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Preface
The development of human society relies on natural resources in every area (both material and spiritual).
Nature has enormous power and intelligence behind its common daily appearance, and it is generous. We
learn in it and from it, virtually as part of it. Nature-inspired systems and methods have a long history in
human science and technology. For example, in the area of computer science, the recent well-known ones
include the artificial neural network, genetic algorithm and swarm intelligence, which solve hard problems
by imitating mechanisms in nature. Nature-inspired methods are also being quickly developed and applied
in other areas. In this book volume, the authors just try to pick up a drop from the sea of nature’s
intelligence, and apply it in a specific area. The authors hope that it may inspire the readers’ interest of
nature’s intelligence when exploring in their own areas of science and technology.
The research work in this book volume is supported by WSEAS on the topic of “Advanced Image
Processing Techniques”. Nature-inspired methods in image processing have attracted more and more
attention and research efforts. Related work has achieved promising results in practical tasks, which
indicate that it is a direction potentially leading to breakthroughs of new image analysis techniques.
Methods inspired by physical electro-magnetic field make up a main branch of this direction, which have
been successfully applied in the practical applications including: recognition of human ear, face and gait;
extraction of corner, edge, and shape skeleton in images. The existing methods inspired by electro-magnetic
theory generally belong to two categories: analysis of the virtual field generated by the image (such as the
“force field transform”), and deforming a shape or curve under the virtual force field generated by the
image (such as the “active counter model”).
The authors have been exploring in the area of nature-inspired image analysis for years, and have published
a series of papers about their novel methods and results. These methods are mainly inspired by the theory of
electro-magnetic field, which reveal the structure properties of the image by electro-magnetics inspired
transforms. In these transforms, the formulas in electro-magnetic theory are adjusted to more generalized
forms in order to suit practical image analysis tasks, and some novel viewpoints which take the image as a
virtual field are presented. Several types of methods have been proposed from different aspects of field
theory (vector field, scalar potential field, and field source distribution). The work in the paper seires
indicate that the physics inspired virtual field is a novel way of designing new effective image transforms.
There are other nature inspired methods proposed in the paper series including: image segmentation
inspired by the physical deformable grid, image feature extraction inspired by the artificial swarm, and the
measurement of image local property by fractal feature. Because this series of papers mainly concentrate on
nature-inspired methodology, they are now gathered and published as a book volume.
Nature-inspired methodology itself means continuous exploration in the rich resource of the intelligence
shown by nature. Therefore, this book volume does not mean the end and final conclusion of the authors’
on-going work. Further promising results in both theory and practice are expected. And the authors hope
their research attempts shown in the book volume may inspire new ideas of others, which will surely be
much more valuable than the book volume itself.
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Summary
In electro-static fields and magneto-static fields, the field and its source are two indivisible parts of a
physical system. The field is derived from the source, and it naturally reflects the characters of the source
distribution. On the other hand, the source may be mathematically inverted from the field. Therefore, the
field and its source can be regarded as two domains of a special transform, and either of them can represent
the characters of the other. The potential and the field intensity have a similar relationship, which means
they are two different presentations of a same physical system.
Images can be regarded as a two-dimensional distribution of data. Image transform is the basic technique
in image analysis, which finds a clearer and more convenient representation in the transform domain for
better analyses. The natural transforms implied in the theory of physical electro-magnetic field just satisfy
the need of the transform and feature extraction in image analysis. Moreover, the mathematical forms of
electro-magnetic formulas have a unique advantage of the balance between local and global analysis, which
is needed in many practical tasks.
In recent years, there have been increasing research efforts in nature inspired methods for image
analysis. Promising results have been obtained in edge detection, corner detection, shape skeletonization,
ear recognition, etc. Existing research focuses on scalar potential field, but the work on vector field
transform is rare. The direct application of the formulas of physical fields is common, but there is much less
work of adjusting and altering the forms of physical formulas to suit practical applications better. Moreover,
most of the existing work in this area takes the image as the source and produces its virtual field, but the
inverse transform from the image as a field to its virtual source is not investigated in previous research
work. In the paper series of this book volume, the authors try to widen the research of physical field
inspired methods in image analysis.
This book volume is the collection of the authors’ recent original work mainly in the area of physicsinspired methods for image analysis, which provide a new kind of natural representation of image structure
imitating the electro-magnetic field. Three virtual vector field transforms (diffusing vector field, curling
vector field, compressing vector field) are proposed based on the electro-static or magneto-static analogy. A
scalar virtual potential field (relative potential field) is also proposed for image analysis. Besides, two
different virtual source reverse methods (potential source reverse, curling source reverse) are proposed
imitating the physical fields derived from the static charges and static current distribution. The edge vector
field is also presented, and the virtual magnetic field generate by it is also investigated. In the above work,
the basic properties of the virtual fields are analyzed and experimentally investigated, and their possible
applications in image analysis are also studied by experiments. The experimental results indicate the
impressive research value of physical field inspired methods in image analysis.
Other methods proposed in this book volume include: an image segmentation method inspired by
physical deformable grid, a biological swarm inspired method for feature extraction, fractal representation
of image local feature, and a social insect inspired method for task allocation in parallel processing tasks.
The experimental results of the proposed methods show the promising wide application of nature inspired
methods in practice.
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Diffusing Vector Field of Gray-Scale Images for Image Segmentation
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Abstract: - A novel vector field transform is proposed for gray-scale images, which is based on the electrostatic analogy. By introducing the item of gray-scale difference into the repulsion vector between image points,
the diffusing vector field is obtained by the transform. Then the primitive areas can be extracted based on the
diffusing vector field with a proposed area-expanding method. A new image segmentation method is then
presented by merging primitive areas. The experimental results prove the effectiveness of the proposed image
segmentation method.
Key-Words: - Diffusing vector field, image transform, image structure, image segmentation

which take an electro-static analogy in the
transformation from the image to the vector field.
Such methods have got effective and promising
results in skeletonization, shape representation,
human ear recognition, etc.
In this paper, a novel vector field is proposed to
represent image structure of different areas in the
image. The diffusing vector field is defined by
extending the vector field of the electro-static
analogy to a more generalized form. Based on the
diffusing vector field, the source points of diffusing
vectors can be extracted and the image can be
decomposed to primitive areas, based on which the
image segmentation can be implemented by
merging the primitive areas. The experimental
results indicate the effectiveness of the proposed
segmentation method.

1 Introduction
Image transform is one of the fundamental
techniques in image processing. The image
transform generates another space or field, where
some characteristics of the generated space may be
exploited for effective and efficient processing of
the image. Classical image transform includes
mathematical transform such as Fourier Transform,
Walsh Transform, etc. A relatively new technique
is the Wavelet Transform. In these techniques, the
digital image is regarded as a discrete 2-D function
and is transformed to the coefficient space. A more
general view of image transform may include the
transformation to the feature space. The gradient
field can be a typical case, which is generated by
the convolution of the image and the gradient
template. In the gradient field, the edge feature of
the digital image can be extracted.
Many image transform methods result in a space
or field of scalar coefficients or scalar feature
values. Some others can result in a vector field,
such as the gradient field. The gradient templates
can extract the components of image gradient on
the direction of x-coordinate and y-coordinate
respectively. A general idea about image transform
may include transformation to both scalar space
and vector field.
Because the vector field possesses information
of both intensity and direction, the vector field
transform may give a detailed representation of
image structure and features. Some physics-based
approaches have been applied in image processing,

2 Diffusing Vector Field of GrayScale Images
In physics, a charged area with certain distribution
of charge generates its electric field within and
outside the area. In this section, a novel vector
transform of gray-scale image is proposed based on
an electro-static analogy, in which the image is
regarded as a charged area. In the proposed
transform, the form of the field force is extended by
introducing the gray-scale difference between the
related image points. With such definition of the
transform, in the generated field the vectors in a
homogeneous area diffuse towards the outside of
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that area, and the generated field is named the
diffusing vector field.


r(i , j )→( x , y ) is the length of r(i , j )→( x , y ) , ε is a pre-

defined small positive value which guarantees that
the above definition is still valid when g(i,j) is
equal to g(x,y), A is a pre-defined item of constant.
According to the above definition, the two

components of V are as following:

2.1 The form of electrostatic field force
The force of two charges q1 and q2 is given as
following:


1 q1q2 r12
(1)
F12 =
⋅ 2 ⋅
4πε r12 r12


where F12 is the force of q1 on q2, r12 is the vector

from q1 to q2, r12 is the length of r12 , 4πε is an
item of constant.
The form of static electronic force can be
introduced into vector field transform of images. If
two image points are regarded as two charged
particles, the force vector generated by one point on
the other can be defined. Of course, such definition
of vector transform between two image points must
be reasonable and proper in order to reflect certain
image features and thus has potential applications.

Vx =

( g (i, j ) − g ( x, y ) + ε ) ⋅ (( x − i ) 2 + ( y − j ) 2 )

3

(3)

Vy =

A ⋅ ( y − j)
( g (i, j ) − g ( x, y ) + ε ) ⋅ (( x − i ) 2 + ( y − j ) 2 )

3

2

(4)
where Vx and Vy are the components on the
direction of x-coordinate and y-coordinate
respectively.

2.3 The diffusing vector field of images
In section 2.2, a definition of the repulsion vector is
proposed for one image point on another. Based on
the repulsion vector, the vector field transform can
be defined for the whole image by summing up the
vectors produced by all image points on any image
points. The vector generated by the whole image on
point (x,y) is defined as following:

V ( x, y ) =

W H
r(i , j ) →( x , y )
A⋅
(5)
( g (i, j ) − g ( x, y ) + ε ) ⋅ r(3i , j ) →( x , y )
i =1 j =1

2.2 The repulsion vector between image
points
The form of electronic force formula has some
characteristics as follows:
(1) The formula has the power of distance r as
one of the denominator. The larger the distance
between two charged particles, the smaller the
force. In images, this causes a kind of local feature
extraction. One image point has strong effect on the
points nearby, but has little effect on distant points.
(2) The force between two charged particles is
related to the electric quantity of both charged
particles. In images, the effect of one image point
on the other point can also be defined with relation
to the intensities (i.e. gray-scale values) of the two
image points. Thus certain image features may be
extracted by the vector field transform.
In this paper, the vector generated by one image
point g(i , j) on another position (x,y) is defined
with direct relation to the reciprocal of the intensity
difference of the two image points. The definition
is proposed to generate repulsion vector between
neighboring points in homogeneous areas. The
repulsion vector is defined as following:


V =

A ⋅ ( x − i)

∑∑

(i , j ) ≠ ( x, y )


where V ( x, y ) is the vector produced by the
transform on position (x,y), W and H are the width
and height of the image respectively. According to
the above definition, the two components of

V ( x, y ) are as following:
Vx ( x, y ) =
W

H

∑∑
i =1 j =1
(i , j ) ≠ ( x, y )

A ⋅ ( x − i)
( g (i, j ) − g ( x, y ) + ε ) ⋅ r(3i , j )→ ( x , y )

(6)

A ⋅ ( y − j)
( g (i, j ) − g ( x, y ) + ε ) ⋅ r(3i , j )→ ( x , y )

(7)

V y ( x, y ) =


r( i , j )→( x , y )

A
⋅
( g (i, j ) − g ( x, y ) + ε ) ⋅ r(2i , j )→( x , y ) r( i , j )→( x , y )

W

H

∑∑
i =1 j =1
(i , j ) ≠ ( x, y )

(2)

where V is the vector generated by image point (i,j)
on position (x,y), g represents the intensity of image

points, r(i , j )→( x , y ) is the vector from (i,j) to (x,y),

where Vx(x,y) and Vy(x,y) are the components on the
direction of x-coordinate and y-coordinate
respectively.

2

2

Diffusing Vector Field of Gray-Scale Images for Image Segmentation

Because the effect of an image point on another
decreases quickly with the increase of distance, the
vector on any image point is determined by two
major factors: the strong effect of a few
neighboring points, and the accumulated effect of
large amount of distant points. In the definition of
the diffusing vector field, the smaller the gray-scale
difference the relatively larger the vector length.
Therefore, a diffusing vector field will appear in
each homogeneous area because the strong
"repulsion" between similar image points. On the
other hand, at the boundary of two different areas,
the vectors field at one side of the boundary will be
in opposite directions of those at the other side.
To investigate the property of the proposed
transform, several simple test images are
transformed to the diffusing vector field. The
algorithm is implemented under the Visual C++ 6.0
developing environment. Three of the test images
are shown in Fig. 1, Fig. 4 and Fig. 7. These images
are of size 32 × 32. For a clear view, they are also
shown 4 times of original size. Fig. 2, Fig. 5 and
Fig. 8 show the length of each vector in the
transformed field respectively, where larger grayscale values correspond to larger vector length. The
results are also shown 4 times of original size for a
clear view. The direction of each vector in the
transformed field is digitalized into 8 discrete
directions for further processing. Fig. 3, Fig. 6 and
Fig. 9 show the direction of the transformed field
for each test image.

Fig. 2 The vector length in the transformed field of test1
(the original image; 4 times of original size on the right)

Fig. 3 The direction of each vector in the transformed
field of test1

Fig. 4 The second image test2 (the original image on the
left, and 4 times of original size on the right)
Fig. 1 The first image test1 (the original image, and 4
times of original size on the right)

Fig. 5 The vector length in the transformed field of test2
(the original image; 4 times of original size on the right)
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Fig. 6 The direction of each vector in the transformed
field of test2

Fig. 9 The direction of each vector in the transformed
field of test3

3 Image segmentation based on the
diffusing vector field
3.1 The primitive area of images
The experimental results of the test image indicate
that in the homogeneous area a diffusing vector
field will be produced, and the diffusing field ends
at the boundary of the homogeneous area because
the vectors outside have opposite directions of
those within the area along the boundary.
Therefore, homogeneous areas in the image can be
represented by areas with consistent diffusing
vectors in the transformed field. Each diffusing
vector area corresponds to an area of homogeneous
image points. The area of consistent diffusing
vectors extracted from the transformed field is
defined as a primitive area, which can be regarded
as an elementary component of an image because it
is regarded as homogeneous in the transform
process.
According to the definition, the image test1 is a
whole primitive area, while the image test3 has at
least two primitive areas: the ellipse, the rectangle
and the background area. All the primitive areas
can be extracted from the diffusing vector field,
which can be exploited in further image analysis. In
this paper, the primitive area forms the basis of the
proposed image segmentation method.

Fig. 7 Thethird image test3 (the original image on the
left, and 4 times of original size on the right)

Fig. 8 The vector length in the transformed field of test3
(the original image; 4 times of original size on the right)

The image test1 is an image of monotonous
gray-scale, i.e. the whole image is a homogeneous
area. In the transformed field of test1, it is obvious
that the whole field is diffusing from the center of
the image towards the outside. There is an ellipse
area in image test2. In image test3, there are an
ellipse area and a rectangle area. In their
transformed fields, the fields in the homogeneous
areas are diffusing outward from the center of each
area. On the boundaries of the areas, it is obvious
that the vectors at one side of the boundary line
have opposite directions of those on the other side.
The experimental results of the test images
indicates that the proposed transform produce
diffusing vector field within the homogeneous
areas, but generates vectors of opposite directions
at the two opposite sides along the area boundary.

3.2 Diffusing centers in the primitive area
In each primitive area, the vector field diffuses
from the center towards the outside, thus the area
center becomes the source of the diffusing field.
Therefore, the area centers are the begin points to
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extract primitive areas. Here the source of the
diffusing field is defined as the diffusing center.
According to the experimental results of the test
images, the definition of the diffusing center is
given as following: for a square area consists of
four image points, if none of the vectors on these
points has component of inward direction into the
area, the square area is part of a diffusing center.
Fig. 10 shows the allowed vector directions on each
point in a diffusing center.

Fig. 12 The diffusing centers in Fig. 6

Fig. 10 The allowed vector directions in diffusing center

Fig. 13 The diffusing centers in Fig. 9

In Fig. 3, Fig. 6 and Fig. 9, according to the
above definition the diffusing centers can be found,
which are shown in Fig. 11, Fig. 12 and Fig. 13.
The source points in the diffusing centers are
indicated in gray.

The image test1 is a homogeneous area,
therefore there is only one diffusing center found in
Fig. 11. There is an area of ellipse in the image
test2, and the diffusing center of the ellipse can be
found in Fig. 12. Moreover, there are also four
other diffusing centers found in the background
area. The image test3 has an ellipse and a rectangle.
Correspondingly, in Fig. 13 there is one diffusing
center for the ellipse, one for the rectangle, and five
for the background area. It is indicated that in a
large and irregular area there may be more than one
diffusing center found, such as the background
area.

3.3 Primitive area extraction by the areadiffusing method
The primitive areas are the basic elements in the
diffusing vector field, which is a kind of
representation of the image structure. From the
analysis and experimental results in Section 2.3, in
a primitive area the vectors diffusing outwards
from the diffusing center (i.e. the area center).
Moreover, the diffusing vectors in the primitive
area end at the area boundary where opposite
vectors at the outside are encountered. Therefore,
the primitive area can be extracted by expanding
outwards from the diffusing center along the
directions of the diffusing vectors. The proposed
area-expanding method to extract the primitive area
is as follows:

Fig. 11 The diffusing centers in Fig. 3

step1:
Get the diffusing vector field of the image by
the transform proposed in Section 2.3, and each
image point now has a vector on it (the vector is
discretized into 8 directions).
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distinguished from each other by different grayscale values.
step2:
Get the diffusing center points in the diffusing
vector field according to the definition in 3.2.
step3:
Assign each diffusing center a unique area label
(here a unique area number is given to the points in
each diffusing center, while the points not in the
diffusing center are left unlabeled).

Fig. 14 The result of primitive area extraction for test1

step4:
Then a process of area-expanding in the
diffusing vector field is implemented to extract the
primitive areas.
For each labeled point in the image, select five
of its eight neighboring points that are nearest to its
vector's direction. For each of the five selected
neighboring points, if it is unlabeled and its vector
is not opposite to the labeled point's vector (i.e. the
area boundary is not reached), it is labeled the same
area number of the labeled point. On the other
hand, if the neighboring point has been labeled with
another area number, a principle of least gray-scale
difference is applied to decide which of the two
areas the point should belong to. The difference
between its gray-scale and either area's average
gray-scale is calculated. The point will belong to
the area with less gray-scale difference. By this
way, the primitive area can expand by iteration
until the area boundary is reached.
The above process is repeated until the areas all
stop expanding (i.e. no more unlabeled point can be
given a new area number).

The image test1 is a homogeneous area.
Therefore the primitive area extracted in test1 is
only one complete area (i.e. the image itself).

Fig. 15 The result of primitive area extraction for test2

The image test2 contains an ellipse, and 3
primitive areas are obtained. The ellipse is
extracted as one primitive area, and there are 2
other primitive areas extracted in the background
area of test2.

step5:
If there are still unlabeled points when the
expanding of the areas stops, the principle of least
gray-scale difference is applied to assign each
unlabeled point an area number.
For each unlabeled point, calculate the
difference between its gray-scale and the average
gray-scale of its neighboring areas. Then this
unlabeled point is merged into the neighboring area
that is of the least difference.
The primitive areas are extracted for the three
test images in 2.2 according to the proposed areaexpanding method based on the diffusing vector
fields. The experimental results are shown in
Fig.14, Fig. 15 and Fig. 16. In these three figures,
the original images and the results of primitive
areas extraction are shown. The results are also
shown 4 times of original size for a clear view. In
these figures, different primitive areas are

Fig. 16 The result of primitive area extraction for test3

The image test3 contains an ellipse and a
rectangle, and 5 primitive areas are obtained. The
ellipse and rectangle in ellipse and rectangle are
extracted as two primitive areas, and there are 3
other primitive areas extracted in the background
area of test3.
The experimental results for the test images
show that the object areas can be extracted as
primitive areas such as the ellipse in test2 and the
ellipse and rectangle in test3. On the other hand, the
number of primitive areas may be less than the
number of diffusing center extracted. This is
because two or more diffusing center may merge
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into one area in step4 in the proposed areaexpanding method.

results indicate that the primitive area merging
method can effectively implement image
segmentation, and the main objects in the images
can be successfully extracted by the proposed
method.

3.4 Gray-scale image segmentation based on
the diffusing vector field and primitive area
Compared with the test images, practical images
obtained in the real world are more complex and
contains much more objects. The boundaries
between areas in these images are not as clear and
distinguishable as in the test images. In the
experiments, the primitive areas are also extracted
for the pepper image, the cameraman image and the
house image. These images are of the size
128 × 128. The experimental results show that there
are a large number of primitive areas extracted
from the practical images. There are 341 primitive
areas in the pepper image, 305 in the cameraman
image and 263 in the house image. This is because
the complexity of these images.
The primitive areas are a kind of representation
of image structure. To implement meaningful
image segmentation, area merging must be done to
get more practically useful result. An area merging
method is proposed to combine primitive areas
based on the least gray-scale difference principle.
First an expected number of remaining areas after
merging is given. Then the following steps are
carried out to merge areas until the expected area
number is reached:

Fig. 17 The image of peppers

Fig. 18 The primitive area merging result for the peppers
image (20 areas remained)

step1:
For each area in the image, calculate its average
gray-scale.
step2:
Find the pair of neighboring areas with least
average gray-scale difference, and merge them into
one area.
step3:
If current area number is larger than the final
area number, return to step1; otherwise, end the
merging process.
The original image of the pepper image, the
cameraman image and the house image are shown
in Fig. 17, Fig. 19 and Fig. 21. The result of
merging primitive area is shown in Fig. 18, Fig. 20
and Fig. 22 respectively, where different areas are
distinguished from each other by different grayscale values. Fig. 18 shows the result of merging
341 primitive areas into 20 areas for the peppers
image. Fig. 20 shows the result of merging 305
primitive areas into 12 areas for the cameraman
image. Fig. 22 shows the result of merging 263
primitive areas into 20 areas. The experimental

Fig. 19 The image of cameraman
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Fig. 20 The primitive area merging result for the
cameraman image (12 areas remained)

Based on the proposed transform, an effective
image segmentation method is presented. By
finding the area center and the area-expanding
method, primitive areas can be extracted. Then
image segmentation is implemented by merging the
primitive areas. The experimental results indicate
the effectiveness of the segmentation method.
Objects can be successfully extracted in practical
images in real world with the proposed method.
Further research work will investigate more
applications of the diffusing vector field transform
in other tasks of image processing and analysis.

Fig. 21 The image of house
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Fig. 22 The primitive area merging result for the house
image (20 areas remained)

Based on the previous sections, here a novel
image segmentation method is proposed based on
the diffusing vector field as following:
step1: Get the diffusing vector field of the image
step2: Get the diffusing center points
step3: Extract the primitive areas
step4: Merge the primitive areas according to the
requirement of final are number
The effectiveness of the method has been
indicated by the above experimental results for the
practical images from Fig. 17 to Fig. 22.

4 Conclusion
In the research of image transform, vector field
transformation is a promising methodology, in
which both vector length and vector direction can
be exploited for feature extraction and analysis.
Electro-static analogy has become a useful way for
designing vector field transform of images.
In this paper, the diffusing vector field
transform is proposed by introducing the factor of
gray-scale difference into the electro-static analogy.
In the diffusing vector field of images,
homogeneous areas are expressed as the areas with
a vector group diffusing outwards from the center.
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Abstract: - For image structure representation and feature extraction, the curling vector field transform is
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transform. The properties of the proposed transform
are investigated experimentally, and the transform
is applied in image segmentation. The experimental
results indicate the proposed method can produce
detailed representation of the image structure,
based on which image segmentation can be
effectively implemented.

1 Introduction
In digital image processing, the image transform is
a fundamental technique. Generally, the transform
maps the original image to the representation in the
transformed domain, such as discrete Fourier
transform, discrete cosine transform, wavelet
transform, etc [1]. These transforms are the
conversions from the image space to the coefficient
space (which are all scalar). Compared with a
scalar space, a vector space includes not only the
intensity of vectors but also the direction
information, which may give a deeper and more
detailed representation of the image structure.
Research work has been done in image processing
methods by imitating physical vector fields, such as
the electro-static field or the magnetic field [2-8].
Because a field is determined by the field source
and thus reflects the properties of the field source,
vector field transforms may reveal detailed feature
of the source (i.e. the image). This has become a
novel way to design image processing algorithms
and has potential impact on the development of
image transform research. Currently, there is
relatively less work on the imitation of magnetic
field in image processing, and there is also no
general and uniform definition of vector transform
imitating the magnetic field [7,8].
In this paper, a novel vector field transform for
images is proposed imitating the static magnetic
field, which is named the curling vector field

2
The Curling
Transform

Vector

Field

2.1 The physical magnetic field
The magnetic induction generated by an electric
current element is defined by the Biot-Savart Law
[9]:
→

→

u I dl × r
dB = 0 ⋅
4π
r3
→

(1)

where dB is the magnitude of the magnetic
induction at a point in the space. I is the magnitude
of the electric current element; dl is a unit vector
which represents the direction of the electric
current element; r is the radius vector from the
electric current element to the point in the space.
In the physical magnetic field, the magnetic
induction lines are close loops. The geometric
shape of the magnetic induction lines are
determined by the mathematical form of the vector
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field defined in (1). In this paper, the mathematical
form of the magnetic field is imitated in image
vector transform, based on which the curling vector
field is proposed.

2.3 The definition of the curling vector field
transform for images
Based on the definition of the curling vector, the
curling vector field transform is proposed as
follows. The transform of image g on the point (x,y)
is defined as the sum of the vectors generated by all
the other image points on (x,y):

2.2 The definition of the curling vector
If the image is taken as the field source, the vector
field can be generated by the imitation of the
mathematical definition of the magnetic field.
Suppose there is an electric current element on each
image point, which is at a right angle to the image
plane. Then the virtual field source will generate a
vector field on the image plane. Furthermore, in
order to extract the image structure information, the
intensity of the vector field on each point is
determined by the gray-scale values of related
image points. In this paper, to reflect the gray-scale
difference between the points in two different
image regions, the vector generated by point (i,j) on
the point (x,y) is related to the gray-scale difference
between the two points:
→

→

(5)
where V ( x, y ) is the field vector on (x,y); W and H
are the width and height of the image respectively.
→

The two components of V ( x, y ) on x and y
directions are:
W

→

i =1

| g (i, j ) − g ( x, y ) |
⋅ sin θ (i , j )→( x , y )
r(2i , j )→( x , y )
j =1

W

H

(6)
i =1

→

(7)

where V is the vector generated by point (i,j) on
the point (x,y); g(i,j) and g(x,y) are the gray-scale
values of the two points; n0 is the unit vector at a

The magnetic induction lines are close curves in
physical magnetic field. This feature also exits in
the curling vector field defined above. The curling
vector transform is implemented for a group of test
images to investigate the properties of the vector
field. The test images are of the size 32 × 32 . The
experimental results show that the vectors inside
each homogeneous region constitute a rotating
whorl, which inspires the naming of the curling
vector field. Three representative images of the test
images and the corresponding experimental results
are shown in Fig. 1 to Fig. 8.

