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Abstract: In the paper we deal with a problem of non-stationary heat conduction in a plane plate. In the first 
part of paper we formulate mathematic model for the cases of symmetric and asymmetric heating or cooling 
of a solid plate. In the second part we compute various cases of temperature fields in the plate during 
the mentioned process by mathematic software Maple. Finally we present formulated mathematic models using 
for optimization of two real technological operations of natural and synthetic polymers processing – modelling 
of moulding of plastic material and modeling of temperature field in wall of tanning drum by enzymatic 
hydrolysis. 
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1 Introduction 
Heat conduction in a wall of the solid body, caused 
by heat action of a surrounding body, is a part 
of many technological operations during which the 
processed material is heated or cooled. This 
phenomena occurs by treatment of metals, plastics, 
rubbers etc. Course of the process always depends 
on given conditions.  

In the paper we focused on one of the most 
frequent case of non-stationary heat conduction in 
a solid material. It is unsteady heat conduction in 
a solid body which is caused by double-sided 
heating or cooling of the surrounding environment. 

Experimental determination of the process course 
is very difficult; nevertheless this information is 
necessary for suggestion of its optimal technological 
procedure [1], [2]. Therefore we formulated 
mathematic model based on physical patterns of 
given process and verified its validity. Next we used 
analytical solution of the model for assessment of a 
concrete case of natural and synthetic polymers 
processing as shown in following text. 
 
2 Problem formulation 
In this section we will solve the problem 
of unsteady symmetric and asymmetric heat 
conduction in a plane plate made from isotropic 
material. Length and width of the plate are much 
longer than its thickness δ. 
 
2.1 Symmetric temperature field 
The plate of initial temperature tp is suddenly 
exposed double-sided heat action of ambient 

temperature to. The ambient temperature doesn‘t 
depend on time.  

We used Fourier-Kirchhoff equation of heat 
conduction (1) with initial and boundary conditions 
(2) – (4) for modeling of the problem [3], [4]. 
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Equation (1) describes a non-stationary 
temperature field in the plate. Heat balance equation 
(2) represents heat transfer between plane and 
surrounding fluid (2). Equation (3) is initial 
conditions. Equations (4) and (5) represent 
boundary conditions. Equation (6) is condition of 
symmetry.  

By use of Laplace transformation we obtained 
analytical solution of the formulated model. 
Temperature field in a wall during heating (cooling) 
t(x, τ) is given by equation (7): 

Recent Researches in Automatic Control

ISBN: 978-1-61804-004-6 277



 
( )

( ) ( )
( ) ( )

2
2

0 0
1

,

sin
2 cos

sin cos

a qnn b
p n

n n nn

t x

q xt t q e t
q q q b

τ

τ

−∞

=

=

⎛ ⎞
⎛ ⎞⎜ ⎟− +⎜ ⎟⎜ ⎟+ ⎝ ⎠⎜ ⎟

⎝ ⎠
∑

  

(7) 
 
where a is thermal diffusivity of the heated (cooled) 
body 
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qn are roots of the following equation 
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where: 
a - thermal diffusivity of the heated (cooled)  

  material, [m2.s-1] 
cp - specific thermal capacity of the heated  

  (cooled) body, [J.kg-1.K-1] 
t - temperature of the heated (cooled) body, [°C]
to - ambient temperature [°C] 
tp - initial temperature of the heated  (cooled)   

  body, [°C] 
x - space coordinate, m; 
α - heat transfer coefficient, [W.m-2.K-1] 
δ - thickness of the heated (cooled) body, [m] 
λ - thermal conductivity of the heated (cooled)    

  body, [W.m-1.K-1] 
 
2.2 Asymmetric temperature field 
In this case, the plate of initial temperature tp is 
suddenly exposed double-sided heat action 
of surrounding environment, whereas we supposed 
that temperature of surrounding environment on the 
left side from plate to1 is different to temperature on 
the right side from plate to2. Temperatures of both 
environments don‘t depend on time and in addition 
they differ from initial temperature of the plate [3].  

With respect to above mentioned assumptions, 
the heat transfer across the wall will be asymmetric 
in accordance with axis of the wall. We used 
Fourier-Kirchhoff equation of heat conduction (10) 
with initial and boundary conditions (11) – (13) for 
modeling of the problem. 
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Equation (11) is assumption of the initial uniform 
temperature distribution in a heated or cooled body. 
Conditions (12) and (13) assume that temperature 
of a wall margin is constant and it equals 
surrounding temperature. 

By use of Laplace transformation we obtained 
analytical solution of the formulated model. 
Temperature field in a wall during heating (cooling) 
t(x, τ) is given by equation (14): 
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In the case that temperature of left surrounding is 
the same as initial temperature of plane plate (i.e. 

