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Abstract: This paper deals with the three-dimensional mathematical formulation of a transient problem for the
heat-exchanger consisting of rectangular fins attached to both sides of a plane wall (double-fin assembly). The
problem is reduced by conservative averaging method to the two-dimensional system. Analytical solution based
on Green function approach is proposed. This solution is obtained in the form of the 2" kind Fredholm integral

equations.
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1 Introduction

Extended surface is used specially to enhance the heat
transfer between a solid and surrounding medium.
Such an extended surface is termed a fin. Extended
surfaces are widely examined in [8] - [10]. The rate
of heat transfer is directly proportional to the extent
of the wall surface, the heat transfer coefficient and to
the temperature difference between solid and the sur-
rounding medium. Finned surfaces are widely used in
many applications such as air conditioners, aircrafts,
chemical processing plants, etc. In [4] is considered
performance of a heat-exchanger consisting of rect-
angular fins attached to both sides of plane wall. In
[3, 4] works one-dimensional steady-state double-fin
assembly problem is compared with the single-fin as-
sembly. In paper [2] mathematical three-dimensional
formulation of transient problem for one element with
one rectangular fin is examined, reduce it by conser-
vative averaging method [5] to the system of three
heat equations with linear sink terms. In [6] was con-
sidered exact analytical solution for two-dimensional
steady-state process for system with one rectangular
fin by the method of Green function [1]. In [7] three-
dimensional exact analytical solution for the distribu-
tion of the temperature field in the wall with one rect-
angular fin in the form of the 2"? kind Fredholm inte-
gral equation is constructed.

2 Mathematical Formulation of 3D
Problem

In this section we present mathematical three-
dimensional formulation of a transient problem for
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one element with two rectangular fins attached to both
sides. We will use following dimensionless argu-
ments, parameters:
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and dimensionless temperatures:
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We have introduced following dimensional ther-
mal and geometrical parameters: k - heat conductiv-
ity coefficient for the wall and fins (the same for all
components), h - heat exchange coefficient from the
right side (cold side), hg - heat exchange coefficient
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from the left side (hot side), 2B - fin width (thick-
ness), L - right fin length, L; - left fin length, D
- thickness of the wall, W - walls’ width (length),
2R - distance between two fins (fin spacing). Fur-
ther, ©¢ is the surrounding (environment) tempera-
ture on the left (hot) side (the heat source side) of
the wall, © - the surrounding temperature on the
right (cold - the heat sink side) of the wall. Fi-
nally’ ‘/(](l', Y, =, t)a V(:U> Y, z, t)? Vl(ZC, Y, 2, t) are the
dimensional temperatures in the wall, right fin and left
fin where T,,T; are integral averaged environment
temperatures over appropriate edges which are time
independent:

T — wa dz'fbl @(D,y, Z)dy
“ w(l+1)
f5+l de - [" ©(x, B, z)dz
w(l+1)
fo dz - fo O(D+ L,y, z)dy
w(l+1) ’
T, = IS dz-fb 0(0,y, z)dy
(l—i-ll)
fll de - [" ©(x, B, z)dz
w(l+1)
fo dz - fo O(—L1,y,z)dy
w(l+ 1)

The one element of the wall (base) is placed in the
domain {z € [0,4],y € [0,1],z € [0,w]}. The rect-
angular right fin in dimensionless arguments occupies
the domain {z € [0,d+1],y €[0,b],z € [0,w]},
but the left fin occupies the domain
{.TJ S [—ll,O],y € [Oab]vz € [0,'[1)]}

We describe the temperature field by functions
Volz,y,2,t), V(z,y,2,t), and V1(z,y,2,t) in the
wall and fins :

10Vy 0%Vg 0?°Vog 0%V
19Vo _ 0 0, 0 )
a? ot Ox? Oy? 022
19V oV oV OV 2
a2 ot 0x2  Oy? 022’
1oV,  9°Vy 9V K 9°V,
a2 ot  0a? + Oy? + 022 3)