→

right angle to the image plane; r ( i , j ) →( x , y ) is the
radius vector from (i,j) to (x,y).
The two components of V on x and y directions
are:

| g (i, j ) − g ( x, y ) |
⋅ cosθ ( i , j )→( x , y )
r(2i , j )→( x , y )

| g (i, j ) − g ( x, y ) |
⋅ cosθ ( i , j )→( x , y )
r(2i , j )→( x , y )
j =1

V y ( x, y ) = ∑∑

(2)

Vy =

H

V x ( x, y ) = ∑∑

| g (i, j ) − g ( x, y ) | n0 × r (i , j )→( x , y )
⋅
V=
r(i , j )→( x , y )
r(2i , j )→( x , y )

| g (i, j ) − g ( x, y ) |
⋅ sin θ (i , j )→( x , y )
r(2i , j )→( x , y )

H

→

→

Vx =

→

| g (i, j ) − g ( x, y ) | n 0 × r (i , j ) →( x , y )
V ( x, y ) = ∑∑
⋅
r( i , j )→( x , y )
r(2i , j ) →( x , y )
i =1 j =1
W

→

(3)

(4)
where θ is the direction angle of the radius vector
→

r ( i , j ) →( x , y ) .
Therefore, if two image points are of the same
gray-scale, the vector generated by one point on the
other is a zero vector. Only if there is gray-scale
difference between two image points, non-zero
vector can be generated by one point on the other.
According to the above definition, the vector
generated by one point on another reflects the
information of their gray-scale difference and their
relative position (i.e. the distance and direction).

Fig. 1. The first image test1 (the original image, and 4 times of
original size on the right)

10

The Curling Vector Field Transform of Gray-Scale Images: A Magneto-Static Inspired Approach

Fig. 2. The vector length in the curling vector field of test1
(the original image; 4 times of original size on the right)

Fig. 6. The third image test3 (the original image on the left,
and 4 times of original size on the right)

Test1 is a homogeneous area as a whole.
Therefore, the vectors in the transformed field are
all zero vectors.

Fig. 7. The vector length in the curling vector field of test3 (the
original image; 4 times of original size on the right)

Fig. 3. The second image test2 (the original image on the left,
and 4 times of original size on the right)

Fig. 4. The vector length in the curling vector field of test2 (the
original image; 4 times of original size on the right)

Fig. 8. The direction of each vector in the curling vector field
of test3

There is a rectangle region and an ellipse region
in Test3. In the vector field of Test3, the vectors in
the rectangle region and the ellipse region rotate
clockwise, but the vectors in the background region
rotate anti-clockwise. The difference of rotating
direction between the object regions and the
background region is the base of segmentation in
the curling vector field.

3 Image Segmentation Based on the
Curling Vector Field

Fig. 5. The direction of each vector in the curling vector field
of test2

Test2 contains a rectangle region. In the vector
field of Test2, the vectors in the rectangle region
rotate clockwise, but the vectors in the background
region rotate anti-clockwise.

3.1 The rotating direction and base points
of rotating expansion
The experiments and analysis about the curling
vector field show that the vectors inside a
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homogeneous region have the overall appearance
of a rotating whorl. Moreover, if one region
contains another, the rotating directions of them are
opposite. This feature is determined by the
definition of the vector field in Equation (5). Based
on the rotating feature of the vectors inside
homogeneous regions, any homogeneous region
can be extracted by a kind of rotating expansion in
the region. The points with definite rotating
directions in a region are the starting points of the
expansion. The region will be extracted by
continuously expanding with a form of rotating
movement according to the rotating direction of the
base points. In such rotating movement, the paths
of movement will progressively cover the whole
region. Thus the homogeneous region can be
extracted.
Determining the rotating direction of each
image point is the first step of region extraction in
the curling vector field. In this paper, three kinds of
rotating status on an image point are given as
following. First, the vector directions are
discretized into eight directions. Suppose that the
vector direction on point A has the angle of zero,
and B is the next point on A’s vector direction. The
rotating direction on A is defined according to the
angle between the vectors on A and B. The
clockwise rotating direction on point A is defined
as the following two cases:

Fig. 11. The uncertain rotating direction on point A

If the vector on point A has the angle α , and B
is the next point on A’s vector direction. The
rotating direction can also be determined according
to the angle between the two vectors on A and B as
the above cases.
Therefore, the image points can be divided into
two classes: one with definite rotating direction and
the other with uncertain rotating direction. Those
with definite rotate directions are the starting points
of rotating expansion, which are named the base
points of rotating expansion.
The base point extraction is carried out for the
test images. The experimental results are shown in
Fig. 12 to Fig. 15. In Fig. 12 and Fig.14, the white
points represent the anti-clockwise rotating
direction, the black points represent the clockwise
rotating direction, and the gray points represent the
uncertain ones. Because the vectors in the field of
Test1 are zero, there is no base extracted. Fig. 12
and Fig. 14 show the base points of Test2 and Test3
respectively. For a clearer view, the base points
extracted are also shown in the discrete direction
distribution of the vector fields as Fig. 13 and Fig.
15. The results of base point extraction indicate that
these points form a kind of image structure
representation, and can be the starting points for
region extraction.

Fig. 9. The clockwise rotating direction on point A

The anti-clockwise rotating direction on point A
is defined as the following two cases:

Fig. 10. The anti-clockwise rotating direction on point A

The uncertain rotating direction on point A is
defined as the following four cases:
Fig. 12. The base points extracted for Test2
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regions can be regarded as the elements of an
image, which constitute a kind of representation of
image structure. The primitive regions in the image
can be extracted with a rotating expansion process
in the curling vector field, which starts from the
base points and expands according to the rotating
direction of the base points. In the rotating
expansion process, each group of base points will
expand to a corresponding primitive region. Given
the curling vector field and the base points
extracted, the rotating expansion process is
described in steps as following:
Step1: Gather the base points into groups. In each
group, the base points are connected to each
other. In another word, two neighboring base
points are of the same group. Assign each
group of base points a group number.
Initially, the image points with uncertain
rotating direction do not belong to any group.
Step2: For each image point with a group number,
carry out the rotating expansion operation. If
the current point pc belongs to a certain
group, investigate the next point pn1 on pc’s
vector direction, and also investigate the next
point pn2 on pc’s rotating direction. If pn1 or
pn2 does not belong to any group, add it to
pc’s group, which is an occurrence of new
classification. Step2 is repeated until no new
classification happens.
The results of primitive region extraction for the
test images are shown in Fig. 16 and Fig. 17:

Fig. 13. The base points for Test2 in the direction
distribution of the vector field

Fig. 14. The base points extracted for Test3

Fig. 15. The base points for Test3 in the direction
distribution of the vector field
Fig. 16. The primitive regions extracted for Test2

On the other hand, the results also indicate that
there may be more than one group of base points in
a single homogeneous region, especially in a large
region of the image. This may cause the
decomposition of a large region into smaller subregions in the region extraction process, and makes
region-merging as a necessary post-processing step.
Fig. 17. The primitive regions extracted for Test3

3.2 Primitive region extraction from the
curling vector field

In the experimental results of test2 and test3, the
object regions are extracted completely (the
rectangle in test2, and the rectangle and circle in
test3). Moreover, the background areas in test2 and

In the region extraction process, each group of base
points will expand to a corresponding region,
which is named the primitive region. The primitive
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test3 are split into several sub-regions. Therefore, a
region may be split into several sub-regions in the
rotating expansion process, especially the
background region or the large object regions in
real world images. In order to obtain effective
segmentation result, a region-merging step is
needed. The method of real world image
segmentation based on the curling vector field is
presented in Section 3.3.

difference criterion, and obtain the
segmentation result with a pre-defined
number of remaining regions.
The proposed segmentation method is applied to
a group of real world images. The results of the
broadcaster image, the pepper image, the house
image and the brain image are shown in Fig. 18 to
Fig. 25. Fig. 18, Fig. 20, Fig. 22 and Fig. 24 are the
original images. Fig. 19 is the segmentation result
of the broadcaster image with 20 regions remained
after merging. Fig. 21 is the segmentation result of
the pepper image with 40 regions remained after
merging. Fig. 23 is the segmentation result of the
house image with 50 regions remained after
merging. Fig. 25 is the segmentation result of the
brain image with 60 regions remained after
merging. In Fig. 19, Fig. 21, Fig. 23 and Fig. 25,
different regions are differentiated from each other
by different gray-scale values. The experimental
results show that the gray-scale image
segmentation can be effectively implemented based
on the curling vector field.

3.3. Real world image segmentation based
on the curling vector field
Experiments are also carried out for real world
images to extract primitive regions. The images are
with the size of 128 × 128. The experimental results
of the broadcaster image, the pepper image, the
house image and the brain image are shown as
follows. The experimental results indicate that the
number of primitive regions is large because of the
complexity of real world images. There are 274
primitive regions for the broadcaster image, 628
primitive regions for the pepper image, 398
primitive regions for the house image, and 423
primitive regions for the brain image.
To obtain meaningful segmentation result, the
region-merging step is proposed according to least
gray-scale difference criterion. First, an expected
number of remaining regions after merging is
given. Then the following steps are carried out to
merge regions until the expected region number is
reached:
Step1: For each region in the image, calculate its
average gray-scale value.
Step2: Find the pair of neighboring regions with the
least difference of the average gray-scale,
and merge them into one region.
Step3: If current region number is larger than the
expected region number, return to Step1;
otherwise, end the merging process.
Based on the above sections, a method of image
segmentation with the curling vector field
transform is proposed as following:
Step1: Implement the curling vector field transform
for the gray-scale image.
Step2: Judge the rotating direction of each image
point, and extract the base points in the
curling vector field.
Step3: Gather the neighboring base points into
corresponding group, and each group is
assigned a group number.
Step4: Extract the primitive regions by the rotating
expansion, which starts from the base points.
Step5: Merge neighboring primitive regions
according to the least average gray-scale

Fig. 18. The broadcaster image

Fig. 19. Segmentation result of the broadcaster image (20
regions remained after merging)
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Fig. 20. The pepper image

Fig. 24. The brain image

Fig. 21. Segmentation result of the pepper image (40 regions
remained after merging)

Fig. 25. Segmentation result of the brain image (60 regions
remained after merging)

4 Conclusion
In this paper, a novel vector field transform for
gray-scale images is proposed, which is named the
curling vector field transform. It is defined by
imitating the physical magnetic field and based on
the idea that the image is taken as the field source
in the vector field transform. The gray-scale
difference between image points is introduced into
the definition of the vector field. Thus the curling
vector field has the unique feature that inside each
homogeneous region the vectors display a rotating
whorl pattern, which is a kind of representation for
image structure. In this paper, this feature of the
curling vector field is exploited in image
segmentation. Experimental results indicate that
image segmentation can be effectively be
implemented based on the curling vector field.
Further research will investigate other properties of
the curling vector transform, and its application in
other image processing tasks will also be studied.

Fig. 22. The house image

Fig. 23. Segmentation result of the house image (50 regions
remained after merging)
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Abstract: - In this paper, a general form of vector field transform for gray-scale images is proposed by an
electro-static analogy. A novel compressing vector field is presented, based on which the region center points
can be extracted. Then the primitive region extraction is implemented with a region shrinking process. An
image segmentation method is presented by primitive region extraction and merging. The experimental results
show that the compressing vector field reveals the image structure feature, and the proposed method can
achieve effective image segmentation results.
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1 Introduction
2 The compressing
transform

In the development of digital image processing
methods, the analogy of natural mechanism has
become the inspiration of new effective algorithms,
such as the biology-inspired or physics-inspired
methods [1,2]. The nature-inspired methods have
become one of the important and promising
research directions in image processing. The
imitation of physical fields is a basic research
branch, such as the methods inspired by the electrostatic or magneto-static analogy [2-5]. The
distribution of the potential and force in a physical
field is determined by the field source distribution.
Therefore, the field can reflect the structure feature
of the field source. Based on the imitation of the
physical field, the digital images can be taken as
virtual field source, and the field generated by the
image also represents the image’s structure
features, which provides a novel way of image
processing and analysis.
In this paper, a general form of vector field
transform is presented imitating the static electronic
field. Based on the general form of vector field
transform, the compressing field for digital images
is proposed and applied in image segmentation.
Primitive region extraction is implemented in a
novel and effective way of region shrinking. The
experimental results indicate that the proposed
method
can
implement
effective
image
segmentation, which shows the vector field
transform of images has effective and promising
applications in image processing tasks.

vector

field

2.1 The form of static electric force
The force of two charges q1 and q2 is given as
following [6]:


1 q1q2 r12
F12 =
⋅ 2 ⋅
4πε r12 r12
(1)


where F12 is the force of q1 on q2, r12 is the vector

from q1 to q2, r12 is the length of r12 , 4πε is an
item of constant.
The form of static electronic force can be
introduced into vector field transform of images. If
two image points are regarded as two charged
particles, the force vector generated by one point on
the other can be defined. Of course, such definition
of vector transform between two image points must
be reasonable and proper in order to reflect certain
image features and thus has potential applications.

2.2 A general form of the vector field
transform
In the static electric field, the magnitude of the field
force is determined by the quantity of the two
electric charges, and also by their distance. The
direction of the field force is determined by the
relative position of the two electric charges.
Imitating the mathematical form of Equation (1), a
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(x,y) is defined as the accumulation of the vectors
from all the other points to (x,y):

general form of the vector from point (i,j) to point
(x,y) is defined as following:



f ( g (i, j ), g ( x, y )) r(i , j )→( x , y )
⋅
VG =
r(i , j )→( x , y )
r(2i , j )→( x , y )


V ( x, y ) =

(7)
W

W

3

(9)

2

2.4 Additional border force for compressing
vector field in border regions

(4)
The above vector has the form of repulsive
force, and it contains the information of gray-scale
difference and relative position between the two
points. The x and y components of the vector are as
following:

According to Equation (7), the vectors in the
regions that are adjacent to the image border will
have the diffusing tendency outward the image
because there is no vector source outside the image
border. In order to form a compressing vector
region in those adjacent to the image border,
additional border force is added, which generates
repulsive vector from the image border to the
image points:

g (i, j ) − g ( x, y ) ⋅ ( x − i )
2

(5)

g (i, j ) − g ( x, y ) ⋅ ( y − j )
3

(( x − i ) 2 + ( y − j ) 2 )

(8)

2

The repulsive vectors within a homogeneous
region are relatively small because the gray-scale
similarity between the points in that region. On the
other hand, the repulsive vectors from the points
outside that region to those within it are relatively
large. Therefore, for any point in a homogeneous
region, the diffusing tendency caused by the
repulsive vector within the region is surpassed by
the compression tendency caused by the repulsive
vector from outside the region. Thus for each
homogeneous region, a compressing vector field
will be formed within it, which has the tendency to
make the region shrink to its center. In another
word, if a point in the region moves following the
vectors’ direction, it will finally reach the region
center; if all the points move in such a way, the
region will finally shrink to its center points. This is
the reason for the name “compressing vector field”.
And it is also the basis of region extraction in the
compressing vector field.


 | g (i, j ) − g ( x, y ) | r( i , j )→( x , y )
V=
⋅
r( i , j )→( x , y )
r(2i , j )→( x , y )

(( x − i ) 2 + ( y − j ) 2 )

3

g (i, j ) − g ( x, y ) ⋅ ( y − j )

i =1 j =1
(i , j ) ≠( x, y )

For gray-scale image segmentation, the gray-scale
difference between points is small within a
homogeneous region. But the gray-scale difference
is relatively large between points of two different
regions. This is the basis of segmentation by grayscale difference. To reflect gray-scale difference,
f(g(i,j),g(x,y)) in Equation (2) is defined as the
gray-scale difference between (x,y) and (i,j):

Vy =

H

V y ( x, y ) = ∑ ∑

2.3 The compressing vector field transform

3

(( x − i ) 2 + ( y − j ) 2 )

i =1 j =1
(i, j )≠ ( x, y )


f ( g (i, j ), g ( x, y )) r(i , j )→( x , y )
⋅
r(i , j )→( x , y )
r(2i , j ) →( x , y )

(( x − i ) 2 + ( y − j ) 2 )

g (i, j ) − g ( x, y ) ⋅ ( x − i )

H

V x ( x, y ) = ∑ ∑

(3)
where H and W are the height and width of the
image respectively.

Vx =

∑∑

The x and y components are as following:

vector from (i,j) to (x,y). In different image
processing tasks, the function f should be defined
according to particular requirements of the
problem. Therefore, the vector field transform of
the image on point (x,y) is defined as the
accumulation of the vectors from all the other
points to (x,y):

i =1 j =1
(i , j ) ≠ ( x , y )


| g (i, j ) − g ( x, y ) | r( i , j ) →( x , y )
⋅
r( i , j ) →( x , y )
r(2i , j ) →( x , y )

H

i =1 j =1
(i , j ) ≠ ( x , y )

(2)
where f(g(i,j),g(x,y)) is a function of the gray-scale
or other image properties (such as the color) on the

two points (i,j) and (x,y). r(i , j )→( x , y ) is the radius

W H

V G ( x, y ) = ∑ ∑

W


V B ( x, y ) =

2

(6)

∑

A

2
( m , n )∈Db ( m ,n )→( x , y )

r

⋅


r( m ,n )→( x , y )
r( m ,n )→( x , y )

(10)

where A is a pre-defined constant, Db is the single
border line surrounding the image. Therefore, the
vector field transform for region extraction is
proposed as following:

Based on the definition of the vector in Equation
(4), the compressing vector field transform on point
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In the experimental results of image Test2, Test3
and Test4, the direction distributions of the vector
field without the border force are also given for
comparison. Fig. 7, Fig. 11 and Fig. 15 show the
direction distribution without the border force,
while Fig. 6, Fig. 10 and Fig. 14 show the results
with the border force. The comparison indicate the
necessity of the additional border force, which
makes all the homogeneous regions contain a
corresponding compressing vector field regardless
of their positions in the image. The compressing
vectors in each homogeneous region are the basis
for region segmentation.




T ( x, y ) = V ( x , y ) + VB ( x , y )
(11)
To investigate the properties of the compressing
vector field with border force, experiments are
carried out for a group of test images with the size
32 × 32 . The experimental results are shown from
Fig. 1 to Fig. 15, including the original images and
the magnitude and direction distribution of the
vector field. In this paper, the vector direction is
discretized into eight directions. Test1 is a
homogeneous region as a whole. Fig. 2 shows the
magnitude distribution of the vector field with
border force. Fig. 3 shows the direction
distribution, in which the border force will generate
a vector field that makes each image point gather to
the image’s center position.

Fig. 1 The first image Test1 (the original image on the
left, and 4 times of original size on the right)

Fig. 4 The second image Test2 (the original image on the left,
and 4 times of original size on the right)

Fig. 2 The vector length in the compressing vector field of
Test1 with border force (4 times of original size on the right)

Fig. 5 The vector length in the compressing vector field of
Test2 with border force (4 times of original size on the right)

Fig. 3 The direction of each vector in the compressing
vector field of Test1 with border force

Fig. 6 The direction of each vector in the compressing vector
field of Test2 with border force

19

Xiaodong Zhuang, Nikos E. Mastorakis

Fig. 7 The direction of each vector in the compressing vector
field of Test2 without border force

Fig. 11 The direction of each vector in the compressing vector
field of Test3 without border force

Fig. 8 The third image Test3 (the original image on the left,
and 4 times of original size on the right)

Fig. 12 The fourth image Test4 (the original image on the left,
and 4 times of original size on the right)

Fig. 9 The vector length in the compressing vector field of
Test3 with border force (4 times of original size on the right)

Fig. 13 The vector length in the compressing vector field of
Test4 with border force (4 times of original size on the right)

Fig. 10 The direction of each vector in the compressing vector
field of Test3 with border force

Fig. 14 The direction of each vector in the compressing vector
field of Test4 with border force
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rotating direction can also be determined according
to the angle between the two vectors on A and B as
the above cases.
The center points are extracted for the test
images. The experimental results are shown in Fig.
17 to Fig. 20. The center points are shown in the
direction distribution of the vector field. The results
indicate that there may be more than one group of
center points in a homogeneous region (especially
in large regions). This may cause the
decomposition of a large region into smaller subregions in the region-shrinking process, which
makes region-merging a necessary post-processing
step.

Fig. 15 The direction of each vector in the compressing vector
field of Test4 without border force

3.2 The extraction of primitive regions

3 Image segmentation based on the
compressing vector field

In section 3.1, the center points can be extracted
and each group of center points corresponds to a
single region in the vector field. Such regions can
be taken as a kind of elements of the image, and are
named the primitive regions in this paper.
Therefore, the primitive regions can be extracted
based on the center points. This process is proposed
as following:
Step1: Gather adjacent center points into groups.
Two neighboring center points are of the
same group. Assign each group of center
points a unique group number. Different
group numbers represent different regions.
Initially, those non-center points do not have
a group number.
Step2: For each point pi that does not have a group
number, decide which group it should belong
to. Take pi as the starting point, and move to
pi’s next point according to pi’s vector
direction. Keep on the movement for the next
point according to the vector field, until the
next point has a group number n. Then pi is
assigned the same group number n. Because
the directions of the vectors within a
homogeneous region have the tendency of
shrinking to the region center, Step2 is
virtually a process of region extraction by
region-shrinking.
After all the image points have been assigned a
group number, the region extraction is completed.

3.1 The extraction of region center points
The experimental results of the test images show
that the compressing vectors within a homogeneous
region have an overall tendency of shrinking to the
region center. Therefore, if each point moves
according to the vectors’ directions, the
homogeneous region will shrink to its center points.
Thus different regions can be separated and
extracted by region-shrinking. Therefore, the
extraction of center points is the first step of region
extraction in the compressing vector field. The
analysis of the experimental results indicates that
the center point has a unique character about its
vector direction. If pc is a center point and its vector
points to pn, pc’s vector direction is opposite to pn’s
vector direction. This is the basis of center point
extraction in the vector field. Fig. 16 shows the
cases in which two vectors are of the opposite
direction (supposing that A’s vector has the angle
of zero, and it points to B):

Fig. 16 The opposite vector directions on point A and B

If the vector of point A has the angle α , and B
is the next point on A’s vector direction. The
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Fig. 20 The region center points extracted for Test4
Fig. 17 The region center points extracted for Test1

The primitive region extraction is carried out for
the test images, and the experimental results are
shown form Fig. 21 to Fig. 24. The experimental
results show that the primitive regions can be
effectively
extracted
by
region-shrinking.
Moreover, a large homogeneous region in the
image may be decomposed into several primitive
regions, such as the background region in Fig. 23
and Fig. 24.

Fig. 18 The region center points extracted for Test2

Fig. 21 The primitive regions extracted for Test1

Fig. 22 The primitive regions extracted for Test2

Fig. 19 The region center points extracted for Test3

Fig. 23 The primitive regions extracted for Test3
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The proposed segmentation method is applied to
a group of real world images. The results of the
cameraman image, the house image, and the heart
image are shown in Fig. 25 to Fig. 27. The
segmentation result of the cameraman image with
28 regions remained is shown in Fig. 25. The
segmentation result of the house image with 30
regions remained is shown in Fig. 26. Fig. 27
shows the segmentation result of the heart image
with 50 regions remained after merging. In the
results, different regions are differentiated from
each other by different gray-scale values. The
experimental results show that the gray-scale image
segmentation can be effectively implemented based
on the compressing vector field.

Fig. 24 The primitive regions extracted for Test4

3.3 Gray-scale image segmentation in the
compressing vector field
The analysis and experimental results show that a
large homogeneous region may be divided into
more than one primitive region. On the other hand,
the real world images are much more complex than
the test images. Therefore, the real world images
may have much more center points. The primitive
region extraction is also carried out for a group of
real world images with the size of 128 × 128. In the
experiment results, there are 75 primitive regions in
the cameraman image, 64 primitive regions in the
house image, and 146 primitive regions in the heart
image. To get meaningful segmentation result, the
region-merging step is proposed according to a
criterion of least difference of average gray-scale.
First, an expected number of remaining regions
after merging is given. Then the following steps are
carried out to merge regions until the expected
region number is reached:
Step1: For each region in the image, calculate its
average gray-scale value.
Step2: Find the pair of neighboring regions with the
least difference of average gray-scale, and
merge them into one region.
Step3: If the current number of regions is larger
than the expected value, return to Step1;
otherwise, end the merging process.
Based on the above sections, a method of image
segmentation in the compressing vector field is
proposed as following:
Step1: Obtain the image’s compressing vector field.
Step2: Extract the center points.
Step3: Gather the neighboring center points into
corresponding groups, and each group is
assigned a group number.
Step4: Extract the primitive regions in the
compressing vector field with a manner of
region-shrinking.
Step5: Merge neighboring primitive regions
according to the criterion of least difference
of average gray-scale, and obtain the
segmentation result with a pre-defined
number of remaining regions.

Fig. 25. The cameraman image and the result with 28 regions

Fig. 26 The house image and the result with 30 regions

Fig. 27 (a) The heart image
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[5]

[6]

Fig. 27 (b) The segmentation result with 50 regions

4 Conclusion
The vector field transform has become a new field
in image transform and feature extraction. Electrostatic-inspired methods have become an important
branch in this field. In this paper, a general form of
vector field transform for images is presented,
based on which the compressing vector field is
proposed. The experimental results of the test
images and the real world images show that the
compressing vector field can represent the image
structure feature, based on which a novel
segmentation method is proposed with regionshrinking in the vector field. Experiments also
prove that the proposed method can implement
effective image segmentation for gray-scale
images. Further research will investigate more
detailed properties of the vector field transform.
The application of the vector field in other image
processing tasks will also be studied.
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Abstract: - The image source-reverse transform is proposed for image structure representation and analysis,
which is based on an electro-static analogy. In the proposed transform, the image is taken as the potential field
and the virtual source of the image is reversed imitating the Gauss’s law. Region border detection is effectively
implemented based on the virtual source representation of the image structure. Moreover, the energy
concentration property of the proposed transform is investigated for promising application in lossy image
compression. Experimental results indicate that the proposed source-reverse transform can achieve efficient
representation of image structure, and has promising application in image processing tasks.
Key-Words: - Source-reverse transform, electro-static field, region border detection, lossy image compression
compact representation of the field and reflects
structural feature of the field. This is the foundation
of the effectiveness of the virtual-field based
methods. Current research focuses on the virtual
field generated by the image, i.e. the image is just
taken as the field source [2-5].
To obtain interior structure representation of
images, in this paper a novel image transform
named source-reverse transform is proposed by
taking the image as the electro-static potential field
to reverse the source. Based on the relationship
between the field and source in physics, the virtual
source obtained by the proposed transform reflects
structural feature of the image and can be the
foundation for further processing tasks. In the
experiments, the source-reverse transform is
implemented for test images and real-world images.
The analysis of the experimental results proves that
the virtual field source is an interior representation
of the region border structure, and the energy
concentration property of the proposed transform
can be exploited in lossy image compression.

