
at two time instants in the presence of different
fading distributions. Then, these expressions are
used for design of systems with better performances,
such as the bit error rate and the outage probability.
Performance analysis of SSC/SC combiner in the
presence of Rayleigh and log-normal fading are
given in [10] and [11], respectively.

But, the level crossing rate and the average
fading duration are also very often used in designing
of wireless communication systems as measures for
their quality. These second-order statistical
measures are related to criterion used to assess the
error probability and to determinate equivalent
channel's parameters, modeled by a Markov chain
with defined number of states [12]. To obtain
second order system characteristics we need the
expressions for signal derivatives [13].

For this purpose, the probability density
functions of derivatives in two time instants for SSC
combiner in Rician and Rayleigh fading channels
are determined in [14] and [15], and the probability
density functions (PDFs) of the signal derivative of
dual switch and stay combining (SSC) combiner
output signals at two time instants in the presence of
Nakagami fading will be derived in this paper.

2 System Model and Problem
Formulation

The system model of dual brunch SSC combiner at
two time moments is shown in Fig.1. At the first
time moment the input signals are r;; and r,;, but r;,

and 7, at the second time moment. The output
signals are r; and r,. The derivatives are 7, and 7,
at the first time instant, and 7, and 7, at the
second time instant. The derivatives at the SSC
combiner outputs are 7; and7, .
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The first index represents the branch ordinal
number and the other time moment observed. At
output signal the indices correspond to the time
moments considered.

I,
ISTR D)

SSC r,n
121,122 i1,k
1,122

Fig.1. Dual SSC combiner at two time moments

The probabilities that combiner examines first
the signal from the first, i.e. second branch are P,
1.e. P,. The values of P; and P, for SSC combiner
are obtained in [3].

The four different cases depending on the size of
the input signal with respect to the threshold are
discussed here:

1 l"]<I"T, 7"2<I’T

In the first case all signals are less then threshold 77,
1.e.. rp<rp rp<rr r;<rgp and r,,<rr. Let combiner
considers first the signal r;;. Because of r;;<rr, then
/i =1y, and because of r,<rr, then 7,=7,. The
probability of this advent is P;. If combiner
examines first the signal 7, then r<rp, 7,=r,,
also r,;<rr, 7,=",,. The probability of this advent is
P,.

11 I’JZI"T, l’2<l"T
The possible combinations for this case are:

ri2r, Fo<rr, F<rr, h=h, hL=F, P

PSP 1 2F, To<rr, Fp<rr, K=l K=K, P

F22Fr, Too<rr, 1;2<Ir, h=h 1h,=h, P;

Foa<rp, Fi2rr, Fpo<rp,rnp<rr, K=K 1=, P;

111 ri<rr, I’zZI"T
Now, the possible combinations are:
Frs<rr, ¥21<rr,

r22ZrT, I"l :7"21 7"2:7"22 P]

Fus<ry, ¥ <rg, ro<rprp2rn, L=k, HL=KH, P;

Fau<rr, ru<rr, rp2rr, h=nK, L=h, P

Fu<rp ¥i<rr, ¥rp<rptp>rp, §K=1, HL=Fh, P,
IVI"[ZI"]",”gZI"T

In the last case the possible combinations are:
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ru2rr, 2t L=F, hL=h, P
T2 ¥y, Fio<rp P2y h=FK =P P
r<rr, 21 2rr, Y2221, =1y 1=, P
P<Er, 121 2Fr, ¥22<rp, Fip<r'r h=F h=h, P
7212y, Y2220, K=F Fh=h P,
T212FT, P22<Fr, V12277, h=Fh hL=h, P
Tor<rr, ' 21, 2t h=h hH=h, P;

o<rr, ry2re, Vop<rr,rn2rn, h=h, L=

3 Probability Density Functions of

Derivatives
The joint probability density functions of signals
and derivatives are:

ri<rg, ¥;<rr

T T

Prrii, (1,175 15) = Plj.drilIdr22pr,,r:zrurlzfml‘n (BisTaslisTos s o) +
00

rr rr
+ Pz .[dr21 .[drlzp’zmz’n’zzfnr'zz (7’21 ,1”12,]”] ,1”2,1”1 ,1”2)
0 0

(1

12ty Fa<rr

T
pr]rzi'li'z (”i H rZ’ rl’ r2) = Plj.drlzprlzr”rzzi’”izz (’/12’ rl’rZ’ rl’ r2) +
0