We must add initial conditions for the heat equa-
tions (1) — (3):

V0|t=0 = Vg(xaya Z)a (4)
Vli=o :*O(x Y. 2), 5)
Vili=o = (fU Y, 2). (6)
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We assume heat fluxes from the flank surfaces (edges)
and from the top and the bottom edges:

6V0|z 0= Qoz(z,y,1), (7
Worz w=Qos(@,y.1), ®)
erzo = Qa(,y,1), )
O e = Qularnt), (10
%‘z 0= Q12(z,y,1), (11)
Wy = Quslayt) (12)

9z
3 Reducing to the 2D Model

Such type of boundary conditions (BC)(7) — (12) al-
lows us to make the exact reducing of this three-
dimensional problem to two-dimensional problem by
conservative averaging method [5]. Let us introduce
following integral averaged values:

Vo(z,y,t) =w™!- /Ong(:c,y,z,t)dz, (13)
) =t [ Oy 2 0dn (14)
V(x,y,t) / V(z,y,zt)d (15)
o(x,y,t / O(z,y,z,t)d (16)
Vi(z,y,t / Vilz,y,z t)dz.  (17)

Realizing the integration of main equations (1) —
(3) by usage of the BC (7) — (12) we obtain:

1 0V, 0%V, 9V,
=5 = gz 5 —— + Qo(wy.t),  (18)
10V 82V oV
2ot @ 87 + Q(x,y,1t), (19)
10V, 9%V 0%V
ﬁﬁ = 922 + 8 a2 ‘*’Ql(x yat) (20)
Here
QO 3(‘7: Y, ) B Q072($,y,t)
Qo(z,y,t) = " ,
o Q3($,y7t) - QQ(xvyat)
Q(Zﬂ,y,t) - w 9
Q13(7,y,t) — Q12(7,y,t)
Q1(x,y,t) = ” ~
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We add to the main partial differential equations
(18) — (20) needed BC as follows:

oV
(52 + oty -1) =0,
ye 1), @
A%
(G2 +800—0@nt)) =0,
yed.1), @)
o)%
By im0 = Quol@, 1), w € (0.0),  (23)
o)%
a—y°|y:1 = Qoa(z,t), T€(0,8). (24)

We assume them as ideal thermal contact between
wall and fins - there is no contact resistance:

VO‘:)::J = V‘x:év (25)
A% ov
87&:5 - %‘x:& (26)
V1|ac:0 = ‘/E)’J::[)v (27)
ovy A%
- |lz=0 — 5 |z=0- 28
or |2=0 9% |z=0 (28)
We have following BC for the right fin:
ov
— 4+ 6V —0(x,y,t ) =0,
(5 + o —sem)
y € (0,b), (29)
oV
— +B(V —0(x,y,t ) =0,
(Gy +o0 —owm)
x € (0,0 +1), 30)
oV
Gy lv=0 = Qo(w,0),z € (5,5 +1). (1)
Y
We have following BC for the left fin:
oy
<al’ +ﬁ0( 0(1"73/’ ) ‘/1)>x_l1 07
y€(0,0), (32
o
—-— —40 t =
(8:(/ +/80(VY1 O(x’yv )))y:b 07
T E (_llao)v (33)
oV,
S ly—0 = Quo(z.t), € (~11,0). (34)

dy

Finally, we introduce integral averaged values as
(13) — (17)and add initial conditions for the heat equa-
tions (18) — (20):

Voli—o = Vi (z,9), (35)
Vo = Vo(z,y), (36)
Vili=o = VP (2, ). (37)
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4 Exact solution of 2-D simplified
problem

In this section we would explain the main idea of so-
lution for the 2-D case of periodical system with con-
stant dimensionless environmental temperatures 6y =
1(©p = Tp) and § = 0(© = T,). Additionally, we
neglect the heat fluxes from flank edges. We con-
sider U(x,y,t) is the temperature of the right fin,
Uo(x,y,t) temperature of the wall and Uy (x,y,t) is
the temperature of the left fin. So, the main equations
are:

10U,  9%°Uy | 9*Ug

a? Ot 022 + oy?’ (38)
1 2 2
10U _oU 37U7 (39)
a? ot oxr? = 0y?