1 Introduction
Image transform is an important means for image
analysis, and provides theoretic support to many
image processing and analyzing methods [1].
Typical image transforms include the classic
Fourier transform and the widely applied Wavelet
Transform [1]. Reversible image transforms are
based on the integral transform in mathematics,
which can decompose and restore the image based
on the kernel function. Besides those based on the
mathematical integral transform, there are other
kinds of techniques such as the Hotelling transform
and Hough transform [1]. The constant emergence
of new image transform techniques improves the
development and application of image processing.
Currently, the research of new image transform
techniques has attracted much attention to
accomplish various image processing tasks. A
typical category is the emergence of virtual field
methods inspired by physical field, which has
achieved promising and effective results [2-5].
These methods have an electro-static or magnetostatic metaphor, which takes the image as the
source of the virtual field. This category of methods
has successfully applied in biometrics, corner
detection, image segmentation, etc [2-9]. Because
the processing tasks are implemented in the
transform-domain, the reversibility is usually not
taken into consideration in the design of the
transform.
In physics, the field is determined by the source
distribution [2,3,10,11]. Therefore, the source is an

2 The Relationship between the
Electro-static Field and the Field
Source
In physics, the electric field intensity is virtually the
inverted gradient vector of the potential [10,11]:
→

E = −∇ V
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→

distribution. The properties of the source reverse
transform are investigated experimentally, which
can be applied in further image analysis and
processing.
The Gauss’s law in the electro-static field is for
a continuous field in the space. However, the
digital image is discrete. Therefore, to reverse from
the image to the virtual source, discrete operator
should be used to obtain the gradient and
divergence of the digital image. Imitating the field
source reverse in electro-static field, the sourcereverse transform for an image f(x, y) is as
following:
(5)
F ( x, y ) = −div d ( grad d ( f ( x, y )))
where F(x, y) is the virtual field source obtained by
the transform; divd and gradd are the discrete
operators to get the estimation of the divergence
and the gradient respectively. It is notable that the
domain of F(x, y) is still the two dimensional plane
where the image is defined. Therefore, the spatial
properties of F(x, y) may have direct relationship
with the image structure.
According to Equation (5), the source-reverse
transform for an image includes two steps as
following:

where E means the electric field intensity at a
space point; V is the potential; ∇ is the
Hamiltonian operator:

∇=
→ →

∂ → ∂ → ∂ →
i+
j+ k
∂z
∂y
∂x

(2)

→

where i , j and k are three base vectors.
Therefore, the electro-static field can be
represented by either of the two equivalent forms:
the form of vector field (i.e. the electric field
intensity) and the form of scalar field (i.e. the
electric potential). The electro-static field
distribution is determined by the field source, i.e.
the distribution of the charges. On the other hand,
the source can be reversed from the field, which is
well known as the Gauss’s law in differential form
[10,11]:
→

→

div E = ∇ ⋅ E =

ρ
ε0

(3)

where div means the divergence; ρ is the charge
→

density at the same space point of E , i.e. the
distribution of the source; ε 0 is the permittivity of
the vacuum. Therefore, the source distribution can
be obtained by the following:
ρ = −ε 0 ⋅ div( grad (V ))
(4)
where div and grad mean the divergence and
gradient operation respectively.
The above equation can be regarded as the
reverse process from field to source. Because the
source determines the distribution of the field, the
distribution of the source can be a compact
representation of the field and contains the field’s
interior structure information. Therefore, in this
paper a novel image transform is proposed by
imitating the field source reverse principle for
image structure representation and analysis.

→

Step1: Estimate the virtual field intensity E ( x, y )
for each image point:
→

E ( x, y ) = grad d ( f ( x, y ))

(6)
The operator gradd can get the two components
of the discrete gradient on the x and y coordinates
respectively. To obtain the gradient vector, the two
partial derivatives of f(x,y) should be estimated. In
this paper, the Sobel operator is used to estimate
the two partial derivatives, i.e. the components of
gradient, which is shown in Fig. 1.

3 The Source-reverse Transform for
Digital Images

The template to estmate the
component on x-coordinate

One of the ultimate goals of intelligent computer
vision is the automatic recognition of the objects in
the scene. Generally speaking, different objects
occupy different regions in the image. Therefore,
besides the image itself, an efficient representation
of image structure is important for further analysis
and recognition. In this paper, a novel image
transform is presented based on the relationship
between the field and the source, which takes the
image as the field and reverse the source

The template to estmate the
component on y-coordinate

Fig. 1The two templates of Sobel operator to estimate the
gradient

According to the above two image templates,
→

the components of E ( x, y ) are estimated as
following:
Ex(x,y)=
[f(x+1,y-1)-f(x-1,y-1)]+2[f(x+1,y)-f(x-1,y)]+
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[f(x+1,y+1)-f(x-1,y+1)]

(7)

Ey(x,y)=
[f(x-1,y-1)-f(x-1,y+1)]+2[f(x,y-1)-f(x,y+1)]+
[f(x+1,y-1)-f(x+1,y+1)]

(8)

while the transform results for real world images of
much more complexity will reveal possible and
promising applications of the method.
In the experiments, the value of the source on
each point is recorded. The results indicate that
there are both positive and negative values in the
source. To reveal the property of the virtual source,
the source values F(x, y), their absolute values |
F(x, y) | and the sign of each value sgn(F(x, y)) are
visualized in the form of gray-scale images. An
example is shown in Fig. 2, which is one of the
simple test images. Fig. 3 shows the distribution of
the absolute values of the source, where larger
gray-scale corresponds to larger absolute value.
Fig. 4 shows the sign of the value on each point,
where the white points represent positive values,
the black points represent negative values and the
gray points represent the zero value. The values of
F(x, y) is shown in Fig. 5, where the larger the
gray-scale the larger the value.

where Ex(x,y) and Ey(x,y) are the two components
→

of the estimated virtual field intensity E ( x, y ) .
Step2: Estimate the divergence of the virtual field
intensity for each point as the virtual field source
distribution F(x, y):
→

F ( x, y ) = − div d ( E ( x, y ))

(9)

For the continuous vector field on the two
dimensional plane, the divergence is defined as
following:
→

div E =

∂E x ∂E y
+
∂x
∂y

(10)

where Ex and Ey are the two components of the
→

vector field E ( x, y ) .
Based on Equation (9), the estimation of the
divergence of a discrete vector field should also use
the discrete operator divd, where the two partial
derivatives in Equation (10) are still estimated by
the Sobel operator as in Step1.
By the above two steps, the virtual source
reverse can be implemented for a digital image
taken as a potential field, and the virtual source is
obtained as the result of the proposed image
transform.

Fig. 2 One of the simple test images

4 The Virtual Field Source as the
Representation of Image Structure

Fig. 3 The distribution of the absolute values of the source

The representation and analysis of image structure
is important for many image-processing tasks
[1,13]. Because the virtual source is still defined on
the 2-D plane where the image is defined, the
spatial properties of the virtual source may be
closely related to the image structure. To
investigate the properties of the proposed sourcereverse transform, experiments are carried out for a
group of test images and also a group of real world
images. The principle to select proper images in the
experiment is that the transform results for simple
test images may distinctly show the basic
characteristics of the source-reverse transform,

Fig. 4 The sign of the value on each point in the source
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signs, which can be exploited in image structure
representation and analysis. The experimental
results for another test image are shown in Fig. 8 to
Fig. 13, which also proves the above analysis.

Fig. 5 The value of each point in the source

Fig. 4 shows that there are both regions of
positive values and regions of negative values in
the virtual field source. Fig. 6 and Fig. 7 show the
borders of the positive regions and negative regions
respectively, where the white points represent the
border points. The experimental results show that
for test images with simple objects, the borders of
positive and negative regions can be the counters of
the objects.

Fig. 8 Another simple test images

Fig. 9 The distribution of the absolute values of the source

Fig. 6 The borders of the positive source regions

Fig. 10 The sign of the value on each point in the source

Fig. 7 The borders of the negative source regions

In the experimental results for simple test
images, Fig. 4 shows that the source values in a
homogeneous region are zero. Fig. 3, Fig. 4 and
Fig. 5 show that the non-zero values in the virtual
field source concentrate near the region borders,
where there is more complex structure than the
other parts of the image [12]. In another word, the
energy in the virtual source concentrates on the
borders of the homogeneous image regions, which
is quite different from the Fourier transform in
which the energy in the frequency domain
concentrates in the area of low frequency.
Moreover, Fig. 4 indicates that the source values on
different sides of a region border are of different

Fig. 11 The value of each point in the source

Fig. 12 The borders of the positive source regions
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Fig. 13 The borders of the negative source regions

Fig. 17 The value of each point in the source

In order to investigate the possible application
of the source-reverse transform, experiments are
also carried out for real world images. The
experimental results are shown in Fig. 14 to Fig. 31
for the broadcaster image, the brain image and the
house image. The experimental results for real
world images also indicate the properties of energy
concentration and sign reverse across the region
border in the virtual field source, which inspires a
method of region border detection in Section 5.

Fig. 18 The borders of the positive source regions

Fig. 19 The borders of the negative source regions
Fig. 14 The image of the broadcaster

Fig. 20 A medical image of the brain
Fig. 15 The distribution of the absolute values of the source

Fig. 16 The sign of the value on each point in the source

Fig. 21 The distribution of the absolute values of the source
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Fig. 22 The sign of the value on each point in the source

Fig. 27 The distribution of the absolute values of the source

Fig. 23 The value of each point in the source

Fig. 28 The sign of the value on each point in the source

Fig. 24 The borders of the negative source regions

Fig. 29 The value of each point in the source

Fig. 25 The borders of the positive source regions

Fig. 30 The borders of the positive source regions

Fig. 26 The image of a house
Fig. 31 The borders of the negative source regions
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5 Region Border Detection Based on
the Source-reverse Transform
In the above experimental results, the borders of the
positive and negative source regions show the
detail for all the image regions, while minor details
may not be preferred in real world applications.
Because the energy of the virtual source mainly
concentrates near the region borders, the minor
details of region borders can be eliminated with a
threshold of absolute source value so that the main
border of interest will be preserved for further
analysis. Therefore, a region border detection
method is proposed based on the virtual field
source as following:
Step1: Implement the source-reverse transform for
the image
Step2: Detect the points where the sign of source
values reverse, i.e. find the points with different
sign from neighboring points
Step3: For the points detected in Step2, eliminate
the points with less absolute value than the
threshold
The results of border detection for real world
images are shown in Fig. 32 to Fig. 37.

Fig. 34 The region border detected based on Fig. 24

Fig. 35 The region border detected based on Fig. 25

Fig. 36 The region border detected based on Fig. 30

Fig. 32 The region border detected based on Fig. 18
Fig. 37 The region border detected based on Fig. 31

The experimental results indicate that the virtual
source can be an efficient representation of image
structure, based on which region border detection
can be effectively implemented.

6 The Opposite Transform from the
Virtual Source to the Image as a
Virtual Potential Field

Fig. 33 The region border detected based on Fig. 19
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For any image transform, whether it is reversible is
one of the basic characteristics. In this paper,
although the analysis can be carried out just in the
virtual source and its reversibility may not be
considered for some applications, the opposite
transform from virtual source to virtual potential
field (i.e. the image) is discussed in this section.
For continuous electro-static field, the
continuous source can be obtained by source
reverse as Equation (4). On the other hand, the
continuous potential field can also be generated by
the source as following [11]:

V ( x, y ) =

1
4πε 0

∫

ρ dv
r

operation for f ’(x,y). The experimental results
indicate that the quasi-reversible transform of
source-reverse can provide nice approximation of
the original image by the opposite transform, which
may be exploited in lossy image compression.

(11)

(a) Visualization of f ’(x,y)

where ρ represents the charge density at a space
point and r is the distance between that space point
and (x, y). The integral in Equation (11) is carried
out for the whole space where there is charge
distribution. For continuous electro-static field in
physics, the transform defined by Equation (4) and
(11) is reversible.
However, for digital images, the opposite
transform should be in a discrete form, i.e. the
integral operation in Equation (11) should be
replaced by summation as following:
H

W

f ' ( x, y ) = K ⋅ ∑∑
j =1 i =1

F (i, j )
r(i , j )→( x , y )

(b) Result of contrast enhancement

(12)

where K is a positive constant; H and W are the
height and width of the image respectively. f ’(x,y)
is the virtual potential field (i.e. the restored image)
obtained by the opposite transform; F(i,j) is the
virtual source. In the implementation of Equation
(12) by programs, when (i,j) is the same as (x,y), a
relatively large value is added to the sum to avoid
infinite.
Although the transform for continuous electrostatic field is theoretically reversible, the discrete
source-reverse transform includes operations of
discretization which will introduce small errors in
the transform process. Therefore, f ’(x,y) can be a
nice approximation of the original image f(x,y), and
the source-reverse transform for digital images is
not strictly reversible. The opposite transform is
implemented for real world images. The
experimental results for some of the real world
images are shown in Fig. 38 to Fig. 41. The left one
(a) of each pair of results is the visualization of the
original data of f ’(x,y), and the right one (b) of
each pair is the result of a contrast enhancement

(c) The original peppers image

Fig. 38 The restored results and the original image of the
peppers

(a) Visualization of f ’(x,y)

32

A Novel Field-Source Reverse Transform for Image Structure Representation and Analysis

(b) Result of contrast enhancement
(a) Visualization of f ’(x,y)

(c) The original house image

Fig. 39 The restored results and the original image of the house

(b) Result of contrast enhancement

(a) Visualization of f ’(x,y)

(c) The original bridge image

Fig. 41 The restored results and the original image of the
bridge

7 Data Reduction of Virtual Field
Source for Lossy Image Compression
The experimental results have indicated that the
energy in the virtual field source concentrates near
the border of the homogeneous image regions,
which may be exploited in lossy image
compression. Because a large part of the values in
the source are relatively small, experiments are
carried out to investigate the effect of eliminating
small source values on the restoration of the field
(i.e. the image).
The experimental results are shown in Fig. 42 to
Fig. 45. In the experiments, the threshold to
eliminate small values in the virtual source is
determined by a certain percentage of the
maximum of the absolute values. For each real

(b) Result of contrast enhancement

(c) The original boat image

Fig. 40 The restored results and the original image of the boat
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world image, the results show the effect of
assigning 1%, 5%, 10% and 20% of the maximum
absolute value to the threshold respectively. If the
absolute value on a point is smaller than the
threshold, that value is set to zero. Then the virtual
potential field (i.e. the image) is restored from the
reduced source with small values eliminated. The
experiments show the different effect of
eliminating small values in the source with
increasing the threshold value. The original images
are of the size 128 × 128. Therefore, the
uncompressed virtual source has totally 16384
values. The results indicate that the subjective
visual perception of the restored image is still
acceptable when a large part of the values in the
virtual source are reduced. But when most of the
small values are eliminated, the quality of the
image becomes unacceptable for visual perception,
which is shown in (c) and (d) of each group of
results. The results indicate that the source-reverse
transform has potential and promising application
in lossy image compression.

(a)

(b)

(c)

(d)

(a) Result of restoration with the threshold defined as 1%
maximum absolute value; 3684 values eliminated
(b) Result of restoration with the threshold defined as 5%
maximum absolute value; 8969 values eliminated
(c) Result of restoration with the threshold defined as 10%
maximum absolute value; 11473 values eliminated
(d) Result of restoration with the threshold defined as 20%
maximum absolute value; 13858 values eliminated

8 Conclusion
In this paper, a novel source-reverse transform is
presented for digital images based on the
relationship between the electro-static potential
field and the field source in physics. The properties
of the proposed transform are investigated and
analyzed by experiments on groups of test images
and real world images. A region border detecting
method is proposed based on the virtual source
representation of image structure. The quasireversible property of the proposed transform is
also experimentally investigated and analyzed. The
promising application of the transform in lossy
image compression is also investigated based on
the energy-concentration property in the virtual
field source. Future work will consider how to
overcome the small error between the original and
restored images caused by discretization in the
transform process, so that the quality of the restored
image will be improved to a standard of strictly
reversible transforms. Further research will also
investigate the detailed characteristics of the
source-reverse transform together with its potential
application in other image processing tasks.

of the
of the
of the
of the

Fig. 42 The effect of eliminating small source values on the
restoration of the peppers image

(a)
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(c)

(d)

(a) Result of restoration with the threshold defined as 1%
maximum absolute value; 6870 values eliminated
(b) Result of restoration with the threshold defined as 5%
maximum absolute value; 11347 values eliminated
(c) Result of restoration with the threshold defined as 10%
maximum absolute value; 12688 values eliminated
(d) Result of restoration with the threshold defined as 20%
maximum absolute value; 14356 values eliminated

(a)

(b)

(c)

(d)

of the
of the
of the
of the

Fig. 43 The effect of eliminating small source values on the
restoration of the house image

(a) Result of restoration with the threshold defined as 1%
maximum absolute value; 1954 values eliminated
(b) Result of restoration with the threshold defined as 5%
maximum absolute value; 5565 values eliminated
(c) Result of restoration with the threshold defined as 10%
maximum absolute value; 9103 values eliminated
(d) Result of restoration with the threshold defined as 20%
maximum absolute value; 13065 values eliminated

(a)

of the
of the
of the
of the

(b)
Fig. 45 The effect of eliminating small source values on the
restoration of the bridge image

(c)
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Abstract: - Physical-field inspired methodology has become a new branch in image processing techniques. In
this paper, a novel image transform is proposed imitating the source reverse of magneto-static field. The image
is taken as a vertical magnetic field, and its curl is estimated as the virtual source of the field for image structure
representation and analysis. The restoration from the virtual source to the image is also investigated, based on
which a method of image estimation and restoration from its gradient field is proposed. The experimental
results indicate that the proposed curl source reverse provides effective image structure representation, which
can be exploited in further image processing tasks.

Key-Words: - Image transform, curl source reverse, magneto-static, image structure, image restoration
Previous field-based methods usually take the
image as the source to produce the virtual field.
However, the novel idea presented in this paper
takes the image as the virtual field and investigates
the properties of the virtual curl source with a
reverse method inspired by the magneto-static field.
Based on the above novel idea, an image
transform is presented, which is different from
previous field inspired methods. The curl source
reverse is proposed imitating the reverse of the
magnetic field. The image is taken as a virtual
magneto-static field, and the virtual curl source is
reversed from the image as an efficient structure
representation for further processing tasks. The
analysis and experimental results indicate that the
proposed transform can reveal structural
characteristics of images. Moreover, the opposite
transform from the virtual curl source to the
original image is also investigated, based on which
a method of estimate and restore the original image
from its gradient field is presented. The
effectiveness of the restoration method is also
proved experimentally.

1 Introduction
In digital image processing, the image transform is
the basis for many real world applications, such as
the widely applied classic Fourier transform and the
popular Wavelet transform [1,2,3]. The emergence
of new transform techniques improves the
development of image processing with support for
real world applications. In recent years, the
emergence of physical field inspired methods has
attracted more and more research and achieved
good results in image processing tasks such as ear
recognition, image segmentation, corner detection,
etc [4-11].
Generally speaking, in physics the field is
determined by the source distribution [12,13].
Therefore, the field can always reflect some
characteristics of the source, which is the
foundation of the effectiveness of the field inspired
methods. Currently, these methods focus on the
direction where the image is just taken as the
virtual source of the field [4-11]. Then the
processing and analysis are carried out in the
virtual field generated by the image imitating the
electro-static or magneto-static field.
The physical-field inspired methods gradually
form a new trend in image processing based on
their successful applications. The effectiveness of
the virtual fields in image processing tasks inspires
a novel idea of field source reverse in our research.

2 The Curl Source
Digital Images
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2.1 The Relationship between the Magnetic
Field and the Field Source

magnitude is defined as the gray-scale value of that
pixel:

In physics, moving charges generate magnetic field
in the space. Thus the moving charges (i.e. the
current) can be conceptually regarded as the source
of the magnetic field. On the other hand, if the
magnetic field is known, the field source of current
density can be reversed according to the Ampere’s
law in differential form [12,13]:

I ( x, y ) = f ( x , y ) ⋅ k

→

→

→

(4)
With such definition, the image f is represented
→

by a vertical vector field I . A simple example of
the vector field representing a small image of the
size 3 × 3 is shown in Fig. 1.

→

∇ × B = µ0 ⋅ J

(1)

→

→

where B is the magnetic induction; J is the
current density (i.e. the field source distribution);
µ 0 is the permeability constant; ∇ is the
Hamiltonian operator:

∂ → ∂ → ∂ →
i+
j+ k
(2)
∂z
∂y
∂x
The operator ∇ means the cross product of two
vectors. The operation of ∇ × obtains the curl of
∇=

→

(a) The small image

→

the vector field B , i.e. the source distribution J
→

has direct relationship to the curl of B . Therefore,
the reverse from the magnetic field to the source is
as following:
→

J=

→

∇× B

µ0

(3)

Because the source reflects underlying structural
feature of the field, in this paper a transform from
the image to the virtual curl source is proposed for
image structure representation in the next section.

(b) The vertical vector field representing the small image of (a)
Fig. 1 A simple example of the vector field representing a
small image

2.2 The Virtual Curl Source Reverse
In physics, the field is determined by the source
distribution. Therefore, the field source can be a
compact representation of the field and may reveal
structural characteristics of the field, which can be
exploited in image transform and analysis.
In this paper, a novel image transform is
presented imitating the source reverse of the
magnetic field. Because the source distribution of
magnetic field is its curl, the transform is named
the curl source reverse.
The image f(x,y) itself is a scalar distribution in
the 2-D domain. To get the virtual curl source of
the image, each image pixel is represented by a

The curl source reverse is proposed as the
→

reverse from the vertical field I to the virtual
current density distribution (named the virtual curl
source in this paper) imitating Equation (3). To
→

achieve the curl source reverse, replace B in
→

Equation (3) with I :

→

vector I ( x, y ) , which comes outward from the 2D plane. Moreover, the vector representing a pixel
is at a right angle to the 2-D plane and its

→

→

i
→
→
∂
C = ∇× I =
∂x
Ix

j
∂
∂y
Iy

→

k
∂
=
∂z
Iz

 ∂I z ∂I y  →  ∂I x ∂I z  →  ∂I y ∂I x  →
k

 i+
−
−
−
 j+ 
∂y 
∂z   ∂z
∂x   ∂x
 ∂y
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Cy(x,y)=-[f(x+1,y-1)-f(x-1,y-1)]-2[f(x+1,y)-f(x-1,y)][f(x+1,y+1)-f(x-1,y+1)]
(7)
Equation (7) defines the operation of curl source
reverse for digital images. The virtual curl source
for an image is defined as a discrete vector field on
the image plane, whose x and y components are
defined in Equation (7). The properties of the
virtual curl source are investigated experimentally
in the next section.

(5)
→

→

→

→

where C is the virtual curl source; i , j and k
are the three unit vectors on the x, y and z
coordinates respectively.
→

It is notable that the components of I on the xcoordinate and y-coordinate are both zero because
it is defined as a vertical vector field. If Equation
(4) and (5) are combined, the curl source reverse is
as following:
→

→

i
→
∂
C=
∂x
0

j
∂
∂y
0

→

k
∂
∂f ( x, y ) → ∂f ( x, y ) →
=
i−
j
∂z
∂y
∂x
f ( x, y )

3 The Spatial Properties of the
Virtual Curl Source for Digital
Images
Equation (6) indicates that for a vector in the virtual
curl source, its component on the x-coordinate is
the partial derivative of f(x,y) with respect to y, and
its component on the y-coordinate is the partial
derivative with respect to x. On the other hand, it is

(6)
According to Equation (6), the result of curl source
→

reverse is a vector field C ( x, y ) defined on the 2-D
plane where the image f(x,y) is defined.
Because f(x,y) is a digital image, the two partial
derivatives in Equation (6) should be estimated by
discrete operators. In this paper, the Sobel operator
is used for the estimation. The two templates for
partial derivative estimation are shown in Fig. 2.

→

well known that the gradient G of a field f(x,y)
also has the two partial derivatives as its
components:
→

G=

∂f ( x, y ) → ∂f ( x, y ) →
i+
j
∂x
∂y

(8)

It is indicated from Equation (6) and (8) that the
virtual source obtained by the curl source reverse
has direct relationship with the gradient field:

C x ( x, y ) = G y ( x , y )
C y ( x, y ) = −G x ( x, y )

(9)

Therefore, on any point in the image, the vector
in the virtual source has the same magnitude of the
gradient vector on that point, but their directions
are different. According to Equation (9), the vector
of C is obtained by two steps: reflect the vector of
G across the line with the slope of 1.0, followed by
another reflection across the x-axis. The
relationship between a vector in the curl source and
its corresponding gradient vector is shown in Fig.
3. Because the gradient is always taken as the
feature of edges in the image, the virtual source
obtained by the curl source reverse will also reflect
structural feature of the image.

The template to estimate the derivative on x-coordinate

The template to estimate the derivative on y-coordinate

Fig. 2 The two templates of Sobel operator to estimate the
gradient vector

According to the Sobel operator, for digital
image f(x,y), the two components of the virtual curl
source are estimated as following:
Cx(x,y)=[f(x-1,y+1)-f(x-1,y-1)]+2[f(x,y+1)-f(x,y1)]+[f(x+1,y+1)-f(x+1,y-1)]
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(c) The direction distribution of the virtual curl source of test1
Fig. 4 The result of curl source reverse for test1

Fig. 3 The relationship between a vector in the curl source and
its corresponding gradient vector

Experiments are carried out for a group of test
images to reveal the basic properties of the virtual
curl source. The curl source reverse is implemented
in VC6.0 developing environment. The test images
are of the size 32 × 32. The experimental results are
shown in Fig. 4 to Fig. 8. The figures with the label
(a) in Fig. 4 to Fig. 8 are the original test images.
The figures with the label (b) in Fig. 4 to Fig. 8 are
the magnitude distributions of the virtual curl
source. The figures with the label (c) in Fig. 4 to
Fig. 8 are the direction distributions of the virtual
curl source.