1 2o p ot t t= ≠  ) , the analytical solution is 
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Analogously, for 2 1o p ot t t= ≠  we obtained solution 
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where 1,2.n = ∞K . Symbol π is the circular 
constant. Symbol δ is thickness of the plate. 
Meaning of other symbols is the same as in previous 
model of symmetric temperature field. 

 
3 Modeling of the temperature field 
We used mathematic software Maple for description 
of the heat conduction in a solid plate. In Maple user 
environment we solved and visualized the non- 
stationary temperature fields in a solid plate by its 
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heating and cooling Chyba! Nenalezen zdroj 
odkazů..  
 
3.1 Symmetric temperature field 

In Fig. 1 and Fig.2 we show courses of symmetric 
heating and cooling by accordance with relation (7). 
 

 
          

 
Fig. 1 Temperature field in a plate during symmetric 
heating.  Parameters:  tp = 20 °C, to = 150 °C,  
a = 9,6 . 10-7 m2s-1 
 

 
Fig. 2 Temperature field in a plate during symmetric 
cooling. Parameters:  tp = 150°C, to = 20 °C,        
 a = 9,6 . 10-7 m2s-1 
 

   
3.1 Asymmetric temperature field 

   

 
Fig. 3 Temperature field in a plate 
during asymmetric  heating.   
Parameters:   tp = 20 °C, to1 = 150 °C, 
to2 = 120 °C,  a = 9,6 . 10-7 m2s-1 

 
Fig. 4  Temperature field in a plate 
during asymmetric cooling.   
Parameters: tp = 150 °C, to1 = 20 °C, 
to2 = 80 °C, a = 9,6 . 10-7 m2s-1 

Fig. 5 Temperature field in a plate 
during its simultaneous heating 
and cooling.   
Parameters:  tp = 80 °C, to1 = 20 °C, 
to2 = 150 °C,  a = 9,6 . 10-7 m2s-1

 
In the Fig. 3 – 5 we show common cases of the 

temperature fields in a plane plate which can occur 
by asymmetric temperature action of the 
surrounding environments that we computed 
according to equation (14). In these cases, the initial 
temperature of the plate differs to the temperatures 
of both surrounding environments of the plate, i.e. 

1 2o p ot t t≠ ≠ .  
The Fig. 3 represents asymmetric heating under 

the condition 1 2o o pt t t> > . In the Fig. 4 you can see 
asymmetric cooling of the plate under the condition 

2 1p o ot t t> > . 

The Fig. 5 represents process of simultaneous 
heating and cooling. In this case the plate is cooled 
from the left side and heated from the right side  

In the following Fig. 6 and Fig. 7 are special 
cases of the asymmetric temperature fields when 
temperature of one of the surrounding environments 
is the same as initial temperature of the plate. The 
Fig. 6 represents temperature field by asymmetric 
heating when 2 1o p ot t t= <  that we computed 
according to relation (16). The Fig. 7 represents 
asymmetric cooling under the condition  

1 2o p ot t t= ≠ . We computed this temperature field 
form relation (15).  
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Fig. 6 Temperature field in a plate during its 
cooling.   
Parameters:  tp = 150 °C, to1 = 20 °C, to2 = 150 °C,  
a = 9,6 . 10-7 m2s-1 

 
Fig. 7   Temperature field in a plate during its 
heating   Parameters:  tp = 20 °C, to1 =150 °C, to2 = 
20 °C,            
 a = 9,6 . 10-7 m2s-1 

 
4 Experimental part 
We applied the formulated models of heat 
conduction for assesment of the course of real 
technological operations of natural and synthetic 
processing - moulding of plastic material and 
modeling of temperature field in wall of a tanning 
drum during enzymatic hydrolysis by leather waste 
treatment. The obtained results we show in the 
following text. 
 
4.1 Modelling of moulding of plastic 

material 
In this example we describe process of blow 
moulding during moulding of button of plastic small  
bottles by their manufacturing. We applied the 
formulated model of asymmetric heat conduction 
for assesment of the course of real technological 
operation - injection moulding combined with 
subsequent blow moulding during moulding of 
button of plastic small bottles by their 
manufacturing   . 

In practice, first the oven-ready food for blowing 
will be prepared. After them, the form will be 

slightly open, the shape will be sticked up by jaws 
and blow moulding will follow. Time of the 
submitted cycle took 40 seconds. Expected time in 
practice manufacturing takes 40 seconds. For this 
purpose, we verified if it is possible to dissipate 
needed heat quantity in 20 seconds.  

We solved temperature under the conditions:  
Temperature of force:       130 °C  
Temperature of form:         38 °C 
Temperature of melt:       230 °C 
Thickness of bottom:            3 mm 

Properties of polypropylene:  
Density:            910 kg.m-3 
Specific thermal capacity:1700 J.kg-1.K-1 
Thermal conductivity:   0.22 W.m-1.K-1 

 
Temperature field in the bottom of bottle is shown 
in Fig. 8. The temperatures field in time 20 seconds 
and 40 seconds are shown in Fig. 9.  It is evident 
that the cycle time 20 second is sufficient. In time 
40 seconds, the process will be steady.  
 

