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Abstract: - Method of integral transforms is used in the present paper in order to construct an analytical solution
of an eddy current problem describing the interaction of a coil with alternating current located above a two-
layer planar conducting medium. The electric conductivity and magnetic permeability of the upper layer are
modeled by exponential functions of the vertical coordinate while the properties of the lower half-space are
assumed to be constant. The change in impedance of the coil is calculated in closed form. Results of numerical

computations are presented.
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1 Introduction

Theory of eddy current methods is well-developed
in the literature for the case where a coil with
alternating current is located above a conducting
multilayer medium [1]-[4]. The properties of any
conducting layer in [1]-[4] (for example, electric
conductivity and magnetic permeability) are
assumed to be constant.

In many engineering applications such as surface
hardening, surface alloying, determination of
thickness of metal coatings, de-carbonization and
spot welding (see, for example, [5], [6]) the electric
and magnetic properties of a conducting material
can be modified by an external magnetic field.
Mathematical models describing the interaction of
an alternating current in a coil with eddy currents in
a conducting medium with constant properties
should be modified in order to take into account
variability of the characteristics of the material. The
following two methods are usually used in practice.
The first approach is based on the assumption that a
conducting medium with variable properties can be
approximated by a multilayer medium with large
number of layers of relatively small thickness where
the electric conductivity and magnetic permeability
of each layer are assumed to be constant. In other
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words, the electric conductivity and magnetic
permeability are modeled as piecewise constant
functions of the wvertical coordinate. Such an
approach is described, for example, in [7] where up
to 50 layers in the vertical direction are used. The
second method assumes that the electric
conductivity and/or magnetic permeability can be
modeled by a relatively simple functions such as
power or exponential functions depending on some
parameters. For some combinations of the
parameters one can construct analytical solutions of
the corresponding boundary value problems in terms
of known special functions such as Bessel functions
or hypergeometric functions (examples can be found
in [4], [8]-[10]).

In the present paper we follow the second
approach. Closed-form solution for the change in
impedance of a coil with alternating current located
above a two-layer planar conducting medium is
found for the case where both the electric
conductivity and magnetic permeability of the upper
layer are exponential functions of a vertical
coordinate. The properties of the lower half-space
are assumed to be constant.
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2 Mathematical Formulation
Suppose that a single-turn coil of radius 7, is located

at a distance habove a two-layer conducting
medium (see Fig. 1).

z A

Fig.1. A single-turn coil above a conducting two-
layer medium.

We consider a system of cylindrical polar
coordinates (7,¢,z)centered at O. The electric

conductivity ¢ and magnetic permeability z of the

upper layer of thickness d are modeled by the
following exponential functions of the vertical
coordinate z :

(1)

o= O-m eXp(O(Z), H= /uOlum eXp(ﬂZ) s

where 4, is the magnetic constant, o, , &, ,0 and

f are given constants. The properties of the
medium in the lower half-space are assumed to be
constant (o, = const, u, =const).

We assume that the vector potential has only one
non-zero component of the form

A= A(r,2)é,, Q)

where ¢,is a unit vector in the ¢ -direction.

The current in the coil is given by

(e, = lexp(jar)e,, 3)

where j=+/—-1,wis the frequency of the
current and [/ is the amplitude of the current.
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The components 4,(r,z), i =0,1,2 of the vector

potential in regions R,,R and R,(see Fig. 1)

satisfy the following system of partial
differential equations:
0’4, 104, A, 0’4,

Lo Lo = —u, I8(r —1.)8(z — h),
or* ror oz’ #olOlr =1,)0(z = h)

(4)

OA VoA A 04 o4
or* ror r* oz’ oz )

- ja)o—mluoﬂm eXp[(Of + ﬂ)Z]Al = 0’

0’4, 104, A4, 9’4, .
ki e
(6)
where O(x)is the Dirac delta-function.
The boundary conditions are
04 1 04
Ay o= A4, ey —2cg=—— 1. » 7
0 |z—0 llz—O 8Z |z—0 /,lm 82 |z—0 ( )
1 04 1 04
AO |z:7d = Al |z:7d ’ —— |z:7d = — z=—d *
, Oz M, Oz
®)
The following conditions hold at infinity:
0A,
A,——>0asr—>o,i=0,12, 9)

or
A, —>0as z—>+w, 4, >0as z > —oo. (10)

Analytical solution to problem (4)-(10) is
considered in the next section.

3 Solution of the Problem
Applying the Hankel transform of the form

A(A,2)= j A (r 2y, (Arydr, i =012, (11)
0

to (4)-(10) we obtain
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5 -V A, =—p,Ir,J,(Ar,)o(z — h), (12)
dZZ ~ . (0(+ﬂ z 7 dZ
dzzl ~ XA, - jouu,oc,e "7 4 —,Bd—zlz 0,
(13)
d*4, .~ . ~
dz? — A4, = jou,p,0,4, =0, (14)
~ ~ dA 1 dA
Al =4 _,, —2| =——"2| ., 15
0 |z—0 1 |z—0 dZ |z—0 /,[m dZ |z—0 ( )
- ~ 1 dA 1 dA
AO |z:7d= Al |z:7d’ —t |z:7d=_ : |z:fd’
Hy dz My dz
(16)

ZO—>0as z— 40, A, - 0as z— 0. (17)