(a) The image test2 (4 times of the original size on the right for
a clear view)

(b) The magnitude distribution of the virtual curl source of
test2(4 times of the original size on the right for a clear view)

(a) The image test1 (4 times of the original size on the right for
a clear view)

(b) The magnitude distribution of the virtual curl source of
test1(4 times of the original size on the right for a clear view)

(c) The direction distribution of the virtual curl source of test2
Fig. 5 The result of curl source reverse for test2
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(a) The image test3 (4 times of the original size on the right for
a clear view)

(b) The magnitude distribution of the virtual curl source of
test4 (4 times of the original size on the right for a clear view)

(b) The magnitude distribution of the virtual curl source of
test3 (4 times of the original size on the right for a clear view)

(c) The direction distribution of the virtual curl source of test4
Fig. 7 The result of curl source reverse for test4

(c) The direction distribution of the virtual curl source of test3
(a) The image test5 (4 times of the original size on the right for
a clear view)

Fig. 6 The result of curl source reverse for test3

(b) The magnitude distribution of the virtual curl source of
test5 (4 times of the original size on the right for a clear view)

(a) The image test4 (4 times of the original size on the right for
a clear view)
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gray-scale difference between adjacent regions.
Experimental results indicate that when moving
along the rotating direction indicated by the curl
vectors, the region on the left hand has lower grayscale than that on the right hand. Therefore, the
spatial properties of the magnitude and direction
distributions of the virtual curl source can be an
effective representation of image structure, which
may be exploited in further processing and
analysis.

4 The Opposite Transform form the
Virtual Curl Source to the Image

(c) The direction distribution of the virtual curl source of test5

It is an important characteristic of a transform
whether the transform is reversible. For the curl
source reverse, the opposite transform from the
virtual curl source to the original image is
discussed in this section.

Fig. 8 The result of curl source reverse for test5

The experimental results reveal the spatial
properties of the virtual curl source. In the figures
with the label (b) in Fig. 4 to Fig. 8, larger grayscale values correspond to larger vector
magnitudes. The figures with the label (b) in Fig. 4
to Fig. 8 show that the energy (i.e. non-zero values)
in the virtual curl source concentrates near the
region borders, where there is more complex
structure than the other parts of the image [14,15].
This is because each vector in the virtual curl
source has the same magnitude as the gradient
vector at the same point, but their directions are
different. This property of energy concentration in
the magnitude distribution of the virtual curl source
may be exploited in data compression, which is
similar to the energy concentration of the 2-D
Fourier transform in the frequency domain
[16,17,18].
The direction distribution of the virtual curl
source is shown in the figures with the label (c) in
Fig. 4 to Fig. 8. The direction angle of each vector
is visualized by discretizing into 8 discrete
directions. The black dots in the figures with the
label (c) in Fig. 4 to Fig. 8 indicate the positions of
zero vectors. The representation and analysis of
image structure is important for many imageprocessing tasks [19,20,21]. Experimental results
indicate that the direction distribution of the virtual
source has direct relationship with the image
structure. In the figures with the label (c) in Fig. 4
to Fig. 8, the vectors in the virtual curl source have
a rotating pattern as a whole, which rotate along the
borders of the regions. For example, the curl
vectors in Fig. 4(c) rotate anti-clockwise as a
whole. On the other hand, the curl vectors in the
source are zero within homogeneous regions.
Moreover, the rotating direction of the curl
vectors as a whole has direct relationship with the

→

In physics, the continuous magnetic field B can
be obtained from the distribution of the current
→

density J , which is well known as the Biot-Savart
Law [12,13]:

µ
B( p ) = 0
4π
→

→

→

J× r
∫V r 3 dv

(10)

→

where B ( p ) is the magnetic induction at the point
→

→

p; J is the current density; r is the vector from
the current density to the point p. The integral in
Equation (10) is for the whole source space where
there is current density distribution.
Imitating Equation (10), the restoration from the
→

→

virtual source C ( x, y ) to the field I ( x, y ) (i.e. the
image) is proposed. Because the virtual source and
the gradient field are related by Equation (9), the
proposed restoration method can also be a method
for estimating the image from its gradient field.
→

Because C ( x, y ) is a vector field defined on a
discrete 2-D plane, the restoration of the field
→

I ( x, y ) should also use discrete operations, i.e. the
integral in Equation (10) should be replaced by
summation as following:
→

→

C (i, j ) × r ( i , j ) →( x , y )
I '( x, y ) = K ⋅ ∑∑
r(3i , j ) →( x , y )
j =1 i =1

→

H

W

(11)

where K is a constant; H and W are the height and
→

width of the image respectively; C (i, j ) is the
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→

virtual curl source; I ' ( x, y ) is the restored field
whose magnitude distribution corresponds to the
→

image; r ( i , j ) → ( x , y ) is the vector from (i,j) to (x,y).
→

→

Because r ( i , j ) → ( x , y ) and C ( x, y ) are both vector
fields on the 2-D plane, their components on zcoordinate are zero:

Cz = 0

(12)

rz = 0

(a) Visualization of I’(x,y)

→

Therefore, the cross product of C ( x, y ) and
→

r ( i , j ) →( x , y ) is as following:
→

→

→

→

→

→

→

→

i

j

k

i

j

k

Cy
ry

0
0

C× r = C x
rx

Cy
ry

Cz = Cx
rz
rx
→

(b) Result of contrast enhancement

= (C x ry − C y rx ) k

(13)
where rx and ry are the two components of
→

r ( i , j ) →( x , y ) respectively. Combine Equation (11) and
(13), the restoration of the field (i.e. the image)
from the virtual curl source is as following:
→

H

W

I ' ( x, y ) = K ⋅ ∑∑
j =1 i =1

(C x (i, j ) ⋅ ry − C y (i, j ) ⋅ rx ) →
k
r(3i , j ) →( x , y )

(c) The original image of the boat
Fig. 9 The result of opposite transform from the virtual curl
source to the boat image

(14)
Because the virtual curl source is related to the
gradient field of the image by Equation (9), the
above restoration method is also a way to estimate
the original image from its gradient field with the
virtual curl source as an intermediary: first the
→

gradient field can be transformed to C ( x, y )
according to Equation (9), then the image can be
restored according to Equation (14).
Experiments of image restoration from the
virtual curl source are carried out for a group of
real world images. The experimental results are
shown in Fig. 9 to Fig. 14. The figures with the
label (a) in Fig. 9 to Fig. 14 are the visualization of

(a) Visualization of I’(x,y)

→

the original data of the restored I ' ( x, y ) ’s
magnitude distribution. The figures with the label
(b) in Fig. 9 to Fig. 14 are the results after contrast
enhancement of the corresponding original
magnitudes. The figures with the label (c) in Fig. 9
to Fig. 14 are the original images for comparison.
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(b) Result of contrast enhancement

(a) Visualization of I’(x,y)

(c) The original image of the bridge
Fig. 10 The result of opposite transform from the virtual curl
source to the bridge image

(b) Result of contrast enhancement

(a) Visualization of I’(x,y)

(c) The original image of the peppers
Fig. 12 The result of opposite transform from the virtual curl
source to the peppers image

(b) Result of contrast enhancement

(a) Visualization of I’(x,y)

(c) The original image of the house
Fig. 11 The result of opposite transform from the virtual curl
source to the house image

(b) Result of contrast enhancement
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which introduces data errors into the restored
results. Therefore, the proposed transform of curl
source reverse is not strictly reversible, but the
opposite transform from the virtual curl source to
the image just provides acceptable results for visual
perception.

5 Conclusion

(c) The original image of the cameraman

In this paper, the curl source reverse is presented
for digital images. The virtual curl source is
estimated imitating the magneto-static field as a
novel representation of image structure. The
experimental results for test images indicate that
the virtual curl source can be an effective
representation of image structure for further
analysis. Moreover, the visually acceptable
approximation for the original images can be
derived from the virtual curl source, based on
which a method of image estimation and restoration
from its gradient field is proposed. Experimental
results for real world images prove the
effectiveness of the proposed method. The
experiments also indicate that in the representation
by the virtual curl source the energy concentrates
on the region borders, which may be exploited in
image data compression. Further research will
investigate the application of the curl source
reverse in other image processing applications. It
will also be investigated to remove the data errors
caused by discretization in the transform process so
that the opposite transform from the virtual curl
source to the image can have the quality similar to
those strictly reversible transforms.

Fig. 13 The result of opposite transform from the virtual curl
source to the cameraman image

(a) Visualization of I’(x,y)

(b) Result of contrast enhancement
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Abstract: - In this paper, the relative potential field is proposed as a novel image transform inspired by the
physical electro-static field. A general form of image potential field is presented, based on which the relative
potential is defined by introducing the factor of gray-scale difference into the potential field. The properties of
the relative potential are investigated experimentally and analyzed, based on which an image segmentation
method is proposed by region division and merging in the relative potential field. Experimental results prove
the effectiveness of the proposed image segmentation method, and also indicate the promising application of
the relative potential in image processing tasks.
Key-Words: - Relative potential field, electro-static, image transform, image segmentation

1 Introduction
2 The relative potential field of
digital images

Image transform is an important way for feature
extraction and analysis [1-7]. Most currently
applied transforms change the signal form between
the time or space domain and the parameter
domain, such as the mathematically reversible
transforms including Fourier transform (transform
between the time or space domain and the
frequency domain) and the Wavelet transform
(transform between the time or space domain and
the time-scale or space-scale domain) [8-12]. Novel
image transform has become an important branch
of the development of image processing techniques
[3-7].
In recent years, physics-inspired methodology
has attracted more and more research interest,
which exhibits promising ability of effective
feature extraction and analysis [13-22]. The
fundamental principle underlying the physical field
inspired methods is the transform from one form of
the field to another (i.e. from field source to its
potential) so that the feature of interest can be
revealed [13,14,21,22].
In this paper, a novel image transform named
the relative potential field is proposed based on an
electro-static analogy. The relationship between the
potential field and the source in physics is exploited
to define the novel image transform for image
structure representation and analysis. Image
segmentation is implemented by region division
and merging in the relative potential field.

In physics, the electro-static potential field is
determined by the source (i.e. the charge
distribution) [23-26]. Therefore, the potential field
can reflect some characteristics of the source. This
relationship between the field and its source can be
exploited in image transform, in which the image is
regarded as the source (i.e. the pixels are regarded
as discrete charges) and the generated virtual field
may reveal important features of the image. The
attraction of physical field inspired methods is the
possibility of a natural representation of image
structure or components without artificially set
parameters such as the thresholds in image
segmentation. In this paper, a general form of
virtual potential field for digital images is
proposed, which is inspired by the physical electrostatic field.
The formula of the physical electro-static
potential generated by a charge q is as following
[23-26]:

V=

1

q
4πε r
⋅

(1)

where V is the electro-static potential at a space
point. q is the charge quantity. r is the distance
between the charge and the space point. ε is a
physical constant.
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For a charge distribution ρ in the space, the
potential generated by ρ on the point (x,y) is as
following [23-26]:

V=

ρ ⋅ dτ

1

4πε ∫

V

r

relevance of image points. A general form of
virtual image potential field is proposed with the
electro-static analogy. For image analysis, not only
the distance between two image points but also the
relationship between their gray-scale or color
should be considered. Therefore, a general
continuous form of image virtual potential field is
proposed as:

(2)

where V is the electro-static potential at a space
point. The integral in Equation (2) is for the whole
region where the charge distribution ρ exists.
Many image processing techniques involves
local operations in the image, i.e. local image
features are extracted and analyzed [27-29]. Local
image features usually have the form of a binary
function f(x,y) defined on the two-dimensional
image plane. On the other hand, the analysis of the
image also requires consideration of the
neighbouring area of each image point in order to
get practically useful results. For example, in some
self-adaptive segmentation methods, local features
are extracted and then the segmentation threshold
for each point is determined adaptively according
to its neighbouring area. It is indicated that the
local and global analysis are both needed in image
processing [30-36].
Generally speaking, neighbouring points have
stronger relevance than remote points, i.e. the
closer the distance, the stronger the relevance. In
many image processing tasks, it is necessary to
consider the balance between the strong local
relevance of close neighbouring points and a wide
range of weaker relevance of remote points. And a
mathematical model is needed for the
representation of the above local-global relevance
between image points.
Equation (2) indicates that the potential of a
charge q on a space point (i.e. the impact of q on
that point) is in direct proportion to the reciprocal
of the distance r. The mathematical form of the
distance reciprocal in Equation (2) inspires the
representation of the local-global relevance
between image points. For a point p in the space,
the near charge distribution in the small local
neighboring area has greater impact on p’s potential
than remote charge distribution. On the other hand,
no matter how far the distance is, remote charge
distribution still has relatively weak impact on p’s
potential. Moreover, the accumulation of the weak
impacts of wide-range remote charge distribution
can not be neglected. The above characteristic of
the distance reciprocal form in Equation (2) is quite
suitable for the requirement of image analysis that
both local and global relevance between image
points should be considered.
The electro-static potential has a suitable
mathematical form to model the local-global

Vck ( x, y ) = A ⋅ ∫ ∫
a b

f ( g ( a, b), g ( x, y ))
da ⋅ db
r(ka ,b )→( x , y )

(3)

where Vck(x,y) is the continuous image potential
value on point (x,y). A is a predefined constant
value. g is the gray-scale value of image points. f is
a function that defined according to specific image
processing tasks representing the relationship
between the gray-scale values of point (x,y) and
(a,b). r is the distance between (x,y) and (a,b). k is a
constant that affect the reciprocal’s decreasing rate
with the increasing distance r. The double integral
in Equation (3) is on the two-dimensional image
plane. For a specific processing task, the function f
and the constants A, k should be pre-defined
according to the specific processing purpose.
For digital images, the general discrete form of
image virtual potential field is proposed as the
discrete form of Equation (4):

Vdk ( x, y ) = A ⋅

ROW −1 COL −1

∑ ∑

j =0
i =0
( j ≠ x or i ≠ y )

f ( g (i , j ), g ( x, y ))
r(ki , j )→( x , y )

(4)
where Vdk(x,y) is the discrete image potential on
point (x,y). A is a predefined constant value. ROW
and COL are the height and width of the digital
image respectively. g is the gray-scale value of
image points. f is a function that defined according
to specific image processing tasks representing the
relationship between the gray-scale values of point
(x,y) and (i,j). r is the distance between (x,y) and
(i,j). k is a constant that affect the reciprocal’s
decreasing rate with the increasing distance r.
For some important image processing tasks such
as segmentation and edge detection, the difference
between pixel gray-scale values are the factor of
major consideration. In this paper the relative
potential is proposed for gray-scale images based
on the general form of discrete image potential,
where the function f(g(i,j), g(x,y)) is specialized as
the difference between the gray-scale values of the
two image points (x,y) and (i,j):

VRk ( x, y ) = A ⋅

ROW −1 COL−1

∑ ∑

j =0
i =0
( j ≠ x or i ≠ y )
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g (i , j ) − g ( x , y )
r(ki , j )→( x , y )

(5)
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where VRk ( x, y ) is the relative potential of the
digital image on point (x,y). A is a predefined
constant value. ROW and COL are the height and
width of the digital image respectively. g is the
gray-scale value of image points. r is the distance
between (x,y) and (i,j). k is a constant that affect the
reciprocal’s decreasing rate with the increasing
distance r.
Compared with the mathematic form of the
electro-static potential, the proposed relative
potential has two major differences. One is the
replacement of the discrete charge with the grayscale difference, which can make the relative
potential represents the difference of one image
point between others. The other is the k-th power of
the distance r. Thus the adjustment of the value k
can change the decreasing rate of the relevance
between image points with the increasing distance r
according to the requirement of a specific task.

3 The property
potential field

of

the

(a) The image Test1

(b) The relative potential value distributions

relative

In Equation (5), the relevance between two image
points with distance r is represented quantitatively
by the reciprocal of rk. The value of relative
potential is virtually the weighted sum of the grayscale difference between the image point on (x,y)
and all other points, and the weight is the factor of
relevance, i.e. the reciprocal of rk. To investigate
the properties of the relative potential field,
experiments are carried out for a series of simple
test images with the size of 128 × 128. When
computing the relative potential values, the
constant k in Equation (5) is pre-defined as k=1.
Fig. 1 To Fig. 3 are the results for some typical test
images.
Fig. 1(a) to Fig. 3(a) are the original test images.
Fig. 1(b) to Fig. 3(b) are the relative potential value
distributions of the corresponding test images,
where larger gray-scale represents larger relative
potential. Fig. 1(c) to Fig. 3(c) record the sign of
each relative potential value, where white points
have positive values and black points have negative
values. The results shown in Fig. 1(c) to Fig. 3(c)
indicate that the sign of the relative potential values
will reverse across the boundary of two adjacent
regions, which may be exploited in the division of
different regions in the image.

(c) The sign of each relative potential value
Fig. 1 The relative potential field of image Test1

(a) The image Test2

(b) The relative potential value distributions
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sides. pa is in region A and pb is in region B. ga and
gb are the gray-scale of region A and B respectively.
According to the above discussion, the sign of pa ’s
relative potential is determined by gb - ga, while the
sign of pb ’s relative potential is determined by ga gb. Thus the signs of pa and pb are opposite. This is
why the sign of the relative potential will reverse
across the region border. This property of the
relative potential field can be exploited in image
analysis.

(c) The sign of each relative potential value
Fig. 2 The relative potential field of image Test2

Fig. 4 pa and pb on different sides of the region border

On the other hand, the experimental results of
some other test images indicate that the sign
reverse of relative potential is not only across
region borders but also possible within a region.
Fig. 5 shows such a case, where the sign reverse
occurs in the middle region of the three in the
image. This is because within a region the near
points in the neighbouring area have the same grayscale, and the accumulation of weak affects from
wide range of remote image points will have effect
on the relative potential value. Thus sign reverse
may occur within some region. Therefore, it can be
concluded from the experimental results that the
sign of relative potential will reverse across the
region borders, and there is also possible sign
reverse within a region.

(a) The image Test3

(b) The relative potential value distributions

(c) The sign of the relative potential value
Fig. 3 The relative potential field of image Test3

According to the definition of the image relative
potential in Equation (5), the relative potential
value of a point p is mainly affected by its local
neighboring area. The local neighboring area
consists of two classes of points. One class is those
in the same region of p (i.e. with similar gray-scale
of p), the other is those in the different region. For
simple test images, the gray-scale difference in the
same region is zero. Thus the relative potential of p
is mainly affected by the gray-scale difference
between p’s region and its adjacent region. Suppose
A and B are two adjacent regions shown in Fig. 4.
pa and pb are two border points at different border

(a) The image Test4

(b) The relative potential value distributions
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(c) The sign of each the relative potential value for Test4

Fig. 8 The region segmentation result according to Fig.3 (c)

Fig. 5 The relative potential of image Test4

Real world images consist of much more
complex region components than the simple test
images. To investigate the effect of the above
region division method on real world images,
experiments are carried out for a series of typical
real world images. The experimental results are
shown from Fig. 9 to Fig. 12.

4 Image segmentation based on the
relative potential field
In the experimental results of the test images, it is
shown that the sign of relative potential values are
opposite in the two different adjacent regions. This
can provide the basis of region division in images.
In this paper, a method of image region division in
the relative potential field is proposed as following:
Step1: Calculate the relative potential field;
Step2: Obtain the sign distribution of the relative
potential field;
Step3: Group the adjacent points with the same
sign of relative potential into connected
regions.
The obtained set of connected regions is the result
of region division for the gray-scale image.
Fig. 6 to Fig. 8 are the region division results
according to Fig.1 (c) to Fig. 3(c), where different
regions are represented by different gray-scale
values. The results indicate that the region division
method is effective for simple test images.

(a) The broadcaster image

(b) The visualization of the relative potential field with k=1

Fig. 6 The region segmentation result according to Fig.1 (c)
(c) The visualization of the relative potential field with k=2

Fig. 7 The region segmentation result according to Fig.2 (c)
(d) The visualization of the relative potential field with k=3
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(j) The region division result for (g)
(e) The sign distribution of the relative potential in (b)
Fig. 9 The relative potential field and region division results
for the broadcaster image

(f) The sign distribution of the relative potential in (c)

(a) The house image

(g) The sign distribution of the relative potential in (d)
(b) The visualization of the relative potential field with k=1

(h) The region division result for (e)
(c) The visualization of the relative potential field with k=2

(i) The region division result for (f)

(d) The visualization of the relative potential field with k=3
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(e) The sign distribution of the relative potential in (b)

(j) The region division result for (g)
Fig. 10 The relative potential field and region division results
for the house image

(f) The sign distribution of the relative potential in (c)

(a) The peppers image

(g) The sign distribution of the relative potential in (d)
(b) The visualization of the relative potential field with k=1

(h) The region division result for (e)
(c) The visualization of the relative potential field with k=2

(i) The region division result for (f)

(d) The visualization of the relative potential field with k=3
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(e) The sign distribution of the relative potential in (b)

(j) The region division result for (g)
Fig. 11 The relative potential field and region division results
for the peppers image

(f) The sign distribution of the relative potential in (c)

(a) The cameraman image

(g) The sign distribution of the relative potential in (d)
(b) The visualization of the relative potential field with k=1

(h) The region division result for (e)
(c) The visualization of the relative potential field with k=2

(i) The region division result for (f)

(d) The visualization of the relative potential field with k=3
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(e) The sign distribution of the relative potential in (b)

(j) The region division result for (g)
Fig. 12 The relative potential field and region division
results for the cameraman image

Fig. 9(a) to Fig. 12(a) are the original images of
the broadcaster, house, peppers and cameraman
respectively. In the experiments, to investigate the
influence of constant k (i.e. the relevance
decreasing rate with increasing distance r) on
image region division, relative potential field is
calculated with k=1, 2 and 3 respectively. In the
experiments, the results of relative potential field
are visualized as gray-scale images. Fig. 9(b) to Fig.
12(b) are the results of relative potential field
visualization with k=1 in Equation (5), where larger
gray-scale values correspond to larger relative
potential values. Fig. 9 (c) to Fig. 12(c) are the
results of relative potential field visualization with
k=2 in Equation (5). Fig. 9(d) to Fig. 12(d) are the
results of relative potential field visualization with
k=3 in Equation (5).
To investigate the sign distribution of the
relative potential field, the sign of relative potential
on each point is recorded in the experiment. Fig.
9(e) to Fig. 12(e) are the sign distribution of the
relative potential in Fig. 9(b) to Fig. 12(b)
respectively, where white points represent positive
values and black points represent negative values.
Fig. 9(f) to Fig. 12(f) are the sign distribution of the
relative potential in Fig. 9(c) to Fig. 12(c)
respectively. Fig. 9(g) to Fig. 12(g) are the sign
distribution of the relative potential in Fig. 9(d) to
Fig. 12(d) respectively.
The region division is carried out based on the
sign distribution of the relative potential field. Fig.
9(h) to Fig. 12(h) show the region division results
for Fig. 9(e) to Fig. 12(e) respectively, where
different regions are represented by different grayscale values. Fig. 9(i) to Fig. 12(i) show the region
division results for Fig. 9(f) to Fig. 12(f)
respectively. Fig. 9(j) to Fig. 12(j) show the region
division results for Fig. 9(g) to Fig. 12(g)
respectively. The region division results show that
for real world images the region division method
may obtain large amount of region elements in the
image.

(f) The sign distribution of the relative potential in (c)

(g) The sign distribution of the relative potential in (d)

(h) The region division result for (e)

(i) The region division result for (f)
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Table 1 shows the region numbers obtained by
the region division method for the real world
images with the constant k=1, 2, and 3 respectively.
Table 1 indicates that larger value of k can obtain
more detailed region division result, because larger
value of k causes faster decreasing rate of the
relevance between image points with the increasing
distance r.

division, and correspondingly the merging results
can be more accurate.

Table 1 The number of regions obtained with different k
The number of regions obtained
by the region division based on
the sign distribution of the
relative potential field
k=1
k=2
k=3
broadcaster
image

19

39

659

house image

85

268

946

peppers image

72

122

371

cameraman
image

161

298

795

(a) The merging result of Fig. 9(h)

(b) The merging result of Fig. 9(i)

The region division results of real world images
consist of large amount of region elements due to
the complexity of real world images. To obtain
practically useful segmentation result, a region
merging method is proposed for the region division
results of real world images based on the gray-scale
similarity of adjacent regions. First, an expected
number of remaining regions after merging is given
(usually by trail). Then the following steps are
carried out to merge regions until the expected
region number is reached:
Step1: For each region in the image, calculate its
average gray-scale value.
Step2: Find the pair of neighboring regions with the
least difference of the average gray-scale,
and merge them into one region.
Step3: If current region number is larger than the
expected region number, return to Step1;
otherwise, end the merging process.
The region merging results for the real world
images are shown in Fig. 13 to Fig. 16, where
different regions are represented by different grayscale. Fig. 13(a) to Fig. 16(a) show the merging
results of Fig. 9(h) to Fig. 12(h) respectively. Fig.
13(b) to Fig. 16(b) show the merging results of Fig.
9(i) to Fig. 12(i) respectively. Fig. 13(c) to Fig.
16(c) show the merging results of Fig. 9(j) to Fig.
12(j) respectively. The merging results indicate that
larger value of k makes more detailed region

(c) The merging result of Fig. 9(j)
Fig .13 The region merging results for the broadcaster image

(a) The merging result of Fig. 10(h)

(b) The merging result of Fig. 10(i)
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(b) The merging result of Fig. 12(i)
(c) The merging result of Fig. 10(j)
Fig. 14 The region merging results for the house image

(c) The merging result of Fig. 12(j)
Fig. 16 The region merging results for the cameraman
image
(a) The merging result of Fig. 11(h)

Based on the above discussions, in this paper a
novel image segmentation method is proposed
based on the relative potential field. The procedure
of the segmentation is as following:
Step1: Calculate the relative potential field;
Step2: Carry out the region division based on the
sign distribution of the relative potential
field;
Step3: Merge the region division result to a predefined number of regions.
The experimental results have proved the
effectiveness of the proposed segmentation method.