T

T
+ RJdrll."drzzprllrzzrzmzfuflz (711,722,7"1,}”2,}”1,]/'2) +
0 0
s
+ PZ .[ drzzp’zz’hlﬁthlﬁz (7’22 UTLETUT rz) +
0
VT }/T
* P2 Ierl J.drlzp’m’lzmrzzf'nfzz (7’21,}"12,}”“7";’1,;/-2)
0 0

2)

ri<rg 1:2rr

T
pﬁrzf‘fz (7"1,}"2,}"1,1"2) = Rjdr“pm’mrzzfu"’zz (7"11,7"1,7'2,}"1,1"2) +
0
T T
+ E-‘.dr”J.drzzp’llrzz’2|7|z"‘zyfiz (7’]1,7’22,7"1,}”2,}”1,}’2) +
0 0

T
+ ]DZJ.drﬂprﬂr”r]zr'”i]z (}"21 s rl’ 1’2, }"1 2 1’2) +
0
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r r
+ 1)2 J. erl J. drlzp"zlrlz’llrzz"‘n"‘zz (7”21 LPTUTIALE 7"2)
0 0

3)

PIZFT, 122T'7
prlrzili‘z (7"1,7"2,}"1,}"2) = Pl]?rnrui‘ni‘12 (rl’FZ’rl’FZ)—i_

T
+P J drl2pr12r”r22f”f22 (Fashis1ys s Fy) +
0

T
+ Rfdmp,,,,z,w-z,,-ﬂ (1575170 Ty) +
0

7 I
+ Pl.[dril.[drzzprllrzzrzmz’;zl"iz (7"”, sz, ’/i ? 7"2, rl ’ Vz) +
0 0

+P

2p”2|rzz”2|rzz

(575715 7y) +

T
+ PZ J. drzzprzzrzmzfzmz (7‘22 UTLTUT rz) +
0

rr
+ ])2 Idr21pi§ln]i]2ijlﬁ2 (}"21, }"1,1”2,1"1, r2) +
0

T T
+ P2J.d’”21 Idrlzprﬂrlzr“rnr'“izz (P15 1as 1y 1o s 1)
0 0

“

For the case that signal and its derivative are not
correlated, after integrating of the whole range of
signal values and some mathematical handling, the
joint PDF of derivative can be expressed as:

T T
pr}r'z (rlﬂrz) = 131 J.dl”“ J‘drnp’nrzz"ﬂﬁz (r”’rﬂ’rl”a)—i_
0 0

}/T }‘T
+ f)z J.dr21 .I.drlzprzmzin"‘zz (7”21 »h2s1157 ) +
0 0

rr ES T *
+ PIJ‘dr‘IZJ‘drlpqzmmfzz (112511571, 75) +Pz_[d’"zzj.d”1prnrz¢m2 (r, 1 s 1) +

0 s 0 r/

o -
+ B[ dny [dr,p, o Ciorosfiois) + B [y [drp, oo (o) +

0 r 0 "

w @ w  w
+R,|.d},‘1.'.dr2pr|1’w2"w|"iz (lﬁl’rz’};l’iﬁZ)+P2J.d},‘1J‘drzprﬂrlzr'z,i-l2 (r|>r257;1,i42)

&)

The signal derivative’s PDFs can be found from
joint PDF based on [14]:

Py = [ P G (©)