In order to construct the solution to (12) we

consider the following two  regions:
O<z<hand z>h (the solutions in these
regions are denoted by ZOO and Zm ,
respectively). Thus,
d* Ay 2
—z—ﬂ,AOO:O, 0<Z<h, (18)
dz
dzZOl 27
—— A4y, =0, z>h. (19)
dz

The general solution to (18) can be written in
the form

Ay = Ce* +Cre”. (20)
The solution to (19) satisfying (17) is
Z01 =Ce™ (21)

The solution to (13) can be expressed in terms
of modified Bessel functions (see [12], formula
2.1.3.10, page 247):
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A,(4,z)=C,e™I (ce(a+ﬂ)z/2)
n Cse&/zKV (Ce(a+,8)z/2 ),

2\/]a)ﬂ0/um6m d \éle +4/12
an -
a+pf a+pf
Finally, the solution to (14) which is bounded as
z —> —0is

(22)

where ¢ =

A,(A,z) = C,e”, (23)

where g = \//12 + oo, Ui,
Continuity of the vector potential at z = /4 gives

Ce” +Ce™ =Ce™. (24)

Integrating equation (12) with respect to z from
h—¢&to h+ ¢, considering the limit as & — +0

and using continuity of the function A jat z = hwe
obtain

~C, e = C2e” + Cyre ™ = —uylr.J,(Ar,).
(25)

Arbitrary constants C, —C in (20)-(23) are
determined using conditions (15), (16), (24) and
(25). In particular, the constant C, has the form

Ah

¢, - flrd Ur)e

21 ; (26)

B
D
where

B =—pl(Apn, — B12)1,(c)—c(a+ B, (c)/2]
+(Au,, — B12)K, (c)—c(a+ P)K,(c)/2,

(27)
D =—p[(Ap,, + B12)1,(c)+c(a+ B)I,(c)/2]
+(Au,, + 12K, (c)+c(a+ BK,(c)/2,

(28)
and
E
=_, 29
4 I (29)
where
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E = (IUZﬂ - Zqu)KV (Ce_(a+ﬁ)d/2) (30)
+ ue(a + ﬁ)ef(aw)d/zK'v (Cef(a+,8)d/2 ),
F = (= 2m)1 (e "7

~(a+p)d/2 7' (. ~(a+p)d /2 G
+ (o + Pe (@+h) Iv(ce (@+h) )

The induced vector potential (in the transformed
space) due to the presence of a two-layer medium
can be written in the form

A (A,z) = Che ", (32)
where C, is given by (26).
Applying the inverse Hankel transform

A(r,z)= j A(A,2)AJ,(Ar)dA, i=0,2

to (32) we obtain the induced vector potential of
the form

Ir.: B
A (r,2) = 2 1, (Ar)e HPa,
2 JO‘D 1 1
(33)

where Band Dare given by (27) and (28),
respectively. The induced change in impedance
of the coil is computed by means of the formula
(see [4]) as follows

Z,y =274 ) 2 G4

Using (33) and (34) we obtain the following formula
for the computation of the change in impedance

= jou,m? | %Jf (Ar)e " dA.

0

Zind (35)

4 Numerical results

Numerical computations of the integral in (35) are
done with Mathematica. It is convenient to rewrite
(35) in dimensionless form. Introducing new

variable s = Ar, we transform (35) to the following

form:
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Zind = ja)/uOﬂTcZ’
where
< E
= [ =/} (s)e " ds. (36)
o D
Here

B =—Pl(su, — 1121, @)~ BAi1.(@)]
+(sp,, —11/ 2K, (@)~ B JK(©),

~pl(spt, +71/ 21, @)+ BAlJ T, (@)]
+ (s, +11/2)K, (@) + BJKL (@),

ﬁjzl 2

p=

E = (uyp - 25> + J)K, Fe 2

+2u, B[ je €K (ge—(w)wzl

D = (uyn— 2057 + jp)1, (e sn7?)

+ 20, e CT (5e—<:+w/2)

By =r.o,umu, , 6=—, S=ar,, n=/pr,

2;” 5, = 5,6,

LN AT /M.
S+nm O, H,

The change in impedance, Z, computed by means
of (36) is shown in Fig. 2 for the following values of

QZ

the parameters:
y=02,60=15, u, =1, u, =100,
0=0.05 n=-4

Calculated points on each curve correspond to
different values of A, (in the range from 3 to 10),
larger £ values correspond to larger values of the

real part of Z. It is seen from the graph that for
larger negative &the modulus of the change in

impedance is getting smaller.
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Fig.2. The real and imaginary parts of Z for three
values of &:—4,—2and 0 (from top to bottom).

Calculated points on each curve correspond to
different values of /3, .

5 Conclusion

Analytical solution for the change in impedance of a
single-turn coil located above a two-layer
conducting medium with varying electric
conductivity and magnetic permeability in the upper
layer is obtained in the present paper. The properties
of the lower layer are assumed to be constant.
Numerical results demonstrate that computations
can easily be done for different values of the
parameters of the problem. Such a model can be
quite useful in applications. It is shown in [6] that
under certain conditions (for example, as a result of
surface hardening of ferromagnetic materials) a thin
layer of reduced magnetic permeability appears near
the surface. Experimental data show that the relative
magnetic permeability can be approximated by an
exponential function of the vertical coordinate.
Mathematical model developed in this paper can be
used in such cases for the calculation of the change
in impedance of a coil placed above a ferromagnetic
material with continuously varying electric
conductivity and magnetic permeability.
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