(b) The merging result of Fig. 11(i)

5 Conclusion
The mathematical form of the physical electrostatic potential provides a suitable model for the
representation of the local-global relevance
between image points. In this paper, the relative
potential field is proposed with the electro-static
analogy. The image structure information can be
revealed by the field transform of relative potential.
The experimental results indicate that the sign
distribution of the relative potential field can serve
as the basis for image region division, based on
which an image segmentation method is proposed.
Experimental results also prove the effectiveness of
the proposed segmentation method. Further work
will investigate the application of the relative
potential field in other image processing tasks.

(c) The merging result of Fig. 11(j)
Fig. 15 The region merging results for the peppers image

(a) The merging result of Fig. 12(h)
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Abstract: - In this paper, the spatial property of the magneto-static field generated by the stable current is
discussed and exploited in image analysis. The region-division feature of the magnetic field generated by a
current element on 2D plane is investigated experimentally for some simple test images. The virtual edge
current in gray-scale images is presented by a magneto-static analogy, which is composed of the tangent edge
vectors as a discrete form of the physical current element. The virtual magnetic field generated by the edge
current in digital images is investigated experimentally, which is applied in region border detection and region
division. A novel image segmentation method is proposed based on the virtual magnetic field generated by the
edge current. The experimental results prove the effectiveness of the proposed method, and also indicate the
promising application of the physics-inspired methods in image processing tasks.
Key-Words: - Image analysis, virtual edge current, magnetic field, tangent edge vector, image segmentation
the virtual edge current are investigated, and a
novel method for image segmentation is proposed
based on the direction distribution of the virtual
magnetic field. The experimental results prove the
effectiveness of the proposed method, and indicate
the promising application of the virtual edge
current in image processing tasks.

1 Introduction
Nature inspired methods have become an important
way to solve many theoretical and practical
problems for human beings, such as the genetic
algorithm, ant colony optimization, neural network,
etc [1-8]. In signal and image processing, the nature
inspired methods have also been studied and
applied. In recent years, the physical field inspired
methods have attracted more and more research
interest, and such research has achieved promising
results for image processing tasks [9-18]. Such
results have been applied in image segmentation,
biometrics, corner detection, etc [9-18]. The view
of regarding a digital image as a virtual field
imitating the field in physics may obtain a natural
way of image structure presentation and
decomposition for further analysis, and may reveal
novel features useful in practical tasks.
The electro-magnetic field in physics has a
complete set of theoretical description (a series of
laws and theorems). There are on-going research
efforts to explore the practical use of the methods
imitating the electro-magnetic rules in signal and
image analysis [9-18]. In this paper, the regiondividing feature of stable magnetic fields is
analyzed, based on which the tangent edge vector
and the virtual edge current are proposed to
represent the edge structure of images. The
properties of the virtual magnetic field generated by

2 The Region-Dividing Feature of the
Magnetic Field Generated by Stable
Currents on 2D Plane
The distinctive feature of physics-inspired methods
for image analysis is a kind of natural description
and representation of image structures, which may
reveal novel image features for further analysis.
The magnetic field generated by the stable current
satisfies the Biot-Savart law [19,20], and in this
paper its spatial property on the 2D plane is
investigated. The possible application of the
magneto-static field’s spatial property to region
border extraction is also discussed.

2.1 The magnetic field of the current in a
straight wire and its spatial property
According to the electro-magnetic theory, the
magnetic field generated by the stable current in an
infinitely long straight wire is [19,20]:
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B=

µ0 I
2πr

the direction of the magnetic field can serve as a
feature which indicates the approximate relative
position of a point with respect to the straight wire
on the plane.

(1)

where B is the magnitude of the magnetic induction
at a space point, I is the intensity of the current, r is
the distance of the space point to the straight line,
µ0 and π are two constants. The diagram of the
magnetic field generated by the straight line is
shown in Fig. 1.

Fig. 3 The direction distribution of the magnetic field
generated by a straight wire on a plane

2.2 The magnetic field of the current in a
closed wire with arbitrary shape and its
spatial property

Fig. 1 The magnetic field generated by the straight line

In Fig. 1, the direction of the magnetic induction
is determined by the right-hand rule: if the thumb
of the right hand is pointed in the direction of the
current, and the other four fingers assume a curved
position, the magnetic field circling around the wire
flows in the direction in which the other four
fingers point [19,20]. The right-hand rule is shown
in Fig. 2.

The straight line is just a special case of curves
with arbitrary shapes, and the magnetic field
generated by the straight wire is a special case of
those generated by general wires. A more general
description of the magnetic field is given by the
Biot-Savart law [19,20], where the source of the
magnetic field is the current of arbitrary shapes
which is composed of current elements. A current
→

element I dl is a vector representing a very small
part of the whole current, whose magnitude is the
arithmetic product of I and dl (the length of a small
section of the wire). The current element has the
same direction as the current flow on the same
point. Thus the whole magnetic field is the
accumulation of those generated by all the current
elements.
The magnetic field generated by a current

Fig. 2 The right-hand rule

→

element I dl is as following [19,20]:

According to the right-hand rule, the direction

→

→

µ I dl × r
dB = 0 ⋅
4π
r3
→

→

distribution of B can be determined on a plane
where the wire lies. Fig. 3 shows the direction
distribution of the magnetic field on the 2D plane
where the straight wire lies. In Fig. 3 the cross
represents the direction of going into the paper, and
the dot represents the direction of coming out of the
paper. From the viewpoint of geometry, the line
divides the plane into two halves. The direction of
the magnetic induction vectors in one half is just
opposite to that in the other half. If the direction of

(2)

→

where dB is the magnetic induction vector at a
→

space point, I dl is the current element, r is the
distance between the space point and the current
→

element, r is the vector from the current element
to the space point, the operator × represents the
cross product of the two vectors. The direction of
the magnetic field also follows the right-hand rule.
The magnetic field’s direction distribution on the
2D plane where the current element lies is shown in

→

I is given, based on the direction of B , it can be
decided on which side of the wire the point lies.
Therefore, from the viewpoint of image analysis,
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Fig. 4. Similar to the case of straight wire, the
direction of the magnetic field reverses when
crossing the line on which the current element lies.

Fig. 5 The magnetic field distribution in the small neighboring
area of a current element on a closed wire
Fig. 4 The magnetic field’s direction distribution of a current
element on the 2D plane

3 The Tangent Edge Vector for
Simple Image Regions

The magnetic field generated by the current in a
wire of arbitrary shape is the accumulation of the
magnetic fields generated by all the current
elements on the wire, which is described by the
Biot-Savart law [19,20]:
→

→

µ I dl × r
B = ∫ dB = ∫ 0 ⋅
D
D 4π
r3
→

→

The direction of the current in a wire is virtually the
tangent direction of the curve on that point. On a
discrete 2D plane, the discrete form of a current in
a curving wire can be represented by a set of
tangent vectors on each discrete point of the curve.
In geometric theory, for simple regions (such as
those in Fig. 4 and Fig. 5) the gradient vector on the
region border is perpendicular to the border curve.
Since the direction of the curve on a point is
represented by the tangent direction of the curve,
the tangent vector can thus be estimated by the
gradient vector in digital images.

(3)

→

where B is the magnetic induction vector on a
space point generated by the whole current
elements in a current of arbitrary shape, D is the
→

area where current element exists, dB is the
magnetic field generated by the current elements in
D.
Fig. 5 shows the case of a current element on a
closed wire with arbitrary shape, and its magnetic
field in the small neighboring area. The closed wire
divides the plane into two parts: the inner region
and the outer region of the curve. In the small
neighboring area of a current element, the magnetic
field’s direction reverses when crossing the local
section of the curve. From the viewpoint of image
analysis, the reverse of the field’s direction in the
local area indicates the existence of the region
border (such as the curve in Fig. 5) Therefore, the
reverse of the field direction is a promising novel
feature representing region borders in digital
images, which may be exploited in edge detection
and further analysis.

3.1 The definition of the tangent edge vector
In this paper, the tangent edge vector is proposed to
represent the edge intensity and direction based on
the above sections. The magnitude of a tangent
→

edge vector T is defined as the same of the
→

gradient vector G on that point, and its direction is
perpendicular to the gradient vector:
Tx = G y
(4)

T y = −G x

(5)
→

where Tx and Ty are the x and y components of T
respectively, Gx and Gy are the x and y components
→

of G respectively. Therefore, the magnitude of the
tangent edge vector represents the edge intensity,
and its direction represents that of the border curve.
Fig. 6 shows the relationship between the gradient
and tangent edge vector on the border of a simple
region in the image. In this paper, the tangent
vector is estimated by rotating the gradient vector
clockwise with 90 degrees, which is shown in Fig.
6.
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To investigate the properties of the tangent edge
vector, some experiments are carried out for a
group of simple test images. The original images
are shown in Fig. 8(a) to Fig. 12(a) respectively.
The test images are with the size of 32 × 32, and
contain simple image regions. To get a more clear
view, the original images are shown in both
original size and the size of 4 times larger. The
tangent edge vectors are shown in Fig. 8(b) to Fig.
12(b) respectively, where the arrows indicate the
directions of the tangent edge vectors and the dot
indicates zero vectors.
For the simple test images in the experiments,
each region has homogeneous pixels of the same
gray-scale. Therefore, the gradient vectors are zero
except on the points near the region border. Thus
the tangent edge vectors also gather near the border
curve and forms a circulating current around the
region as a whole. Therefore, the tangent edge
vectors make up a virtual current of a discrete form
in the image. Since the physical current elements
are along the tangent direction of the wire curve,
the tangent edge vector corresponds to the physical
current element. The experimental results in Fig.
8(b) to Fig. 12(b) also indicate that the tangent edge
vectors form a virtual current in a discrete form
along the region border, which is later defined as
the virtual edge current in the following section.
To further investigate the tangent edge vector,
the virtual magnetic field generated by the tangent
edge vectors is calculated. Imitating the physical
current element, the discrete virtual magnetic field
generated by a tangent edge vector on point (i , j) is
proposed as following:

Fig. 6 The relationship between the tangent edge vector and the
gradient vector

In this paper, the Sobel operator is adopted to
estimate the gradient vector in digital images [21].
The two templates of the Sobel operator for the
gradient estimation are shown in Fig. 7.

The template to estimate the gradient component on x-coordinate

The template to estimate the gradient component on y-coordinate

Fig. 7 The two templates of the Sobel operator to estimate the
gradient vector

→

→

T (i , j ) × r ( i , j ) → ( x , y )
B ( i , j ) ( x, y ) =
r(3i , j ) → ( x , y )
→

According to the Sobel operator, for digital
image f(x,y), the two components of the gradient
vector are estimated as following:
Gx(x,y)=[f(x+1,y-1)-f(x-1,y-1)]+2[f(x+1,y)-f(x1,y)]+[f(x+1,y+1)-f(x-1,y+1)]
(6)

(8)

→

where B ( i , j ) ( x, y ) is the virtual magnetic induction
→

→

on point (x , y) generated by T (i, j ) , and T (i, j ) is
→

the tangent edge vector on point (i , j), r ( i , j )→( x , y )

Gy(x,y)=-[f(x-1,y+1)-f(x-1,y-1)]-2[f(x,y+1)-f(x,y-1)][f(x+1,y+1)-f(x+1,y-1)]
(7)

is the vector from (i , j) to (x , y), and r( i , j )→( x , y ) is
the distance between (i , j) and (x , y).
Thus the virtual magnetic field generated by all
the tangent edge vectors is defined as the

where Gx(x,y) and Gy(x,y) are the two components
of the gradient vector on the x and y direction
respectively. The tangent edge vector can then be
estimated based on the gradient vector according to
Equation (4) and (5).

→

accumulation of B ( i , j ) ( x, y ) :
→

B( x, y ) =

ROW −1 COL −1 →

∑ ∑
j =0

3.2 The spatial property of the virtual magnetic
field generated by the set of tangent edge vectors

i =0

B ( i , j ) ( x, y ) =

ROW −1 COL −1

∑ ∑
j =0

i =0

→

→

T (i , j ) × r ( i , j )→( x , y )
r(3i , j )→( x , y )

(9)
where ROW and COL represents the height and
width of the digital image respectively. Because
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each tangent edge vector generates a magnetic field
separating the image points on different sides of the
local border section, the accumulation of all the
virtual magnetic fields generated by all the tangent
edge vectors may separate the points into two
classes: those within the region and those outside
the region. The simulation results are also shown in
visible figures. The magnitude of each virtual
magnetic field is shown in Fig. 8(c) to Fig. 12(c),
where larger gray-scale values represent larger

Fig. 8(d) The direction distribution of the magnetic field
generated by the set of tangent edge vectors (the white points
represent the direction of going into the paper, and the black
points represent the opposite direction)

→

magnitude of B ( x, y ) . The direction distribution of
each virtual magnetic field is shown in Fig. 8(d) to
Fig. 12(d), where the white points represent the
direction of going into the paper, and the black
points represent the direction of coming out of the
paper. The results indicate that different regions in
the image have different directions of the virtual
magnetic field, and the field direction reverses
when crossing the region orders. Therefore, the
direction distribution in the virtual magnetic field
can serve as a promising feature for region border
detection and also image segmentation.

Fig. 9(a) The test2 image (4 times of original size on the right)

Fig. 8(a) The test1 image (4 times of original size on the right)

Fig. 9(b) The direction distribution of the tangent edge vectors

Fig. 9(c) The magnitude distribution of the magnetic field
generated by the set of tangent edge vectors (larger gray-scale
values represent larger magnitude)

Fig. 8(b) The direction distribution of the tangent edge vectors

Fig. 8(c) The magnitude distribution of the magnetic field
generated by the set of tangent edge vectors (larger grayscale values represent larger magnitude)

Fig. 9(d) The direction distribution of the magnetic field
generated by the set of tangent edge vectors (the white points
represent the direction of going into the paper, and the black
points represent the opposite direction)
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Fig. 10(a) The test3 image (4 times of original size on the right)

Fig. 11(b) The direction distribution of the tangent edge
vectors

Fig. 10(b) The direction distribution of the tangent edge
vectors

Fig. 11(c) The magnitude distribution of the magnetic field
generated by the set of tangent edge vectors (larger gray-scale
values represent larger magnitude)

Fig. 10(c) The magnitude distribution of the magnetic field
generated by the set of tangent edge vectors (larger gray-scale
values represent larger magnitude)

Fig. 11(d) The direction distribution of the magnetic field
generated by the set of tangent edge vectors (the white points
represent the direction of going into the paper, and the black
points represent the opposite direction)

Fig. 10(d) The direction distribution of the magnetic field
generated by the set of tangent edge vectors (the white points
represent the direction of going into the paper, and the black
points represent the opposite direction)

Fig. 12(a) The test5 image (4 times of original size on the right)

Fig. 11(a) The test4 image (4 times of original size on the right)

Fig. 12(b) The direction distribution of the tangent edge
vectors
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edge current, because all the tangent edge vectors
are along the direction of the isoline curve in the
image.
To investigate the properties of the virtual edge
current, the virtual magnetic field generated by the
virtual edge current is calculated. Experiments are
carried out for a group of natural images. The
original images are shown in Fig. 13(a) to Fig.
19(a). The results of the virtual magnetic field are
visualized as gray-scale images. The magnitude of
each virtual magnetic field is shown in Fig. 13(b) to
Fig. 19(b), where larger gray-scale values represent

Fig. 12(c) The magnitude distribution of the magnetic field
generated by the set of tangent edge vectors (larger gray-scale
values represent larger magnitude)

→

larger magnitude of B ( x, y ) . The direction
distribution of each virtual magnetic field is shown
in Fig. 13(c) to Fig. 19(c), where the white points
represent the direction of going into the paper, and
the black points represent the direction of coming
out of the paper. The experimental results indicate
that for natural images the direction of the virtual
magnetic field reverses when crossing major region
borders. Therefore, the distribution of the virtual
magnetic field can also serve as the basis of border
detection and region segmentation.
Because the magnitude of the tangent edge
vector is the same as the gradient vector, in

Fig. 12(d) The direction distribution of the magnetic field
generated by the set of tangent edge vectors (the white points
represent the direction of going into the paper, and the black
points represent the opposite direction)

4 The Virtual
Digital Images

Edge

Current

in

The images captured in nature (such as photos,
satellite images, etc.) have rich gray-scale levels
and details, and are much more complex than the
simple test images. The digital image can be
regarded as a function f(x,y), whose arguments are
the position on the 2D plane, and the function value
is the gray-scale of the image point [21]. The
isolines (contour lines) in the image f(x,y) indicate
possible region borders, and in mathematics the
gradient vector is perpendicular to the isoline of
f(x,y). Consequently, for complex natural images,
the tangent edge vector represents the direction of
the isoline in the image, i.e. the direction of
possible region border curve. On the other hand,
since the magnitude of the tangent vector is the
same as the gradient vector on that point, its
magnitude also indicates the edge intensity on that
point. Therefore, the definition of Equation (4) and
(5) can also apply to complex natural images. For
complex natural images, there may be rich grayscale levels, and there is a tangent edge vector with
some magnitude on each image point. All the
tangent edge vectors make up a flow field, and the
flow direction on each image point is just the same
as that of the tangent edge vector. Therefore, all the
tangent edge vectors in a digital image form a
virtual current, where the tangent edge vector on an
image point serves as the discrete current element.
The virtual current composed of the tangent edge
vectors as current elements is defined as the virtual

→

Equation (9) the T vectors with large magnitudes
have major affect on the formation of overall
region borders, while those with small magnitudes
can only have effect on adjacent areas and affect
the details of the local region borders. In Fig. 13(c)
to Fig. 19(c), the experimental results indicate that
the region borders can be detected according to the
direction distribution of the virtual magnetic field
generated by the virtual edge current.

Fig. 13(a) The peppers image

Fig. 13(b) The magnitude distribution of the virtual magnetic
field generated by the edge current
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Fig. 15(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 13(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 15(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 14(a) The broadcaster image

Fig. 16(a) The cameraman image

Fig. 14(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 16(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 14(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 16(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 15(a) The boat image
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Fig. 17(a) The house image

Fig. 18(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 17(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 19(a) The medical image of a heart

Fig. 17(c) The directions distribution of the virtual magnetic
field generated by the edge current

Fig. 19(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 18(a) The medical image of a brain

Fig. 18(b) The magnitude distribution of the virtual magnetic
field generated by the edge current

Fig. 19(c) The directions distribution of the virtual magnetic
field generated by the edge current
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merging is given (usually by trail). Then the
following steps are carried out to merge regions
until the expected region number is reached:
Step1: For each region in the image, calculate its
average gray-scale value.
Step2: Find the pair of neighboring regions with the
least difference of the average gray-scale,
and merge them into one region.
Step3: If current region number is larger than the
expected region number, return to Step1;
otherwise, end the merging process.
The region merging results for the real world
images are shown in Fig. 20(c) to Fig. 26(c), where
different regions are represented by different grayscale. Fig. 20(c) to Fig. 26(c) show the merging
results for Fig. 20(b) to Fig. 26(b) respectively.

5 Image Segmentation Based on the
Virtual Edge Current
In the experimental results for the test images, it is
shown that the directions of the virtual magnetic
field are opposite in two different adjacent regions.
This provides a basis of region division in images.
In this paper, a method of image region division in
the virtual magnetic field generated by the virtual
edge current is proposed as following:
Step1: Calculate the tangent edge vectors to obtain
the virtual edge current;
Step2: Calculate the virtual magnetic field
generated by the virtual edge current;
Step3: Obtain the direction distribution of the
virtual magnetic field;
Step4: Group the adjacent points with the same
direction of virtual magnetic field into
connected regions.
The obtained set of connected regions is the result
of region division for the gray-scale image.
Real world images consist of more complex
region components than the simple test images. To
investigate the effect of the above region division
method on real world images, experiments are
carried out for a series of real world images. The
experimental results are shown from Fig. 20(b) to
Fig. 26(b), which are the region division results of
Fig. 13(c) to Fig. 19(c) respectively. In Fig. 20(b)
to Fig. 26(b), different regions are represented by
different gray-scale values. The results indicate that
for real world images the region division method
may obtain large amount of regions in the image.
The numbers of regions obtained for the real world
images in the experiments are shown in Table 1.

Image

Fig. 20(a) The peppers image

Table 1
Number of
regions

peppers

87

broadcaster

77

boat

149

cameraman

142

house

117

brain

131

heart

342

Fig. 20(b) The region division result based on Fig. 13(c)

Fig. 20(c) The region merging result for Fig. 20(b) (50 regions
remained)

The region division results of real world images
consist of large amount of regions due to the
complexity of real world images. To obtain
practically useful segmentation result, a region
merging method is proposed based on the grayscale similarity of adjacent regions. First, an
expected number of remaining regions after
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Fig. 21(a) The broadcaster image

Fig. 22(c) The region merging result for Fig. 22(b) (80 regions
remained)

Fig. 21(b) The region division result based on Fig. 14(c)
Fig. 23(a) The cameraman image

Fig. 21(c) The region merging result for Fig. 21(b) (20 regions
remained)
Fig. 23(b) The region division result based on Fig. 16(c)

Fig. 22(a) The boat image

Fig. 23(c) The region merging result for Fig. 23(b) (20 regions
remained)

Fig. 22(b) The region division result based on Fig. 15(c)

Fig. 24(a) The house image
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Fig. 24(b) The region division result based on Fig. 17(c)

Fig. 26(a) The medical image of a heart

Fig. 24(c) The region merging result for Fig. 24(b) (20 regions
remained)

Fig. 26(b) The region division result based on Fig. 19(c)

Fig. 25(a) The medical image of a brain

Fig. 25(b) The region division result based on Fig. 18(c)
Fig. 26(c) The region merging result for Fig. 26(b) (20 regions
remained)

Based on the above sections, in this paper a novel
image segmentation method is proposed with the
virtual magnetic field generated by the virtual edge
current. The procedure of the segmentation is as
following:
Step1: Calculate the tangent edge vectors in the image
to form the virtual edge current;
Step2: Calculate the virtual magnetic field generated
by the virtual edge current;

Fig. 25(c) The region merging result for Fig. 25(b) (40 regions
remained)
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Step3: Carry out the region division based on the
direction distribution of the virtual magnetic
field;
Step4: Merge the region division result to a predefined number of regions.
The experimental results have proved the
effectiveness of the proposed segmentation method.
Fig. 27(a) The magnitude distribution of the magnetic field
generated by the virtual edge current with 0% of the maximum
vector length as the threshold

6 The Influence of Different Edge
Intensity Thresholds on Border
Formation
The gradient magnitude is the intensity of grayscale changing at an image point, which is a natural
measurement of the possibility of edge existence in
the early stage of image analysis. It can be seen
from Fig. 13(c) to Fig. 19(c) that the region borders
can be determined by the direction distribution of
the virtual magnetic field. In the experimental
→

results, the whole field of B ( x, y ) is formed by the
accumulation of all the tangent edge vectors with
various magnitudes. Those tangent edge vectors
with relatively large magnitudes have major affect
on the formation of main region borders.
Experiments have been carried out to investigate
the effect of different vector magnitude on the
formation of region borders. In the experiments,
before the calculation of the virtual magnetic field,
the tangent edge vectors with magnitudes less than
a pre-defined threshold are set to zero. Then the
virtual magnetic field is formed by the remained
vectors with relatively larger magnitudes. In the
experiments, the threshold is defined as some
percent of the maximum magnitude of the tangent
edge vectors. The experimental results for the
broadcaster image are shown in Fig. 27(a) to Fig.
27(j). Fig. 27(a) to Fig. 27(e) show the magnitude
of the obtained virtual magnetic field, where larger
gray-scale values represent larger magnitude of

Fig. 27(b) The magnitude distribution of the magnetic field
generated by the virtual edge current with 0.05% of the
maximum vector length as the threshold

Fig. 27(c) The magnitude distribution of the magnetic field
generated by the virtual edge current with 0.1% of the
maximum vector length as the threshold

→

B( x, y ) . Fig. 27(f) to Fig. 27(j) show the direction
distribution of the virtual magnetic field, where the
white points represent the direction of going into
the paper, and the black points represent the
direction of coming out of the paper. The threshold
values are set as 0%, 0.05%, 0.1%, 0.2% and 0.5%
of the maximum gradient magnitude in the image
respectively.

Fig. 27(d) The magnitude distribution of the magnetic field
generated by the virtual edge current with 0.2% of the
maximum vector length as the threshold
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Fig. 27(e) The magnitude distribution of the magnetic field
generated by the virtual edge current with 0.5% of the
maximum vector length as the threshold

Fig. 27(i) The direction distribution of the magnetic field
generated by the virtual edge current with 0.2% of the
maximum vector length as the threshold

Fig. 27(j) The direction distribution of the magnetic field
generated by the virtual edge current with 0.5% of the
maximum vector length as the threshold

Fig. 27(f) The direction distribution of the magnetic field
generated by the virtual edge current with 0% of the maximum
vector length as the threshold

Fig. 27(f) and Fig. 27(g) indicate that the
tangent edge vectors of small magnitudes have
important effect on local region details, which
generates many small region borders in Fig. 27(f)
and Fig. 27(g). With the threshold value increasing,
small region borders become less. Fig. 27(h) shows
a nice balance of border accuracy and the degree of
detail. When the threshold becomes too large, there
is obvious lost of the border accuracy, which is
indicated in Fig. 27(i) and Fig. 27(j). The
magnitude threshold for the tangent edge vectors
can be adjusted experimentally for different
requirement of detail level.

Fig. 27(g) The direction distribution of the magnetic field
generated by the virtual edge current with 0.05% of the
maximum vector length as the threshold

7 Conclusion
The spatial property of the physical magneto-static
field generated by stable currents provides a
suitable model for region border detection and
segmentation. In this paper, the tangent edge vector
and the virtual edge current are proposed with a
magneto-static analogy. The virtual edge current is
defined to be an orthogonal version of the image
gradient field. The direction distribution of the
discrete magnetic field generated by the virtual
edge current is experimentally proved to be a novel
feature for border detection and region division. A
new image segmentation method is proposed based
on the region division result in the virtual magnetic
field. Experimental results also prove the
effectiveness of the proposed segmentation method.

Fig. 27(h) The direction distribution of the magnetic field
generated by the virtual edge current with 0.1% of the
maximum vector length as the threshold
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Further work will investigate the application of the
virtual edge current in other image processing
tasks.
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Abstract: - In this paper, the local fuzzy fractal dimension (LFFD) is proposed to extract the feature of local
complexity for digital images and signals. The definition of LFFD is an extension of the box-counting
dimension of discrete sets by incorporating the fuzzy set. The relationship between LFFD and local intensity
changing of images is investigated experimentally, which proves that LFFD is an important feature of edges.
Multi-feature edge detection is achieved with the LFFD and the Sobel operator. The experimental results show
that the incorporation of LFFD improves the quality of edge detection. Moving object detection with LFFD is
also studied for the processing of video image sequences. The experimental results show the effectiveness and
efficiency of the motion detection method with LFFD. The experiments indicate that the LFFD is an important
feature of digital images and signals.