—00
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Py ()= [ Py, Gt )l (7)
By replacing (5) in (6) and (7), obtained:

pi (7)) = Plpr'“ (7)+ Pzpy'z, (7)+

+(BE, ()= BE, ()p,, (7) +

+(BE, ()= BF, (7))p,, () (8)

p., () = RE, (1r)E, (rp)p;, (7)) + BF, (r)F, (1) p,, (75) +
+ RBI(VT)pi‘:z () +PB, (rT)py,Z (%) +
E(7))p,, () +

®

+BF, ()1-F, ())p,, () + BE, ()1 F,

21

+PIC1(VT)pf,Z (i'z)"'chz(VT)pr'zz (1)

where F (r,) are signal’s cumulative distribution
functions (CDFs) and F, (r;)=F, (1),

Bi(rr) and Ci(r;) are abreviations obtained after
some mathematical manipulations made on integral
from [16]:

B,-<rr>=—e_“{1 0, [

+e_2r;jz 1-0 pirT\/Trni rT\/T’ni
" \/Qi(l _piz)’ \/Qi(l _p[z)

while

2m, p,rr\/ﬁ
Qli-p’) Jo,0-p})

(10)

- _ r2m,
Ci(rp)=e ™ ll_Qm,[rT ) émlpz)’\/grzl mlz)]:|+
i\ L= 0;

P+l 2m, Tpal2m; J

= ’
’[\/Qi(l_piz) \/Qi(l_piz)

+e
(1D
where Q;() is the Marcum Q function [3]:
O (a,p)= Txe[ ’ ]IO(ax)dx (12)

B

p; (#) and p, (7;) are obtained in the closed form

and are suitable for calculating of the level crossing
rate and average fade duration.

The probability density functions of signal
derivatives at the combiner input in the presence of
Nakagami m fading have a normal distribution with
zero mean value [17, 18]:
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e, —w<i <o (13)

1
V2ro, ’

where i=1,2, j=1,2 and diz =

pr’l(,;;',j):

Q, P fm2 1S variance,
m.

while f,, is maximum Doppler shift frequency.

Probability density function of signal derivative
at the SSC combiner output at two time instants in
the presence of Nakagami m fading is obtained
when signal derivative's PDFs from (13) are put in
the previously obtained general expressions. The
signal's CDF is replaced with [3]:

(z/) 7/(9 1/ ’mj’ ’:,/ZO

where i=1, 2, j=1,2.

The final expressions for signal derivative’s
PDFs at two time instants in the presence of
Nakagami-m fading are:

(14)

:2 -
n n

.2 1 _2. 2
. (7 e 9l p e " +
PR e R
P}f 27, m, |- Py Myt m ! e72;2+
2 , T >'"2 1 Ql T "1 \/go_l

7Lz m 2 1 7;2.2
+P|1—e * | =2r",m e " +
: (92 7" | e,
+PB.(r)———e * +PB,(r,) e ¥ 4
N2ro,

v 2720'1

m, 1 72:‘#
+Py| —Lr"m | 1-y| —=%r",m e " +
1 [Ql ! IJ( (Qz o V2735,

m 2 1 72’2-2
+P room, | 1—y| =1 " ,m | |——e " +
”[QQ ! zj( }{Q, r ‘D V276,

.2
26,

.2
)
26,
e + PG, (r7)

1 1
+PC,(r,)———
GO s Jon

(16)
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The PDFs of signal derivatives are presented in
Fig. 2 for different values of parameter o, in the
case of channels with identical distributions.

0s

07

06F

051
B (F=n, (1)
03F
02r

o1r

Fig.2. The probability density functions of
derivatives at the SSC combiner output at two time
instants

4 Conclusion

The expressions for probability density functions
(PDFs) of the signal time derivatives in two time
moments for dual branch SSC combiner output
signals and for the presence of Nakagami-m fading
at the inputs, are obtained in this paper. The second
order characteristics for complex combiners that
make the decision based on sampling at two time
moments can be calculated by using the closed-form
expressions obtained in this paper.

The authors showed at several papers that this
approach is justified by calculating the first order
characteristics. In the next paper we will determine
the average level crossing rate and the average fade
duration for these systems.
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