 
Fig. 8 Temperature field in the bottom 
of polypropylene bottle during moulding process 

 

 
Fig. 9 Temperature field in the bottom 
of polypropylene bottle during moulding process in 
time 20 s and 40 s 
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4.2 Modeling of temperature field in 
tanning drum during leather waste 
treatment by enzymatic hydrolysis  

In this section we deal with recycling of chrome-
tanned leather shavings that present a large quantity 
of leather waste. From this point of view, 
the enzymatic hydrolysis represents ecologically 
acceptable process [5].  

The practice realization of the process requires 
minimal operating costs. One possibility in reducing 
prices of protein hydrolysates consists in reducing 
investment costs. The chief problem consist in 
holding the temperatures of reaction mixture within 
such limits as to arrive at a comparable yield 
of soluble protein after the practically same time as 
when an   isothermal reactor was used.  A further 
effort of ours aimed at the tanning drum not having 
to be constructionally adapted. In theory, our 
tanning drum represents a non isothermal and non 
adiabatic reactor. 
 The temperature of drum wall in dependence on 
time may be calculated by resolving a mathematical 
model representing the hydrolytic reaction. In 
an effort at reaching a fast solution we set up 
a determinist model in accordance with simplified 
conditions as follow: 
• The reaction mixture is intimately stirred by 

motion of drum. 
• Heat transfer is perfect on both sides of drum 

wall. 
• Reaction heat of hydrolysis is negligible. 
• Drum has the shape of a cylinder, its radius 

being at least   10 times greater than thickness 
of wall so that the temperature field in wall 
may be described by an "infinite plate" model. 

• Dependence of   all physical parameters of   
the model on   temperature is negligible.  

 Assuming these, we applied the following 
mathematical model [6]. 
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Equation (17) describes a non-stationary 
temperature field in the wall of drum. Heat balance 
expressing equilibrium between rate of decrease in 
reaction mixture temperature and transfer of heat 
through reactor wall is described by equation (18). 
Equations (19) and (20) are initial conditions, and 
equations (21) and (22) describe conditions 
of perfect heat transfer. We used Laplace 
transformation for analytical solution of the given 
model. The temperature field in drum wall t(x,τ ) is 
given by relation: 
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where qn are roots of the following equation, 
     

cot (q) = q. Ja              (24) 

and Ja is a dimensionless number expressing . It is 
the ratio of reaction mixture enthalpy and enthalpy 
of drum wall.  

 

o o om c tJa
m c t

Δ
=

Δ
            (25) 

List of used symbols 
t  - temperature of drum wall, [ 0C ] 
t0  - temperature of reaction mixture, [ 0C ] 
tp  - initial temperature of drum wall, [ 0C ] 
t0 p - initial temperature of  drum charge, [ 0C ] 
τ  - time, [ s ] 
x    - coordinate of drum wall, [ m ] 
b  - thickness of drum wall, [ m ] 
m0 - mass of reaction mixture in drum, [ kg ] 
c0    - specific thermal capacity of reaction    
        mixture, [J kg-1 K-1 ] 
c    - specific thermal capacity of drum walls, 
        [ J kg-1 .K-1] 
S  - total area of drum inner walls  
      (exchange area), [m2 ] 
λ  - thermal conductivity of drum wall,      
         [W.m-1.K-1 ], 
m   - mass of drum wall, [ kg ]. 

The temperature diffusivity is major parameter that 
influences temperature distribution in the drum wall 
and in the reaction mixture. 

From this point of view, we compared 
temperature distribution in a wall of drum made of 
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steel and in a wall of drum made from wood (Fig. 9 
and  Fig. 10).  

 

 
Fig. 10 The non-stationary temperature field in steel 
drum wall 
Parameters: top = 75 °C, tp = 20 °C, b = 1 cm,  
a = 1,45 . 10-5 m2s-1, Ja = 4 
 

 
Fig. 11 The non-stationary temperature field in 
wood drum wall 
Parameters: top = 75 °C, tp = 20 °C, b = 4 cm,  
a = 2,3 . 10-7 m2s-1, Ja = 4 

 
5 Conclusion 
The obtained results proved that the formulated 
mathematic models of temperature fields are suitable 
for description asymmetric and heat conduction in 
a plane plate.  

The computed data were in both described 
examples of real technological operations (moulding 
of plastic material and temperature field in the wall 
of tanning drum during enzymatic hydrolysis by 
leather waste treatment) in accordance with 
experimentally measured data. Therefore our 
mathematical models can be used for description and 
optimization of the studied processes. 

Therefore, the models can be used for 
examination of any process of non-stationary heating 
or cooling of a solid plane which are based on 
the same mechanism as we solved in this paper. 
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