Key-Words: - Fractal, local fuzzy fractal dimension, complexity, multi-feature edge detection, moving object
detection
for conventional sets. It is not applicable to fuzzy
set, which has been widely applied in the domain of
artificial intelligence. In this paper, the computation
of fractal dimensions for n-dimensional discrete
sets is proposed based on the box-counting
dimension and the pixel-covering method. Then the
fuzzy set is incorporated and the fractal dimension
of fuzzy sets with discrete elements is proposed for
the measurement of their complexity. The local
fuzzy fractal dimension (LFFD) is also proposed to
extract the feature of local complexity for digital
images and signals.
Edge detection is an important task in image
processing, which provides essential information
for further image processing [6]. Traditional edge
detectors focus on the intensity discontinuity in
images, such as the Roberts operator, the Sobel
operator, etc. Because noise in images usually has
sudden change of intensity, traditional gradientbased operators are sensitive to noise. It is far from
sufficiency to identify edge points only by the
gradient feature. Edge detection can be regarded as
a problem of classification, which differentiates
edge points from the other image points. If more
features are available, more accurate the
classification might be. Multi-feature methods have

1 Introduction
Feature extraction is a basis of signal and image
processing. In recent years, complexity becomes a
new feature of systems and signals, which is being
intensively studied. Currently, there is no standard
definition of image complexity [1]. Many
researches are being carried out on complexity
measurement of digital images and digital signals.
Frequently used measurements of complexity
include the Lempel-Ziv complexity and the fractal
dimension [2,3]. The Lempel-Ziv complexity
measures the emerging speed of new patterns in a
time sequence, which reflects the time sequence’s
randomness degree. The Lempel-Ziv complexity
has been applied in non-linear signal analysis. On
the other hand, the fractal dimension reflects the
complexity of fractal sets, which investigates the
changing of the set’s measurement under different
observing scales.
The concept of fractal dimension in fractal
geometry is defined for fractal geometric figures. In
many applications, the data sets do not strictly
satisfy the definition of fractal, but only follow the
definition within a certain range of scales [4,5].
Moreover, the definition of the fractal dimension is
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where F is a non-empty bounded set in Rn.
N δ (F ) is the minimum number of the sets
covering F with their radii no larger than δ . To
estimate the box-counting dimension, a group of
data (− log δ i , log Nδ i ( F )) is obtained by changing

been applied in image processing applications and
got promising results [7,8,9]. Therefore, multifeature edge detection becomes a promising way
that considers multiple image features to get better
performance of edge detection.
In this paper, the relationship between the LFFD
and local image intensity changing in gray-scale
images is investigated by experiments. The LFFD
shows good performance in edge detection with
noises and between different textures. It is proved
experimentally that the LFFD is an important
feature of edges. A method of multi-feature edge
detection is proposed based on the LFFD and
intensity discontinuities. In the experiments, it is
shown that the LFFD improves the performance of
edge detection. Moreover, another experiment has
been done to show the relationship between the
LFFD and the changing rate of one-dimensional
digital signals. The LFFD is applied to moving
object detection in video image sequences. The
experimental results show the effectiveness of
motion detection with LFFD, which has better
performance than the optical flow method and the
frame differencing method. It is indicated that the
LFFD is an important feature for digital images and
signals, which is proved by the experiments of edge
detection and moving object detection with LFFD.

the value of δ . The slope of the line derived from
the data is estimated as the box-counting dimension
by the least-squares linear regression. Fig. 1 shows
the estimation of dim B F .

Fig. 1. The estimation of dim B F by the least-squares
linear regression

In signal processing with computers, data is
usually discretized. The pixel-covering method is
proposed based on the box-counting dimension to
estimate the FD of fractal geometric figures, which
are binarized images where the points of the fractal
objects are represented by 1 and the background 0
[11]. The image is divided into squares with the
width of δ . N δ (F ) is the number of the squares
containing at least one object point. The FD is
estimated as the same way of the box-counting
dimension by the least-squares linear regression.

2 The Local Fuzzy Fractal Dimension
(LFFD)
The fractal geometry was established by Benoit B.
Mandelbrot. It is useful in profound description of
irregular and random phenomenon in nature
[10,11]. The fractal dimension (FD) is the basic
concept in the fractal geometry and serves as an
important feature of images. Hausdorff dimension
is the fundamental definition of the fractal
dimension in the fractal geometry theory. However,
it is hard to calculate Hausdorff dimension in most
cases [11]. Box-counting dimension is easy to
compute and widely used. It can be estimated for
2D monochrome images by the pixel-covering
method [11]. In this paper, the pixel-covering
method is extended to an n-dimensional discrete
set, based on which the fuzzy set is incorporated
and the LFFD is proposed.

2.2 The estimation of box-counting
dimension for n-dimensional discrete sets
The pixel-covering method can only estimate the
FD of discrete binarized images. Because in many
applications the data to be processed is not limited
to 2D images, it is necessary to generalize the
pixel-covering method for discrete sets in Rn. The
box-counting dimension of a bounded discrete set
C in Rn is proposed as follows:
(1) For a discrete scale δ , divide the region that
just contains C into n-dimensional boxes of
width δ .
(2) For any n-dimensional box C iδ , its

2.1 The box-counting dimension and the
pixel-covering method
The definition of the box-counting dimension is as
follows [11]:
log N δ ( F )
(1)
dim B F = lim+
δ →0
− log δ

characteristic value F (C iδ ) is defined as
follows:
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F (Ciδ ) = ∪ f ( p )

estimation of FFD, the characteristic value of an
element p is the value of its membership function,
which indicates to what degree p belongs to A.
Therefore, f ’(p) is the membership function of A
and f ' ( p ) ∈ [0 , 1] . The estimation of FFD is as
follows:
(1) For a discrete scale δ , divide the region that
just contains the elements of A into ndimensional boxes of width δ ;
(2) For any n-dimensional box Ciδ , its
characteristic value is defined as follows:
F ' (Ciδ ) = ∨ δ f ' ( p )
(6)

p∈Ciδ

(2)
In Equation (2), f(p) indicates whether the
element p belongs to C. f(p) is defined as
follows:
if p ∈ C
1
f ( p) = 
if p ∉ C
0
(3)
In Equation (2), the operator ∪ is defined as
follows:
if a = 1 or b = 1
1
(4)
a∪b = 
otherwise
0
(3) For the discrete scale δ , the number of boxes
that C occupies, i.e. the characteristic value of
C on scale δ , is defined as:

p∈C i

where f ’(p) is the membership function. The
operator ∨ is defined as follows:
a ∨ b = max{a, b}
(7)
(3) For the discrete scale δ , the characteristic
value of A on scale δ is defined as:

M

Nδ (C ) =

∑ F (C δ )
i

(5)

M

i =1

N 'δ ( A) =

where M is the number of boxes in the region
that just contains C.
According to the above three steps, a series of
data ( − log δ , log Nδ (C ) ) can be obtained by
changing the value of δ . The FD of C can be
estimated by the least-squares linear regression
according to the data. It is obvious that the pixelcovering method is a special case for the FD of ndimensional sets when n=2.

∑ F ' (C δ )
i

(8)

i =1

where M is the number of the boxes.
Therefore,
a
series
of
data
( − log δ , log N 'δ ( A) ) can be obtained by changing
the value of δ . The FFD of A is estimated by the
least-squares linear regression.
The FD indicates the global feature of
complexity for a set. For images, besides global
features there are also local features that are
important, such as edges, local textures, etc. To
represent the feature of local complexity, the local
fuzzy fractal dimension (LFFD) is defined as the
FFD of a small neighboring area of A’s element in
Rn. Since the FD indicates the complexity of the
geometric structure, the LFFD represents the
complexity feature of the local areas of set A in Rn.

2.3 The local fuzzy fractal dimension
The estimation of FD for n-dimensional discrete set
is only for binarized sets. In binarized sets, the
characteristic values of elements can only be 1 or 0,
where the value 1 indicates the element belongs to
the set and 0 the opposite. However, in many
applications the characteristic values of the
elements are not limited as only 0 and 1. Such sets
can be regarded as the sets with multiple
characteristic values, which can be described by
fuzzy sets. For instance, the pixels in the images of
256 gray-scale levels have more values than just
black and white. For the pixel-covering method,
gray-scales images must be binarized before the FD
can be estimated. The binarization will cause much
loss of detailed information, which is not preferable
to image feature extraction of images and signals.
In this paper, the n-dimensional set C is
generalized to a fuzzy set A with finite elements.
By defining the element’s characteristic value as
the membership function, the fuzzy fractal
dimension (FFD) is proposed for n-dimensional
sets with multiple characteristic values. In the

3 The LFFD as an Important Local
Feature of Images
3.1 The LFFD of local image areas
For images of 256 gray-scale levels, the
membership function of image points is defined as
the quotient of dividing their gray-scale values by
255. In another word, the membership function
value of an image point indicates to what degree
the point belongs to a white one.
For a local area D in the image, the LFFD is
estimated by the method proposed in Section 2.3.
The logarithm of N 'δ ( D ) is calculated as follows:
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M
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(9)

where G(p) is the gray-scale of p. Diδ is the i-th
box of width δ and M is the number of such boxes
in D.
Therefore,
M


log N 'δ ( D) = log  ∨ δ f ' ( p)
p∈ Di

i =1 

∑

M


(10)
∨ δ G ( p ) − log 255
p∈ Di

i =1
The value log255 is a constant and it does not
affect the slope of the line derived from the data.
Therefore, when estimating the LFFD of a local
area in the image, G(p) can substitute for f’(p) in
calculating the characteristic value F ' ( Diδ ) . The
flowchart of the LFFD calculation is shown in Fig.
2.
= log



∑ 

Fig. 2. The flowchart of LFFD estimation for local area
D in the image

In this paper, LFFD is proved to be an important
feature of edges. The relationship between LFFD
and local intensity changing is investigated by
calculating the LFFD value of a test image. The test
image is a 6 × 6 gray-scale image. In the test image,
the pixels of the same column have the same grayscale value, while the gray-scale values increase
from left to right evenly. The degree of intensity
changing is represented by ∆ , which is the grayscale difference between the adjacent columns.
In the experiment, the value of ∆ is increased
from 0 to 50. For different values of ∆ , the
corresponding LFFD values are calculated. For the
6 × 6 test image, δ max is 3. Therefore, δ is
assigned the value 1, 2 and 3 successively in LFFD
estimation of the test image. The average grayscale value of the image is kept as 128 for all the
different values of ∆ . The test image series with
increasing values of ∆ is shown in Fig. 3.

3.2 The LFFD as a feature of intensity
discontinuity
Edges are usually defined as the borders where the
intensity changes violently. Since neighboring
areas of edge points usually have larger image
entropy values than the other areas [12,13], the
edge areas have higher degree of complexity than
the other areas in a sense. On the other hand, fractal
dimension is a measurement of complexity and the
LFFD values reflect the complexity of local areas
in images. Therefore, the LFFD and edges are
interrelated.
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Fig. 3. The image series with increasing values of ∆
(The images are 10 times of original size for a clear
view)

Fig. 6. The edge areas detected with LFFD

3.3 The LFFD as a noise-insensitive feature
of edge areas

According to the data obtained in the
experiment, the relationship between the LFFD
values and different ∆ values is shown as Fig. 4,
where the x coordinate represents the values of ∆
and the y coordinate represents the corresponding
LFFD values. Fig. 4 indicates that with a constant
average gray-scale of 128, the LFFD value has a
linear relationship with the degree of intensity
changing. Since edge areas have steep change of
intensity, the experiment proves that LFFD is an
important feature of edges.

Images acquired in the real world applications
usually contain noise due to on-chip electronic
noise of image capture devices, quantization noise,
etc [14,15]. The noise usually has discrete and
random properties. The gradient-based edge
detectors are sensitive to such noise [16]. The
LFFD values are calculated based on the gray-scale
of all the image points within a local area.
Therefore, it has a filter-like effect, which makes it
insensitive to noise.
Experiments have been done to investigate the
noise-insensitive property of LFFD. Fig. 7 is the
original image. Fig. 8 is the result of adding salt
and pepper noise to Fig. 7. Fig. 9 shows the LFFD
distribution of Fig. 8. In Fig. 9, the image points of
larger gray-scale values have higher LFFD values.
Fig. 10 shows the edge areas detected by a
threshold of the LFFD value. Fig. 11 shows the
edge detection result with a Gaussian filter and a
Sobel operator. The experimental results show that
the LFFD is insensitive to noise compared with the
Sobel operator.

Fig. 4. The relationship between LFFD and the degree of
intensity changing

Fig. 7. The original image

Fig. 5 and Fig. 6 show the result of edge area
detection for a test image. At each point, the LFFD
value is estimated within a 6 × 6 neighboring area
surrounding it. Fig. 5 is the test image. In Fig. 6 the
black areas are the areas where the LFFD values
are larger than zero. Fig. 6 shows that the black
areas are the edge areas of the test image.

Fig. 8. The image with noise

Fig. 5. The original image

Fig. 9. The LFFD distribution of Fig. 8
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Fig. 10. The edge area detected by the LFFD distribution

Fig. 13. The LFFD distribution of the texture image

Fig. 11. The edges detected by the Gaussian filter and
the Sobel operator

Fig. 14. One texture element

3.4 The LFFD as a feature of textures
The objects in the real world usually have various
textures. The difference between textures is the
different local spatial structure of gray-scale
distribution [17]. The edges between different
textures can not be well detected based on the
intensity-discontinuity feature. Generally, in order
to segment regions of different textures, texture
features should first be extracted. Fractal dimension
has been used in representing texture features
[18,19]. Different textures usually have different
complexity. Therefore, the LFFD values can
represent local texture features.
In this paper, preliminary experiments have
been done to investigate the relationship between
the LFFD values and image textures. In Fig. 12
there are two different kinds of textures. Fig. 14
and Fig. 15 show the two different texture elements
that make up the two different parts of Fig. 12,
which are shown 16 times of original size for a
clear view. Fig. 13 shows the LFFD distribution of
Fig. 12. In Fig. 13, the image points of larger grayscale correspond to higher LFFD values. Fig. 13
shows that the edge between the two areas of
different textures can be detected based on the
LFFD distribution. Therefore, the LFFD can be
taken as a feature of textures.

Fig. 15. The other texture element

4 Multi-Feature Edge Detection with
LFFD and the Sobel Operator
The discontinuity of intensity is a basic
characteristic of the areas where edges exist.
Besides the intensity discontinuities, there are other
features that identify edges. Multi-feature image
analysis can get more information from the image
than a single feature. For example, a continuous
surface of an object usually has consistent texture,
while the texture feature varies between different
objects in the image. In this paper, the Sobel
operator is combined with the local fuzzy fractal
dimension to detect edges. Since the LFFD is
insensitive to noise and can reflect edges between
different textures, the performance of edge
detection is improved. There are three steps in the
proposed method:
Step1 The gradient feature is extracted by the
Sobel operator.
Step2 The local fuzzy fractal dimension is
calculated to extract local feature of
complexity.
Step3 For each image point, if the gradient value
and the LFFD value are larger than certain
thresholds respectively, the point is
identified as an edge point.
The experimental results are shown in Fig. 16 to
Fig. 19. Fig. 16 is the original images. Fig. 17

Fig. 12. The texture image
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shows the LFFD distribution of Fig. 16, where the
image points of lower gray-scale values correspond
to larger LFFD values. Fig. 18 is the edge detection
results of the Sobel operator. Fig. 19 is the result of
the multi-feature edge detection. Fig. 19 shows that
the multi-feature edge detection method can get
more accurate results.

Fig. 18. The edges detected by the Sobel operator

Fig. 16. The original image

Fig. 19. The edges detected by the multi-feature edge
detection method

5 The Application of LFFD in Video
Image Processing
Fig. 17. The LFFD distribution of Fig. 16

5.1 The relationship between LFFD and the
changing rate of one-dimensional digital
signals
Besides digital images, the processing of onedimensional digital signals is also an important
application area. There have been studies on the
complexity of digital signals [2,3]. In this paper, the
LFFD is proposed for data sets in Rn. Therefore,
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LFFD can also be applied in local feature
extraction for one-dimensional digital signals.
Just as the case of two-dimensional images, the
relationship between the LFFD and the changing
rate of one-dimensional signals is investigated
experimentally. The test signals are linear functions
whose length is 12. The signal values increase with
increasing time t. The signal’s changing speed is
represented by ∆ , which is the difference of signal
values between adjacent time coordinates. In the
experiment, the value of ∆ is increased from 0 to
20, and the corresponding LFFD values are
calculated. The test signal series with increasing
value of ∆ is shown in Fig. 20. According to the
data obtained in the experiment, the relationship
between the LFFD value and ∆ is shown in Fig.
21, where the x coordinate represents the value of
∆ and the y coordinate represents the
corresponding LFFD value. Fig. 21 indicates that
the LFFD value has a direct relationship with the
signal’s changing rate.

Inspired by the experimental results, in this
paper the LFFD is applied in video image
processing for moving object detection.

5.2 Moving object detection with LFFD in
video image sequences
Video image processing is an important basis of
intelligent visual surveillance systems [20,21]. One
of the basic tasks in video image processing is the
segmentation of moving objects from background
areas, which provides essential information for
object recognition and tracking. Motion detection
has a wide range of application such as traffic
vehicle surveillance, visual surveillance in
buildings, etc. Some motion detection methods
have been proposed such as the frame differencing
method, the optical flow method, etc [22,23].
Frame differencing can detect changes caused by
moving objects between two successive frames in
the sequence. Though it is efficient, it is sensitive to
noise [22]. Optical flow methods can estimate the
motion on each position (x, y) in the frame, while
they usually have large computation cost [23],
which is not preferable to real time applications.
Many researches are being carried out to improve
the performance of motion detection in video image
sequences.
The video image sequence can be regarded as a
three-dimensional digital signal. Each point in a
frame has x-coordinate, y-coordinate and tcoordinate. In this paper, the one-dimensional
LFFD along the time axis is estimated for each
point. The points of background have little change
of gray-scale, while the areas which moving objects
pass have larger change of gray-scale and are more
complex in a sense. Therefore, the LFFD value can
serve as a feature of areas where moving objects
pass. In the experiment, for each point the LFFD
value is estimated with six successive frames along
the time coordinate axis.
In the experiment, the method of motion
detection with LFFD is applied to a traffic video
sequence. The experimental results are shown in
Fig. 22 to Fig. 28. Fig. 22 is the first frame of the
image sequence. Fig. 23 shows the LFFD
distribution of the sequence, where points of lower
gray-scale values correspond to larger LFFD
values. Fig. 24 shows the segmentation and
denoising result of Fig. 23 with a threshold
determined experimentally. Fig. 25 shows the
velocity field obtained by the optical flow method.
In Fig. 25, points of lower gray-scale correspond to
larger velocity values. Fig. 26 shows the
segmentation and denoising result of Fig. 25. Fig.

Fig. 20. The test signal series with increasing ∆

Fig. 21. The relationship between the LFFD values and
the changing rate of signals
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27 shows the frame differencing result between the
first and the second frame in the video sequence,
where points of lower gray-scale values correspond
to larger difference. Fig. 28 shows the segmentation
and denoising result of Fig. 27.
Fig. 26 shows that the optical flow method gets
incomplete segmentation of objects. Fig. 28 shows
that the frame differencing method is sensitive to
noise. Fig. 24 shows better results than Fig. 26 and
Fig. 28. Moreover, in the experiment the motion
detection method with LFFD is efficient enough to
meet the requirement of real-time processing.

Fig. 24. Segmentation result of the LFFD distribution

Fig. 22. The first frame of the traffic image sequence

Fig. 25. The velocity field of the traffic image sequence

Fig. 23. The LFFD distribution
Fig. 26. Segmentation result of the velocity field
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detection in video image sequences. The
experimental results show that the motion detection
with LFFD is effective and efficient. It shows better
performance than the optical flow method and the
frame differencing method. It is proved
experimentally that the LFFD is an important
feature for digital images and signals. Further
research will investigate the application of LFFD in
other image and signal processing tasks besides
edge detection and motion detection.
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Abstract: - The swarm intelligence technique is applied in image processing for feature extraction. The
perceptual graph is proposed to represent the relationship between adjacent image points, from which the image
features can be extracted. As a typical technique of the swarm intelligence, the ant colony system is applied to
build the perceptual graph, which makes the basis of the layered model of a machine vision system. In the
experiments, the edge feature in digital images is extracted based on the proposed machine vision model. Image
segmentation is also implemented with the proposed method. The experimental results show that the artificial
ant swarm can effectively perform feature extraction in digital images.
Key-Words: - Edge detection, image segmentation, perceptual graph, swarm intelligence, ant colony system
proposed to represent the connection of adjacent
points, which is a weighted graph defined on the
grid of a digital image. With the configuration of
the digital image as the environment of the ant
colony system, the pheromone field is built by the
evolving ant colony, which corresponds to the
perceptual graph of the image. Based on the ant
colony system, the layered model of a machine
vision system is proposed. Edge detection and
image segmentation are implemented respectively
with the proposed machine vision model.
Experimental results indicate the ability and
effectiveness of the ant colony system in feature
extraction for digital images.

1 Introduction
In recent years, swarm intelligence has become a
new AI field inspired by insect swarms that display
collective intelligence on the swarm level with very
simple interacting individuals [1]. The emergence
of the collective behavior pattern is virtually the
result of the competition among the possible
behavior patterns, in which the pattern most fitting
for the environment will prevail. On the other hand,
biological research of the neural system has
indicated that there is also competition of the signal
patterns in the central neural system for the
activities such as cognition, association, etc. [2].
Moreover, researches have proved that the effect of
human image perception is generated mainly based
on the dynamic interrelation of the individual
elements (the neurons), which is a kind of
collective behavior of the individual elements [3].
The similarity between the artificial swarm and the
neural system in pattern competition has inspired
the research of applying the artificial swarm to
build machine vision systems with the perception
ability similar to neural systems. Preliminary
research results have indicated the collective
pattern formation of the artificial swarm has
potential application in image processing [4].
Feature extraction is the important basis for
image analysis and machine vision. Besides the
features defined on each point in digital images, the
relationship between adjacent points is also
important [5]. In this paper, the perceptual graph is

2 The ant colony system (ACS)
The ant colony system has been applied in
optimization, which is the Ant Colony
Optimization (ACO) algorithm [6]. In ACO, the
solution to a problem corresponds to a state-transfer
sequence, i.e. a path, from the starting state to the
goal state in the discrete state space. The optimal
solution corresponds to the shortest path. The ants
move randomly between adjacent states from the
starting state until the goal state is reached. The
state-transfer probability is calculated according to
the trial intensity (pheromone). On the other hand,
each ant also increases the trial intensity on the way
it has passed according to the quality of the solution
found. This is a kind of positive feedback

86

Image Processing with the Artificial Swarm Intelligence

mechanism, which leads to fast solution searching
by ACO.
The probability of moving from a state si to a
neighboring state sj is defined as [6]:

[τ ij (t )]α ⋅ [η ij ] β

[τ ij (t )]α ⋅ [η ij ] β

p ij (t ) =  s j ∈Allowed


0

Because of the distributed property of the ACS,
it is suitable for parallel implementation. Therefore,
it has potential application in real-time image
processing tasks.

if s j ∈ A

∑

3 Mapping from digital images to the
perceptual graph based on the ACS
In digital images, the image features defined on
image points are essential in image analysis, such
as gray-scale and color. More over, the relationship
between adjacent points is also important. In this
paper, perceptual graph is proposed to represent the
relationship between adjacent points. The
perceptual graph is a weighted graph defined by
assigning a non-negative value to each connection
between adjacent points (here the connection is of
4-connectivity):
PG ( I ) : E → R + ∪ {0}
(5)

otherwise

(1)
where τ ij (t ) is the trial intensity between si and sj at
time t. α and β are two parameters having positive
values. ηij is the reciprocal of the distance between
si and sj, which is the heuristic information. A is the
set of neighboring states that have not been
experienced by the current ant.
The experienced state sequence is recorded in
the data structure called Tabu List in the statetransfer process. After all the ants of the swarm
complete their searches, the trial intensity is
updated for each state si as follows [6]:
τ ij (t + 1) = ρ ⋅ τ ij (t ) + ∆τ ij (t , t + 1)
(2)
where τ ij (t ) and τ ij (t + 1) are the trial intensity of (si,
sj) before and after the updating respectively. ρ is a
constant and 0< ρ <1. ∆τ ij (t , t + 1) is the value for
updating the trial intensity, which is defined as
follows [6]:

where PG (I ) is the perceptual graph of image I. E
is the set of connections between adjacent points in
I. Equation (5) indicates that the perceptual graph is
a mapping from connections to non-negative real
numbers. The connection weight values in the
perceptual graph reflect the intensity of connection
between adjacent points. For each point that is not
on the border of the image, its connection weight
values constitute a weight-vector of four
components: W=(WUp, WDown, WLeft, WRight ). An
example of the perceptual graph is shown as Fig. 1.

m

∆τ ij (t , t + 1) =

∑ ∆τ

k
ij (t , t

+ 1)

(3)

k =1

where m is the number of the ants. ∆τ ijk (t , t + 1) is the
value of trial intensity updating by the k-th ant
between si and sj at the t-th iteration, which is
defined as follows [6]:
 1

∆τ ijk (t , t + 1) =  L k
0

if the k − th ant goes from s i to s j

Fig. 1. A simple example of the perceptual graph

otherwise

The path optimization is an adaptive
phenomenon of the ant colony to its environment. It
is virtually an emergence of collective behavior
pattern, which may be utilized in digital image
processing. The digital image can be configured as
the environment of the artificial ant colony.
Different configuration of the ACS can lead to
different emergence of collective behavior patterns.
These patterns are the representations of certain
features for the digital image. Moreover, the
obtained pheromone field defined on the
connection between points virtually corresponds to
the perceptual graph, from which image features
can be extracted for further processing. When
building the perceptual graph, the path of an ant is a
sequence of linked connections. The pheromone

(4)
where 1/Lk is the reciprocal of the path length, i.e.
the cost of the path experienced by the k-th ant.
Therefore, the shorter the path, the larger the
enhancement value of the path.
The configuration of the ACS can be modified
to suit different real-world applications. The
configuration of the ACS includes:
(1) The set of starting states S
(2) The set of goal states G
(3) The number of the ants
(4) The termination condition of each ant’s statetransfer
(5) The definition of the path length, i.e. the cost of
the solution
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trial intensity corresponds to the connection weight
in the perceptual graph. The process of building the
perceptual graph is shown in Fig. 2.

Fig. 3. The layered model of a machine vision system based
on the ACS

4 Edge detection
perceptual graph

Randomly initialize the pheromone trial intensity;
Set the iteration time I=1;

based

on

the

In this paper, the edge feature of images is
extracted with the proposed machine vision model.
Each point in the image is assigned an ant. Each ant
starts moving from its initial position and stops
when its moving steps reach a predefined step
number.
The definition of the cost for the ant’s path
determines which kind of feature can be extracted.
Different cost definitions correspond to different
features extracted. To detect the edge feature, two
definitions of the path cost are presented and
implemented respectively.
Definition 1: The cost of each ant’s path is defined
as the sum of the reciprocal of the gray-scale
difference between successive points on the path:

When I is smaller than a pre-defined value, do the
following:
{
For each image point, do the following:
{
Set the current point as the ant’s beginning point;
When the ant’s moving step number is not larger
than a pre-defined value, do the following:
{
The ant moves to the adjacent points
randomly according to the pheromone
trial intensity;
Record the image point passed by the ant in
the Tabu List;

(

n

}
Calculate the cost of the ant’s path according to
the Tabu List;

{

C k (t ) = ∑ 1 max ∆ki (t ) , 0.05

})

(6)

i =1

where C k (t ) is the path cost of the k-th ant in
the t-th iteration. n is the number of the ant’s
moving steps. ∆ki (t ) is the gray-scale difference
between si-1 and si, which are the two positions
experienced in the i-th moving step.

Accumulate the value of intensity updating for
each connection on the path according to the cost;
}
Update the trial intensity on each connection
according to the accumulated cost of the
connection;

Definition 2: The cost of each ant’s path is defined
as the sum of the reciprocal of the gray-scale
variance for the neighboring area of the path points:

I=I+1;
}

n

(

{

C k (t ) = ∑ 1 max Vi k (t ) , 0.05

Fig. 2. The process of building the perceptual graph by the
ACS

})

(7)

i =1

where C k (t ) is the path cost of the k-th ant in the tth iteration. n is the number of the ant’s moving
steps. Vi k (t ) is the gray-scale variance of the

In Fig. 2, different definition of the path cost
can lead to different gathering patterns of the
ants in the image, which correspond to
different image features. Therefore, the layered
model of a machine vision system is proposed
based on the ant colony system and the
perceptual graph, which is shown in Fig. 3.

neighboring area of the destination point pik (t ) in
the i-th moving step, which is defined as follows:
Vi k (t ) =

1
N (t )
k
i

∑ ( g ( p ) − g ( A (t )))
j

p j ∈ Aik

k
i

2

(8)

(t )

where Aik (t ) is the neighboring area of pik (t ) . It can
be defined as a square area with the size of 3 × 3 ,
which is the case in the experiments. N ik (t ) is the

image features for machine vision
feature extraction

number of image points in Aik (t ) .

perceptual graph

p j is the j-th

k
i

point in A (t ) . g ( p j ) is the gray-scale value of p j .

pheromone updating

swarm of ants

g ( Aik (t )) is the average of the gray-scale values in

local perception of the environment

Aik (t ) .

the digital image (environment)
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The value for trial intensity updating is the
reciprocal of the path cost:
 1

∆τ ijk (t , t + 1) =  C k (t )
 0

each point’s weight-vector. Fig. 4(d) shows the
length of the four components of each point’s
weight-vector. Fig. 4(e), Fig. 4(f) and Fig. 4(g) are
the edge extraction results with the path cost
Definition 2. Fig. 4(e) shows the maximum of each
point’s weight-vector. Fig. 4(f) shows the variance
of the components of each point’s weight-vector.
Fig. 4(g) shows the length of the four components
of each point’s weight-vector. In Fig. 4(b) to Fig.
4(g), lower gray-scale values correspond to larger
characteristic values. The experimental results
show that for the test image, the edges can be
effectively detected by the proposed method with
either definition of the path cost. It is also shown by
the experiment that the proposed three
characteristics of the perceptual graph are effective
to represent the edge feature in digital images.

if the k − th ant goes from si to s j
otherwise

(9)
where C k (t ) is the cost of the k-th ant in the t-th
iteration.
With Definition 1 of the path cost, each ant
tends to move to the neighboring points with large
gray-scale difference. With Definition 2, each ant
tends to move to the adjacent points whose
neighboring area has large gray-scale changes. It is
known that the gray-scale difference is large
between the two sides of the edge, and the grayscale variance is also large in the neighboring area
of an edge point. Because the ant system tends to
perform collective behaviors of the lowest path
cost, both definitions of the path cost can lead the
ants to gather in edge areas.
With the ants gathering in the edge areas, the
weight values of the connections in edge areas are
relatively larger than those in other areas. On the
other hand, when ants move in the areas of small
gray-scale changes, there is little difference in the
tendency of moving along different directions.
However, in the edge areas, the ants have larger
tendency to move along the direction across the
edge. Therefore, the connection weights spread
uniformly in the areas of small gray-scale changes,
while the connection weights differ much larger in
edge areas for different directions. According to
these characteristics of the perceptual graph, edge
feature can be extracted. In the experiment, three
characteristics of the perceptual graph are
considered:
(1) The maximum of the components of each
point’s weight-vector: max{ WUp, WDown, WLeft,
WRight }
(2) The length of each point’s weight-vector:

Fig. 4(a)

Fig. 4(b)

(W Up ) 2 + (W Down ) 2 + (W Left ) 2 + (WRight ) 2

(3) The variance of the four components of each
point’s weight-vector: Var ( WUp, WDown, WLeft,
WRight )
The edge extraction with the ACS is
implemented for a test image shown as Fig. 4(a).
The ant colony evolves for 6 iterations to build the
perceptual graph. The two definitions of the path
cost are both implemented for comparison. Fig.
4(b), Fig. 4(c) and Fig. 4(d) are the edge extraction
results with the path cost Definition 1. Fig. 4(b)
shows the maximum of each point’s weight-vector.
Fig. 4(c) shows the variance of the components of

Fig. 4(c)

Fig. 4(d)
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values. The experimental results indicate that the
edge feature can be extracted according to the
perceptual graph. Moreover, the result of edge
extraction with the path cost Definition 2 is better
than that with the path cost Definition 1. It is
because the gray-scale difference is sensitive to
noises, while the gray-scale variance of a local
image area is the measure of its gray-scale
dispersion, which makes the gray-scale variance
more robust with noises.

Fig. 4(e)

Fig. 4(f)

Fig. 5(a)

Fig. 4(g)

Fig. 5(b)

Fig. 4. The result of edge extraction for a test image
(a) the test image;
(b) the maximum of the weight-vectors with the path cost
Definition 1;
(c) the variance of the weight-vectors with the path cost
Definition 1;
(d) the length of the weight-vectors with the path cost
Definition 1;
(e) the maximum of the weight-vectors with the path cost
Definition 2;
(f) the variance of the weight-vectors with the path cost
Definition 2;
(g) the length of the weight-vectors with the path cost
Definition 2

Fig. 5(c)
Fig. 5. The result of edge extraction for the image of peppers
(a) the image of peppers;
(b) the length of the weight-vectors obtained with the path
cost Definition 1;
(c) the length of the weight-vectors obtained with the path
cost Definition 2

Experiments are also carried out for real-world
images. In these experiments, the length of each
point’s weight-vector is calculated as the feature of
edge. One experiment is carried out for the image
of peppers. Fig. 5(a) is the original image. The ant
colony evolves for 6 iterations to build the
perceptual graph. Fig. 5(b) shows the length of
each point’s weight-vector obtained with the path
cost Definition 1. Fig. 5(c) shows the length of
each point’s weight-vector obtained with the path
cost Definition 2. In Fig. 5(b) and Fig. 5(c), lower
gray-scale values correspond to larger characteristic

To investigate the process of collective pattern
formation, the average path cost of the ants is
calculated every iteration. Fig. 6 and Fig. 7 show
this process according to the data obtained in the
experiment. Fig. 6 is the case of path cost
Definition 1. Fig. 7 is the case of path cost
Definition 2. It is shown that the average path cost
decreases with the evolution of the artificial ant
colony. Therefore, building the perceptual graph
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can be regarded as an optimization problem, in
which the path cost is reduced to its minimum.

The average path
cost of the ants

Fig. 9 is the case of path cost Definition 1. Fig. 10
is the case of path cost Definition 2. It is shown
that the average path cost decreases with the
evolution of the artificial ant colony.

The iteration time
Fig. 6. The relationship between the average path cost and the
iteration time in edge extraction for the image of peppers with
the path cost Definition 1

The average path
cost of the ants

Fig. 8(a)

The iteration time
Fig. 7. The relationship between the average path cost and the
iteration time in edge extraction for the image of peppers with
the path cost Definition 2

Another experiment is carried out for the image
of Lenna. Fig. 8(a) is the original image. The ant
colony evolves for 6 iterations to build the
perceptual graph. Fig. 8(b) shows the length of
each point’s weight-vector obtained with the path
cost Definition 1. Fig. 8(c) shows the length of
each point’s weight-vector obtained with the path
cost Definition 2. In Fig. 8(b) and Fig. 8(c), lower
gray-scale values correspond to larger characteristic
values. The experimental results indicate that the
edge feature can be effectively extracted. The result
of edge extraction with the path cost Definition 2 is
better than that with the path cost Definition 1.
The average path cost of the ants is calculated
every iteration. Fig. 9 and Fig. 10 show this process
according to the data obtained in the experiment.

Fig. 8(b)
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5 Image Segmentation based on the
perceptual graph
Image segmentation is another important task of
image processing besides edge detection. In this
paper, the image segmentation is implemented with
the proposed machine vision system based on ACS.
For digital image segmentation, each image
point is assigned an ant. Each ant starts moving
from its initial position and stops when its moving
steps reach a predefined step number. The cost of
each ant’s path is defined as the sum of the grayscale difference between successive points on the
path:
n

C k (t ) = ∑ ∆ki (t )

(10)

i =1

where C k (t ) is the path cost of the k-th ant in the tth iteration. n is the number of the ant’s moving
steps. ∆ki (t ) is the gray-scale difference between si-1
and si, which are the two positions experienced in
the i-th moving step. The value for pheromone
updating is the reciprocal of the path cost:

Fig. 8(c)
Fig. 8. The result of edge extraction for the image of Lenna
(a) the image of Lenna
(b) the length of the weight-vectors obtained with the path cost
Definition 1;
(c) the length of the weight-vectors obtained with the path cost
Definition 2

1 / C k (t )
∆τ ijk (t , t + 1) = 
 0

if the k − th ant goes from s i to s j
otherwise

The average path
cost of the ants

(11)
With such configuration, on each image point
the increase of a connection weight will be larger if
the connection leads to a neighboring point with
less gray-scale difference. The ants will tend to
move in the homogeneous region containing its
initial position. Therefore, in the perceptual graph
the connection weights to homogenous neighboring
points are relatively large, while the connections
across different regions are weaker. That is the
basis for region segmentation.
In the experiment, the ant colony evolves for 10
iterations to build the perceptual graph. To segment
different regions, the connection weights in the
perceptual graph are binarized with a threshold
determined experimentally. If a connection weight
value is larger than the threshold, the connection is
remained in the graph. Otherwise, it is eliminated.
Therefore, the image points belonging to the same
region are connected and those belonging to
different regions are separated. Fig. 11(a) is a test
image. Fig. 11(b) to Fig. 11(d) show the three
objects segmented out by ACS, which shows the
effectiveness of the method.

The iteration time

The average path
cost of the ants

Fig. 9. The relationship between the average path cost and the
iteration time in edge extraction for the image of Lenna with
the path cost Definition 1

The iteration time
Fig. 10. The relationship between the average path cost and
the iteration time in edge extraction for the image of Lenna
with the path cost Definition 2
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regions according to Fig. 12(b) and Fig. 12(c). Fig.
12(e) shows that some objects are broken into
smaller regions while Fig. 12(d) shows that the
ACS method gets better result.
One purpose of image segmentation is to extract
the objects of interest. Therefore, in the experiment
the main object regions whose point numbers are
larger than 100 are extracted. Fig. 12(f) and Fig.
12(g) are the main object regions extracted based
on Fig. 12(b) and Fig. 12(c). Fig. 12(f) and Fig.
12(g) show that the ACS method has better
performance in main object extraction.

Fig. 11(a)

Fig. 11(b)
Fig. 12(a)

Fig. 11(c)
Fig. 12(b)

Fig. 11(d)
Fig. 11 The result of image segmentation for a test image
(a) the test image
(b) the first object segmented out
(c) the second object segmented out
(d) the third object segmented out

Fig. 12(c)

In another experiment, the ACS method and Kmeans segmentation are implemented respectively
for comparison. In the K-means method, K is
assigned the value of 10. Fig. 12(a) is the original
image. Fig. 12(b) and Fig. 12(c) are the
segmentation results by the ACS method and Kmeans segmentation where different regions are
represented by different gray-scale values. Fig.
12(d) and Fig. 12(e) are the borders of different

Fig. 12(d)
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Fig. 13 The relationship between the average path cost and the
iteration time in image segmentation for the image of peppers

6 Conclusion
In this paper, the perceptual graph is proposed to
represent the relationship between adjacent image
points. The ant colony system is applied in building
the perceptual graph, based on which the layered
model of a machine vision system is proposed.
Edge feature extraction and image segmentation are
carried out respectively based on the proposed
machine vision model. The experimental results
indicate that with proper configurations, the ant
colony system is effective in feature extraction for
digital images. Further research will investigate the
application of the ant colony system in other image
processing and machine vision tasks.

Fig. 12(e)

Fig. 12(f)
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Fig. 12(g)
Fig. 12 The result of image segmentation for the image of
peppers
(a) the image of peppers
(b) the segmentation result by the ACS method
(c) the segmentation result by the K-means method
(d) the borders of regions in Fig.12 (b)
(e) the borders of regions in Fig. 12(c)
(f) the borders of the main objects in Fig. 12(b)
(g) the borders of the main objects in Fig. 12(c)

The average path
cost of the ants

To investigate the process of collective pattern
formation, the average path cost of the ants is
calculated every iteration. Fig. 13 shows this
process according to the data obtained in the
experiment. It is shown that the average path cost
has a decreasing tendency with the evolution of the
artificial ant colony.

The iteration time
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Abstract: - For feature extraction in medical images, the scale-rate is proposed as a feature that represents local
spatial or temporal complexity. It is proved experimentally that the scale-rate value has direct relationship with
the digital signal’s local changing rate. The scale-rate is applied in automatic echocardiogram analysis as a
feature of temporal gray-scale variation for image sequence segmentation. The experimental results show that
the proposed method is effective and has promising application in automatic echocardiogram analysis.
Moreover, the directional spatial distribution of the scale-rate in medical images is investigated experimentally.
The experimental results indicate that the scale-rate is a feature that represents edge areas in medical images.

Key-Words: - Scale-rate, echocardiogram analysis, medical image processing, local complexity, image
segmentation, edge detection
there is no standard definition of image complexity
[3]. Many researches are being carried out on
complexity measurement of signals and images.
In this paper, the scale-rate is proposed as the
measurement of local spatial and temporal
complexity in medical images, which is based on
the change of signal’s measurement on different
observing scales. A new segmentation method for
echocardiogram image sequence is proposed based
on the scale-rate. The experimental result shows
that the scale-rate is effective for echocardiogram
image segmentation. On the other hand, the onedimensional scale-rate is experimentally proved to
be an important feature of edge areas in medical
images. The experiments indicate that the scale-rate
is an important feature of local signal complexity.

1 Introduction
Medical image processing has become much
important in diagnosis with the development of
medical imaging and computer technique. Huge
amounts of medical images are obtained by X-ray
radiography, CT and MRI. Moreover, not only
static medical images but also dynamic image
sequences can be acquired. A typical case is
echocardiogram.
For medical image processing, feature
extraction is an important basis, such as edge
detection, corner detection, texture analysis, etc.
Based on these features the medical images can be
segmented into areas of different properties.
Moreover, some specific features of medical
images can help distinguish between normal tissues
and those with pathological changes. The specific
features include the area, perimeter and shape
factor of cells, which are obtained based on the
common image features of grey-scale, edge and
texture [1].
In recent years, complexity becomes a new
feature of systems and signals, which is being
intensively studied [2,3]. Fractal dimension reflects
the complexity of a fractal object’s structure, which
has been applied in image processing [4,5].
However, fractal dimension is defined for fractal
geometric objects while signal data usually do not
satisfy the strict definition of fractal. Currently,

2 The Scale-rate of Digital Signals
The fractal dimension is a measurement of the
complexity for fractal objects. However, fractal
dimension is defined for fractal objects. In practice,
the signal data usually do not satisfy the strict
definition of fractal dimension. In this paper, a new
feature of complexity named scale-rate is proposed,
which is inspired by the scaling property of signal
measurements. The scale-rate is a local feature and
can represent local spatial or temporal complexity
of digital signals.
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measurement of a signal under a certain observing
scale. For a digital signal g(k) of finite length, the
representation of g(k) under discrete scale δ is
defined as follows:
gδ (l ) =
max {g (k )}, l = 0,1,2..., Lδ − 1
(2)

2.1 The Box-counting Dimension
The box-counting dimension is a widely used
concept of fractal dimension in practice, which is
defined as follows [4]:
log Nδ ( F )
(1)
dim B F = lim+
δ →0
− log δ
where F is a non-empty bounded set in Rn. Nδ (F ) is
the minimum number of the sets covering F and
their radii are no larger than δ . In practice, Nδ (F )
can be obtained by dividing the space into boxes of
width δ and counting the number of the boxes that
F occupies. According to the data group
(− log δ i , log Nδ i ( F )) , the slope of the line is

l ×δ ≤ k < ( l +1)×δ

where gδ (l ) is the representation of g(k) under the
scale δ . Lδ is the signal length of gδ (l ) . For
simplicity, it is assumed that g(k) has non-negative
values since signals such as images have nonnegative values. According to the definition of
gδ (l ) , it is obvious that when δ =1, gδ (l ) = g (l ) . An
example of multi-scale representation of a digital
signal on different observing scales is shown as
Fig. 2.

estimated as the box-counting dimension by the
least-squares linear regression [4]. The estimation
of the box-counting dimension is shown as Fig. 1.

Fig. 1. The estimation of the box-counting dimension
with the least-squares linear regression

2.2 The Definition of Scale-rate

Fig. 2 The multi-scale representation of g(k)

In the estimation of the box-counting dimension,
N δ (F ) can be regarded as a measurement of F on
the observing scale δ , i.e. the number of boxes that
F occupies. The box-counting dimension reflects
the changing rate of the measurement with the
changing scale.
In the multi-scale representation of F, the
smaller the observing scale, the more the details. If
an object has more complex structure than the
others, when the observing scale decreases, more
complex details appears and its measurement can
increase faster than the simpler ones.
Therefore, it is indicated that the changing rate
of measurement with observing scale reflects the
complexity of objects, which inspires the
presentation of scale-rate.

2.2.2 The definition of Scale-rate Based on
Multi-scale Representation of Digital Signals
On the analogy of the box-counting dimension
estimation, the measurement of digital signal g(k)
under scale δ is defined as the sum of the signal
values of g(k):
Lδ −1

M [ gδ ] =

∑ gδ (l )

(3)

l =0

where gδ is the representation of g(k) under
discrete scale δ . Lδ is the signal length of gδ (l ) .
Based on the multi-scale representation of
digital signals with finite length, the scale-rate is
defined as the changing rate of the signal’s
measurement with the changing scale. The
calculation of scale-rate is as follows. For a discrete
scale set {δ i , i = 1,2...M } , the data group
The
{(δ i , M [ gδi ]), i = 1,2...M } can be obtained.

2.2.1 Multi-scale Representation of Digital
Signals
The multi-scale representation of digital signals
should be defined in order to obtain the
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slope of the line is estimated as the scale-rate value
by the least-square linear regression according to
the data group. For digital signals of finite length,
the flowchart of the scale-rate calculation is shown
as Fig. 3.

Fig. 4 The test signal series with increasing

∆

Fig. 5 The relationship between scale-rate values and
the signal’s changing rate
Fig. 3 The flow-chart of scale-rate calculation

3 Segmentation of Echocardiogram
Image Sequence with Scale-rate

2.2.3 The Relationship between Scale-rate and
the Signal’s Changing Rate
The relationship between the scale-rate value and
signal’s
changing
rate
is
investigated
experimentally. The test signals are linear functions
whose length is 12. The signal values increase with
increasing time t. The signal changing speed is
represented by ∆ , which is the difference of signal
values between adjacent time coordinates. In the
experiment, the value of ∆ is increased from 0 to
20, and the corresponding scale-rate values are
calculated. The test signal series with increasing
value of ∆ is shown as Fig. 4. According to the
data obtained in the experiment, the relationship
between the scale-rate value and ∆ is shown as
Fig. 5, where the x coordinate represents the value
of ∆ and the y coordinate represents the
corresponding scale-rate value. Fig. 5 indicates that
the scale-rate value has a direct relationship with
the signal’s changing rate.

The examination with echocardiography is noninvasive and can be performed easily and safely.
Echocardiography enables the visualization of the
beating heart with its internal structures. However,
in most cases the qualitative and quantitative
anatomical and functional parameters are assessed
artificially. Therefore, the automatic processing of
echocardiogram image attracts much attention of
the researchers in this field. The image sequence of
echocardiogram records the complex motion of the
beating heart. It is difficult to accurately segment
different parts of the heart in a single image.
Because of the difference between physical and
biological composition and structure of cavity and
muscles, the time-varying property of grey-scale
values is different between muscles and cavities in
echocardiogram. In this paper, the scale-rate is
applied in the segmentation of echocardiogram
image sequence.

97

Xiaodong Zhuang, Nikos E. Mastorakis

The image sequence of echocardiogram can be
regarded as a three-dimensional discrete signal.
Each point in a frame has x-coordinate, ycoordinate and t-coordinate. The scale-rate value
along the time axis is estimated for each point to
reflect the time-varying property of grey-scale
values at that point. In the experiments, the scalerate values are estimated with adjacent 6 frames
along the time coordinate axis to reflect the local
time-varying property of grey-scale at each point.
The result of segmentation can reflect the different
parts of the heart, which may provide information
for further diagnosis and automatic analysis.
Fig. 6 is the first frame of a certain
echocardiogram. The scale-rate distribution of the
image sequence is shown as Fig. 7. The threshold
of scale-rate values is 0.05 for segmentation. The
result of segmentation is shown as Fig. 8.
According to an echocardiogram model shown as
Fig. 9, the main part of the heart is contained in a
sector area. Therefore, the segmentation of the
main part of the heart area is shown as Fig. 10,
which is obtained after denoising and removing
irrelevant small areas. In Fig. 10, the black parts in
the sector area indicate the areas of the atrium and
the ventricle. According to Fig. 10, the different
parts of the heart in the original image are shown as
Fig. 11.

Fig. 8. The result of segmentation

Fig. 9. Different parts of the echocardiogram

Fig. 6. The first frame

Fig. 10. The segmentation of the heart area

Fig. 7. The scale-rate distribution of the image sequence

Fig. 11. Different parts of the heart in the original image
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with the local changing rate of digital signals. A
new method is presented for automatic
segmentation of echocardiogram image sequence
based on the scale-rate. The experimental results
show that the proposed method is effective and has
promising application in automatic echocardiogram
analysis. Moreover, the directional spatial
characteristic of scale-rate is also experimentally
investigated for static images. The experimental
results indicate that the scale-rate is a feature of
edge areas in images. Further research will be
focused on the application of scale-rate in other
medical image processing tasks.

4 The Scale-rate as a Feature of Edge
Areas in Medical Images
Edge is an important feature in medical image
processing. It provides essential information for
image analysis [6]. The discontinuity of intensity is
a basic characteristic of the areas where edges exist.
Traditional edge detectors focus on the intensity
discontinuity in images, such as the Roberts
operator, the Laplacian operator, the Sobel operator,
etc. [6] However, images have multiple features
besides intensity change, such as texture,
complexity,
etc.
Besides
the
intensity
discontinuities there are other features that identify
edges. Therefore, it is far from sufficiency to
identify edge points only by the gradient feature.
Edges in images are usually defined as the
borders where the intensity changes violently. The
edge areas are the small neighboring areas
containing the edge points. Such areas usually have
larger image entropy than the areas where grayscale values change gently [7]. The edge areas are
more complex than other areas in a sense. On the
other hand, the scale-rate reflects the local
complexity of digital signals. Therefore, the scalerate value is related to image edges.
In this paper, the scale-rate is proposed for onedimensional signals, while static images are of twodimensional. Therefore, the scale-rate can be
calculated along two directions respectively in the
image, i.e. the horizontal and vertical directions.
The directional spatial characteristic of the scalerate in images is investigated experimentally. In the
experiment, the directional distribution of the onedimensional (1-D) scale-rate is calculated for a CT
image of brain. The 1-D scale-rate value is
calculated on each image point for its six
neighboring points along the horizontal and vertical
direction respectively. Fig. 12 shows the CT image
of brain. The scale-rate values on the horizontal
direction are shown as Fig. 13. Fig. 14 shows the
scale-rate values on the vertical direction. In Fig.
13 and Fig. 14, lower gray-scale value corresponds
to higher scale-rate value. The experimental results
indicate that edge areas have higher scale-rate
values. Therefore, the scale-rate is a feature of edge
areas in medical images.

Fig. 12. The CT image of brain

5 Conclusion
In this paper, the scale-rate is proposed to extract
local complexity feature based on multi-scale
representation of digital signals. The scale-rate is
experimentally proved to have direct relationship
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[2]
Fig. 13. The distribution of 1-D scale-rate on the
horizontal direction

[3]

[4]

[5]

[6]
Fig. 14. The distribution of 1-D scale-rate on the vertical
direction

[7]
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Abstract: - A novel physics-inspired model is proposed for image structure representation. The deformable
elastic grid is defined on digital images. The attracting force between adjacent points is defined according to the
gray-scale difference, which is the source of force causing the deformation of the elastic grid. The final shape
of the grid after deformation can represent image structure information, based on which a segmentation method
is proposed for digital images. Experimental results indicate the effectiveness of the proposed method.

Key-Words: - Deformable elastic grid, image structure, physics-inspired method, image segmentation
In this paper, a novel representation of image
structure is proposed imitating the physical elastic
grid. There has been research to apply deformable
grid in character recognition [12]. Such method
uses sparse grid and applies to binary images. In
this paper, the dense elastic grid is constructed on
the gray-scale image for structure feature extraction.
The virtual force between adjacent image points is
introduced according to gray-scale difference. And
after the external virtual force and the internal
elastic force get balanced the shape of the grid
becomes stable, which represents the image
structure. Based on the structure representation, an
image segmentation method is proposed with the
elastic grid. The experimental results prove the
proposed method is effective.

1 Introduction
With the development and increasing application of
intelligent image processing techniques, more and
more requirements are given by real world
applications [1]. The efficiency of algorithms is
required to be improved. On the other hand,
detailed and effective representation of image
feature and structure is needed [1,2]. Traditional
methods have some limitation to accomplish
complex feature representation. In this research
direction, physics-inspired methodology appears in
recent years, such as the artificial potential field or
force field [2-7]. In these methods, the
representation of image feature is constructed
imitating physical systems such as the potential
field, based on which further analysis and
processing can be carried out.
The properties of self-adaptive and balancing in
some physical systems have potential application in
image processing tasks, which provides a
promising way of developing new image
processing techniques [8,9]. It has unique potential
advantages in feature extraction and image
structure representation. In the representation of
image structure, the relationship or connection
between adjacent image points is fundamental, and
the quantitative measure of the connection intensity
is a key problem [10,11]. The potential advantages
of the physical systems may be exploited to
efficiently solve this problem.

2 The Model of Image Structure
Representation by Elastic Grid
The connection between adjacent image points is
the basic content of image structure representation,
which can reflect the relationship between adjacent
image points. Whether the two adjacent points
belong to the same region may also be further
decided according to the connection intensity. A
natural way of structure representation is the
weighted graph defined on the connections between
adjacent image points. The strength of the
connection between adjacent points can be
quantitatively represented by the corresponding
weight value in the graph. It is a key problem to
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obtain reasonable weight values in the weighted
graph as the structure representation for different
applications. A simple example of a weighted
graph is shown in Fig. 1.

Fig. 1 A simple example of a weighted graph

2.1 The definition of the deformable elastic
grid on digital images
Fig. 2 A demonstration of a stick’s elastic force

In this paper, the elastic grid is constructed to
obtain the connection intensity between adjacent
image points. The elastic grid is composed of a set
of nodes and a set of elastic sticks connecting
adjacent nodes. To construct the elastic grid on the
image, the nodes in the grid correspond to the
pixels in the image, and the elastic sticks
corresponds to the 4-connection of each pixel in the
image, i.e. the up, down, left and right connection
to the adjacent pixels.
Therefore, in the deformable grid the elastic
sticks connect adjacent image points. If external
force is put on the points in the grid, the sticks can
elongate or shorten, and at the same time the elastic
force is generated by the sticks to resist
deformation. The internal elastic force generated by
stick deformation is defined as following:
→

If external force is put on each point, the points
will move. This will cause the deformation of
corresponding sticks, which produces internal
elastic force to resist deformation. When the
external force and the internal elastic force get
balanced, the final shape of the grid is determined
by the distribution and property of the external
force. Therefore, if the external force is defined
according to the image property, the grid after
deformation will reveal image structure feature.
In this paper, the virtual external force between
adjacent image points is defined as following:
→

F attract =

→
1
⋅ na
g1 − g 2 + ε

(2)

where g1 and g2 is the gray-scale of the two
adjacent image points respectively; ε is a pre-

→

F stress = −α ⋅ log l ⋅ n r

(1)
where l is the current length of the stick (if the stick
has the length of 1.0, there is no deformation and

→

defined positive constant; n a is the unit vector
with the direction of attraction between the two end
points of the stick.
According to the above definition, the external
force put on two adjacent image points is attracting
force, which tends to make the adjacent points
come close. The less the gray-scale difference the
stronger the attracting force.
Moreover, the effect of deformation for a single
stick will spread to the other areas of the grid by the
transmission of the internal elastic force. In another
word, the local deformations are interacting in the
deforming process. Therefore, the final shape of the
grid in the stable state is the result of interaction of
all the local deformations. Therefore, if the external
force put on each point is defined according to the
properties of adjacent image points, the final shape
of the elastic grid after deformation can reflect the
structure feature of the whole image.

→

no elastic force); n r is the unit vector with the
direction of repulsion between the two end points
of the stick; α is a pre-defined positive constant
which can adjust the relative intensity of the elastic
force.
According to the above definition, if the elastic
stick elongates to the length larger than 1.0,
attracting force will be generated for the two points
connected by the stick. If it shortens to the length
less than 1.0, repulsion force will be generated
between the two connected points.
A demonstration of the elastic force for a
connecting stick is shown in Fig. 2.
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2.2 Image Structure Representation by the
Deformable Elastic Grid
In this paper, the deforming of the elastic grid is
simulated by computer programming. The
deforming process of the elastic grid is as follows.
The initial length of each stick is 1.0, i.e. no
deformation and no internal elastic force at
beginning. Fix the image border points so that they
do not move in the deforming process. Then with
the effect of the attracting force between adjacent
image points, the points will move, which cause the
sticks get deformed and generate internal elastic
force to resist deformation. The total force on an
image point is the sum of the attracting forces from
the four neighbouring points, and also the elastic
forces from the four sticks that intersect on it.
Generally, the internal force and external force will
finally get balanced, and the shape of the grid can
reflect the structure feature of the image for further
analysis.
Simulation experiments are carried out by
programming
in
VC++
6.0
developing
environment. Deformable elastic grid is
implemented for a group of simple test images. The
test images are of the size 64 × 64 and contains
simple areas such as ellipse, triangle, rectangle, etc.
The experimental results are shown as following.
Fig. 3 and Fig. 5 are the two simple test images. Fig.
4 and Fig. 6 are the deformed grid of Fig. 3 and Fig.
5 respectively, which show the length of the elastic
sticks.
In the deformed grid of test1 and test2, it is
shown that the connecting sticks get obviously
elongated between two different regions, while the
sticks within a homogeneous region do not have
obvious deformation. The outlines of the
homogeneous regions can be seen in the deformed
grid, which represents the structure information of
the image.

Fig. 4 The deformed grid of test1

Fig. 5 The image test2

Fig. 6 The deformed grid of test2

3. Image Segmentation Based on the
Deformable Elastic Grid
The experimental results for the test images
indicate that the stable shape of the elastic grid after
deformation can provide image structure
information for further processing. In this paper,
image segmentation is implemented according to
the length of the elastic sticks after deformation. In
a homogeneous region, a point has similar grayscale to the neighbouring points, thus it gets

Fig. 3 The image test1
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relatively strong attracting force from its
neighbouring points, and these attracting forces can
get balanced easily. Therefore, the elastic sticks
within a homogeneous region will not deform quite
obviously. On the other hand, for a border point
between two different neighbouring regions, the
attracting force from its own region will exceed
that from the different region because of gray-scale
difference. Thus a border point between two
different neighbouring regions will be pulled into
its own region and at the same time apart from the
different region. Therefore, the distance between
the border points of different neighbouring regions
will increase in the deforming process. And the
length of the sticks connecting the border points of
different neighbouring regions will increase quite
notably. The results in Fig. 4 and Fig. 6 prove the
above analysis.
According to the difference of stick length
between points within homogeneous regions and
those on region borders, an image segmentation
method is proposed. In the elastic grid after
deformation, eliminate the connecting sticks whose
length is larger than 1.0, which will cut the
connections of different neighboring regions. Then
gather the points connected to each other into one
region. The segmentation results for the test images
are shown in Fig. 7 to Fig. 10. Fig. 7 and Fig. 9 are
the results of eliminating the sticks with the length
larger than 1.0 in Fig. 4 and Fig.6 respectively.
Fig. 8 and Fig. 10 are the segmentation results
according to Fig. 7 and Fig. 9 respectively. In Fig.
8 and Fig. 10, different regions are represented by
different gray-scale values.

Fig. 8 The segmentation result based on Fig. 7

Fig. 9 The deformed grid of test2 after eliminating the
connecting sticks of the length larger than 1.0

Fig. 10 The segmentation result based on Fig. 9

In Fig. 8 and Fig. 10, it is shown that the main
objects can be effectively extracted by
segmentation. However, large areas such as the
background areas are broken into smaller subregions. Real world images are much more
complex and may generate much more sub-regions,
which is not preferred in segmentation. To get
meaningful segmentation result, the region-merging
step is proposed according to a criterion of least
difference of average gray-scale. First, an expected
number of remaining regions after merging is
given. Then the following steps are carried out to
merge regions until the expected region number is
reached:
Step1: For each region in the image, calculate its
average gray-scale value.

Fig. 7 The deformed grid of test1 after eliminating the
connecting sticks of the length larger than 1.0

104

A Physics-Inspired Model of Image Structure Representation by Deformable Elastic Grid

Step2: Find the pair of neighboring regions with the
least difference of average gray-scale, and
merge them into one region.
Step3: If the current number of regions is larger
than the expected value, return to Step1;
otherwise, end the merging process.

Based on the above flowchart of segmentation,
the proposed method is applied to a group of real
world images. The segmentation results are shown
as follows. Fig. 14 is the boat image. Fig. 16 is the
broadcaster image. Fig. 18 is the peppers image.
Fig. 15, Fig. 17 and Fig. 19 are the segmentation
results respectively, where different regions are
represented by different gray-scale values. The
experimental results show the effectiveness of the
proposed method.

The results of area merging by the above
method for the test images are shown in Fig. 11 and
Fig. 12. The results indicate the effectiveness of the
proposed merging method.

Fig. 11 The result of region merging for Fig. 8
Fig. 14 The boat image

Fig. 12 The result of region merging for Fig. 10

Based on the above sections, the flowchart of
the image segmentation method based on the
deformable elastic grid is shown as following:

Fig. 15 The segmentation result of the boat image based on the
deformable elastic grid

Initialize the grid
Simulating the grid deforming
until the forces get balanced

Eliminate the connection of
sticks with length larger than 1.0
Fig. 16 The broadcaster image

Gather the connected points
into single regions
Merge areas according to the
criteria of least difference of
average gray-scale
Fig. 13 The flowchart of the image segmentation based on the
deformable elastic grid

Fig. 17 The segmentation result of the broadcaster image based
on the deformable elastic grid
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Fig. 18 The peppers image

Fig. 19 The segmentation result of the peppers image based on
the deformable elastic grid

4. Conclusion
Physics-inspired methodology is proved to be a
promising way of developing new image
processing algorithms. In this paper, the
deformable elastic grid is proved to be a suitable
model for image structure representation. With
proper configuration of the external force on the
grid nodes according to the image local properties
(such as gray-scale), the deformed grid reveals
detailed information of image structure. As an
instance of application, a segmentation method is
proposed for digital images based on the deformed
elastic grid. The experimental results for the test
images and the real world images prove the
effectiveness of the proposed method, which
indicates the promising application of the elastic
grid in image processing tasks. Further work will
investigate detailed properties of the structure
representation model. The application of the
deformable elastic grid in other image processing
tasks will also be studied.
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Abstract: - The Ant Task Allocation algorithm is proposed for task allocation in multi-agent systems, which is
inspired by the swarm intelligence of social insects. The Ant Task Allocation algorithm is a variation of the Ant
Colony Optimization, in which the task selection model of honeybees is adopted. In the simulation
experiments, the Ant Task Allocation algorithm achieves efficient and reasonable task allocation in a random
working environment. Moreover, the proposed algorithm implements effective and efficient task re-allocation
when the working condition changes. Experimental results indicate the adaptability and robustness of the Ant
Task Allocation algorithm.

Key-Words: - Multi-agent system, multi-robot, task allocation, swarm intelligence, ant colony optimization,
ATA algorithm
by the social insects that display intelligence on the
swarm level with simple interacting individuals[3].
1 Introduction
The Ant Colony Optimization (ACO) is a typical
Intelligent robot techniques have been intensively
case of swarm intelligence that has been widely
studied and widely applied in many fields of the
applied in the applications of optimization[4]. Since
human society. With the increasing demands of
labour division is a crucial feature in social insects,
new applications, single robot systems can not meet
the success of many insect colonies in the natural
the requirements of more and more complex tasks.
selection indicates the biologically inspired
As a promising solution, multi-robot systems have
approach is a promising way for the solution of
become a field of great research interest because
complex cooperation problems in multi-agent
they have advantages over single robot systems,
systems.
such as the system’s reliability and robustness[1].
For complex tasks, task allocation is the basis of
Cooperation is the key problem in the control of
cooperation in multi-agent systems. In this paper,
multiple robots, which determines the effectiveness
the Ant Task Allocation (ATA) algorithm is
and efficiency of multi-robot systems. In recent
proposed
based on the task selection model of
years, the research of multi-agent theory makes the
honeybees
and the Ant Colony Optimization. The
theoretical foundation of multi-robot systems[2].
ATA
algorithm
is a variation of ACO, in which
The design of cooperating multi-agent systems has
task
allocation
is
learned with the agent group as an
been investigated from a standpoint of system
ant colony. Experimental results show that the
engineering. The cooperation of the agents derives
ATA algorithm can perform efficient and
from the agents’ interaction with others and the
reasonable task allocation in a random working
environment. Therefore, it is of high complexity
environment. Moreover, when the number of
and difficulty to achieve cooperation in the agent
agents changes, the ATA algorithm can implement
group by the design of individual behaviors.
efficient task re-allocation, which makes the system
Moreover, the difference of robots’ capability and
adaptive and robust.
the varying dynamic environments require adaptive
task-allocation for optimal working performance,
which can not be well satisfied by pre-determined
2 Task allocation with swarm
task allocation methods.
Swarm intelligence has become a new field in
intelligence
the artificial intelligence research, which is inspired
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always find the shortest path from their colony to
the food source[4,7]. The ACO algorithm has been
widely applied in optimization problems. In ACO,
the solution to a problem corresponds to a statetransfer path from the starting state to the goal
state. Each ant in the ACO algorithm moves from
one state to another randomly with probability
according to the pheromone trial density. When
every ant in the colony has finished its tour in the
discrete state space, the pheromone trail is updated
based on each ant’s performance, i.e. the quality of
the solutions found. With the positive feedback
process and the partiality for better solutions, the
ACO algorithm can quickly find solutions of high
quality.
The configuration of the ACO can be modified
to suit different real-world applications. The
configuration of the ACO includes:
1. The set of starting states S
2. The set of goal states G
3. The number of the ants
4. The termination condition of each ant’s state
transfer
5. The definition of the path cost
In this paper, the response thresholds are
updated by the agents with the positive feedback
process in ACO to achieve adaptive and robust task
allocation, which is the underlying idea of the Ant
Task Allocation algorithm.
Therefore, the cost can reflect how skilled an
agent is in a specific category of tasks and the agent
tends to be specialized for those tasks it is skilled
in. With the positive feedback mechanism of the
ant optimization, reasonable task allocation can be
efficiently achieved in the agent group. The flowchart of the ATA algorithm is shown as Fig. 1.
The ATA algorithm is a variation of the Ant
Colony Optimization, which differs from ACO in
two major aspects. First, the ATA algorithm is for
dynamic task allocation in an environment where
task requirements arise randomly. On the other
hand, the ACO is widely applied in static
optimization problems such as the travelling
salesman problem (TSP), the quadratic assignment
problem (QAP), etc[4]. Second, the ants in ACO
share a common pheromone field because they
need to build a common optimal solution to the
problem. On the other hand, in the ATA algorithm
each agent keeps its private record of its response
thresholds for different task categories to achieve
specialization.

2.1 Task Selection Based on the Model of
Honeybees
Honeybees are considered as a kind of highly
developed social insect. In honeybee colonies,
individuals are specialized for different tasks by
task selection with the response threshold, which
enables high efficiency of the colony[5,6]. The task
selection is in a random manner. Therefore, one
individual may engage in several tasks. However,
there may be great difference in the individual’s
threshold values for different tasks. The probability
of selecting a certain task is proportional to the
stimulus intensity of the task, and to the reciprocal
value of the individual’s response threshold for that
task[5]:
P(T ) ∝

S

(1)

θ
where P(T) is the probability of selecting task T. S
is the stimulus intensity of T. θ is the individual’s
response threshold for T.
Tasks can always be divided into different
categories. For the task allocation method proposed
in this paper, the response threshold is defined for
different categories of tasks rather than particular
tasks. According to the task selection model of
honeybees, the task selection probability is defined
as following:
S j θ ij
(2)
Pi (T j ) = M
∑ (S k θ ik )
k =1

where Tj represents the tasks of the j-th category.
Pi (T j ) is the i-th agent’s selection probability for
Tj. Sj is the current stimulus intensity of Tj, which
reflects the current task amount of Tj. M is the
number of task categories. θ ij is the i-th agent’s
response threshold for Tj . The smaller the response
threshold, the larger the tendency of selecting the
corresponding task. With different response
thresholds, agents are specialized for different
categories of tasks, i.e. the task allocation can be
achieved.

2.2 The Ant Colony Optimization
In the task selection method proposed in 2.1, the
constant response threshold is not suitable to the
changing of working conditions, such as the
changing of task amount, the number of workers,
etc. In this paper, a learning process is introduced
with the Ant Colony Optimization, based on which
the Ant Task Allocation algorithm is proposed.
The Ant Colony Optimization (ACO) is an
algorithm inspired by the phenomenon that ants can

2.3 The Ant Task Allocation Algorithm
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The Ant Task Allocation (ATA) algorithm is
proposed based on the honeybee’s task selection
model and the ant optimization. In the ATA
algorithm, each agent select its current task
randomly according to the probability defined in
(2). When an agent finishes its current task, the
threshold for that category of task is updated
according to the agent’s working performance:
θ ij (t + 1) = θ ij (t ) − ρ ⋅ ∆θ ij (t )
(3)

3 Simulation experiments
In the computer simulation experiments, the agents’
workspace is discretized. The x coordinate and y
coordinate are discretized into 6 and 4 intervals
respectively. There are 24 discrete positions in the
workspace. Moreover, the workspace is divided
into six local areas, which can be considered as six
categories of tasks. Each local area is a square of 4
positions, which is shown as Fig. 2.

where θ ij (t ) and θ ij (t + 1) are the thresholds of the
Begin

i-th agent for the j-th category of task at iteration t
and t+1 respectively. ρ is the learning rate which
is a small positive value. ∆θ ij (t ) is the value of

Randomly initialize the response
thresholds for each agent

threshold updating, which is defined as following:
∆θ ij (t ) = 1 C ij (t )
(4)
where C ij (t ) is the cost of the i-th agent to

For the agents free from task,
calculate the probability values
of task selection, and then
select one of the current tasks

accomplish the j-th category of task at iteration t.
Different applications may have different
definitions of the cost, such as the time or energy
consumed to finish the task. The value for threshold
updating is proportional to the reciprocal value of
the cost. The better an agent performs a task, the
smaller the cost. And the smaller the cost, the faster
the corresponding threshold decreases. This is the
same kind of positive feedback mechanism as in
ACO, which causes that each agent will be more
and more likely to choose the tasks it is skilled in.
Therefore, the cost can reflect how skilled an
agent is in a specific category of tasks and the agent
tends to be specialized for those tasks it is skilled
in. With the positive feedback mechanism of the
ant optimization, reasonable task allocation can be
efficiently achieved in the agent group. The flowchart of the ATA algorithm is shown as Fig. 1.
The ATA algorithm is a variation of the Ant
Colony Optimization, which differs from ACO in
two major aspects. First, the ATA algorithm is for
dynamic task allocation in an environment where
task requirements arise randomly. On the other
hand, the ACO is widely applied in static
optimization problems such as the traveling
salesman problem (TSP), the quadratic assignment
problem (QAP), etc.[4]. Second, the ants in ACO
share a common pheromone field because they
need to build a common optimal solution to the
problem. On the other hand, in the ATA algorithm
each agent keeps its private record of its response
thresholds for different task categories to achieve
specialization.

For the agents engaged in tasks,
let them do their tasks

For the agents that just finished
their current tasks, update the
corresponding response thresholds

Is the iteration time larger than
a pre-defined value?

no

yes
End
Fig. 1 The flow-chart of the ATA algorithm

Fig 2. The workspace of the multi-agent system

Six agents are distributed in the workspace to
move around and do the work on the discrete
positions. The task amount on each position is
increased randomly. On each position, the amount
of work is increased by 1.0 with a probability of 0.1
in each learning iteration. In every iteration, each
agent can move one step towards the target
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position, or decrease the amount of work by 1.0 if it
is already on the target position. If the amount of
work is decreased to zero, the task on that position
is finished and the corresponding agent is free. The
total task amount is the sum of the task amount for
each position in the workspace. Reasonable task
allocation among the agents is required to keep the
total amount of work on a stable level as low as
possible. The workspace is an abstract one that can
serve as a benchmark problem to evaluate dynamic
task allocation algorithms.

(e) The working area of Agent5

Fig. 3 The result of task allocation for the six agents (the gray
local areas are the corresponding working area allocated to the
corresponding agent)

To investigate the practical working situation of
the agents, the frequencies of each agent to visit the
local areas are recorded. Fig. 4 shows the most
frequently visited area of each agent. In Fig. 4 there
is no overlap among the most frequently visited
areas of the agents. It is indicated that although
there are overlaps in the task allocation of the
agents, each agent virtually concentrates on
independent local area. The overlaps in task
allocation are a kind of redundancy that can ensure
fault-tolerance, while the concentration of the
agents on independent local areas in practice
guarantees high efficiency.
To investigate the performance of the task
allocation with the ATA algorithm, the average
total task amount is calculated every 600 iterations.
We get Fig. 5 according to the data obtained in the
experiment. The x coordinate in Fig. 5 represents
the time ordinal numbers at which the statistical
data is recorded. Fig. 5 shows that the average total
task amount has a decreasing tendency with
vibration.

3.1 The Experiment of Labour Division by
the ATA Algorithm
Initially, the six agents are randomly distributed in
the workspace and the thresholds are assigned the
value of 20. Then the ATA algorithm is
implemented for task allocation. The agent’s cost
of finishing one task is defined as its moving time
to the target position. The more the responsibility
of an agent for an area, the lower the corresponding
threshold. Therefore, for each agent the areas of
thresholds lower than 6.0 are regarded as its own
allocated working area. The task allocation result is
obtained after 4000 learning iterations, which is
shown as Fig. 3. Fig. 3 shows that each agent has
neighboring areas as its working area. All the
working areas of the agents cover the whole
workspace. Since working in neighboring areas can
reduce the time of moving to target positions, the
task allocation result is reasonable. On the other
hand, the division of the workspace into working
areas indicates the cooperation of the agents to do
the tasks. Moreover, there are overlaps between
some agents’ working areas, which indicate another
kind of cooperation that agents may undertake tasks
together in a common neighboring area.

(a) The most frequently visited
local area of Agent1

(c) The most frequently visited
local area of Agent3
(a) The working area of Agent1

(b) The most frequently visited
local area of Agent2

(d) The most frequently visited
local area of Agent4

(b) The working area of Agent2

(e) The most frequently visited
local area of Agent5

(c) The working area of Agent3

(f) The working area of Agent6

(f) The most frequently visited
local area of Agent6

Fig. 4 The most frequently visited local area for the six agents
(the black local area is most frequently visited by the
corresponding agent)

(d) The working area of Agent4
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(e) The working area of Agent5

Fig. 6 The result of task re-allocation with the ATA algorithm
after Agent6 is removed
The learning time
The average total task amount

Fig. 5 The relationship between the average total task amount
and the learning time

3.2 The Experiment of Task Re-Allocation
with the ATA Algorithm when the Working
Condition Changes
To investigate the robustness of the ATA
algorithm, Agent6 is removed after 4800 iterations
when the task allocation has become stable. Task
re-allocation occurs after Agent6 is removed. Fig. 6
shows the re-allocation result of the working areas.
Compared with Fig. 3, Fig. 6 shows that the
working area which formerly belongs to Agent6 is
now undertaken by Agent2, Agent4 and Agent5.
Fig. 7 shows the performance of task reallocation with the ATA algorithm according to the
data obtained in the experiment. The average total
task amount is calculated every 1000 iterations.
The dotted line a shows the case of task allocation
with 5 agents from the beginning. The real line b
shows the case of task allocation with 6 agents at
beginning and 5 agents remaining after 4800
iterations. Fig. 7 indicates that after removing
Agent6 the average total task amount increases and
then is kept on the same level as the case of 5
agents from the beginning. The result proves the
task re-allocation is effective and efficient.

(a) The working area of Agent1

(b) The working area of Agent2

(c) The working area of Agent3

(d) The working area of Agent4

The learning time

Fig. 7 The performance of task re-allocation with the ATA
algorithm

3.3 The Experiment of Task Allocation with
the ATA Algorithm for Unbalanced Task
Distribution in the Workspace
In the above experiments, the amount of work is
increased with the same probability of 0.1 on each
position in the workspace, i.e. the work load is
evenly distributed in the workspace. In another
experiment, different local areas are assigned
different probability for increasing the work
amount. For Area1 to Area6, the probability values
are assigned 1/20, 1/18, 1/16, 1/14, 1/12 and 1/10
respectively. The result of task allocation with six
agents is shown as Fig. 8. Compared with Fig. 3,
with the increase of total work load, the number of
local areas allocated to each agent also increases.
According to Fig. 8, the number of the agents
assigned to each local area can be obtained as Table
1. In Table 1, the total work load for each local area
is the sum of the task amount on each position of
that area in the whole learning process. Table 1
indicates that the number of the agents assigned to
a local area is appropriate for its work load. The
experimental result proves another adaptability of
the ATA algorithm that more agents will be
assigned to the category of task that has higher
work load.
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(a) The working area of Agent1

Area1
Area2
Area3
Area4
Area5
Area6

(b) The working area of Agent2

(c) The working area of Agent3

(d) The working area of Agent4

(e) The working area of Agent5

(f) The working area of Agent6

4 Conclusion
In this paper, the Ant Task Allocation (ATA)
algorithm for multi-agent cooperation is proposed,
which is inspired by the swarm intelligence of
social insects. The ATA algorithm is proposed
based on the task selection model of honeybees and
the Ant Colony Optimization. In the experiments,
the ATA algorithm achieves efficient and
reasonable task allocation in a random working
environment. Moreover, effective and efficient task
re-allocation is achieved when the working
condition changes. Experimental results indicate
that the ATA algorithm is adaptive and robust for
task allocation in multi-agent systems.
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