1 2 2

1ou Uy oy w0)

a? Ot Ox? Oy?

The BC (23), (24), (31), (34) are assumed to be
homogeneous:

%| _ 9 iU| _ oty
ay " ay ay V=" oy

Instead of BC (21), (22), (29), (30), (32) and (33)
we have:

(G a0 -)

‘y:l = ‘y=0 = 0.

=0, (NS (bv 1)’ 41

Uy _
(o +om) =0 veen, @
ou
=4 U) =0, ye(0,b) (43
<8x IB =0+l ve ( ) ( )
<5U +5U> =0, z€(5,0+1), (44
dy y=b
oU
(G +w0-m) =0 ve0n, @
(%Ul + Bo(Ur — 1)) =0, =€ (=01,0), (46)
Y y=b

Initial conditions are still standing in the form
(35) — (37). The conjugations conditions on the line
between the wall and the left fin are still standing in
the form (27), (28) for the functions Uy(x,y,t) and
Ui(z,y,t). The linear combination of the equations
(27), (28) together with BC (41) allow us rewrite them
as following BC on the left hand side of the wall:

Ox “47)

where
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1 oU;
Bo Oz

_1’

- U, 0<y<b

Fi(z,y,t) = {

In the similar way using the linear combination
of the equations (25), (26) together with BC (42) we
rewrite following BC on the right hand side of the
wall:

oUy

(8 +5U0> 5 :BFO(évyat)7 (49)
where
1 oU
+U. 0<y<b
Fo(x,y, Bode T 50
o(w,y,t) = { 0. bey< (50)

On the assumption that the functions F;(0,y,t),
Fy(0,y,t) are given we can represent solution for the
wall in very well known form by the Green function:

Uo(,y.t) //Uoﬁnao@yfn,)dndg

_GZ/BO/ / Fl(OaTIyT)GO(%y,O’%t—T)dUdT
0 JO
t b

+a2B / / Fo(8,m,7)Golz, y, 8,1, — 7)dndr, (51)
0 JO

where Green function is:

GO(%?J?&TL Z G .’IZ’ § t G(] n(y7n7t)7
m,n=1

¢0 m( )¢0,m(£) —a?pu2t

e P

Gy, m,t) =

e~ cosfnm(y + )] + cos[nm(y — 1)),

¢o,m(x) = cos(pmz) + 50 sin(pmx),

m
B B + 32 B2
o2 = 20 B _tim 0 0
215, 2415 1 + B K

(1+ )

Here p,,, are the positive roots of the transcenden-
tal equation:

:um(ﬁ + 50)
— BB

Unfortunately the representation (51) is unusable
as solution for the wall because of unknown functions
Fi(0,y,t), Fo(d,y,t) , i.e. temperature in the fins.
That is why we will pay attention to the solution for

tan (pm,0) =
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the fins now. In the same way we can rewrite the con-
jugations conditions (25), (26) in the form of BC on
the left side of the right rectangular fin:

ou

(ax - 6U>I:§ = BF(57y7t)7 (52)
where
F(x,y,t) = ;%UO Up, 0 <y <. (53)

Then, similar as for the wall we can represent so-
lution for the right fin in following form:

Uz, y,t) = /M/ UO(€, )Gy, €, m, t)dde

—azﬁ//Fén,

where Green function is:

(x,y,6,n,t — T)dndr, (54)

> Gr(x, & )Gy, t),

m,n=1
d’m( )¢m(§) €—a2u%1t
| |2 ’

a 2 wn y7

() = coslpim(z — 8)] + f sinlfim(z — 3)],

G(z,y,&n,1)

G (x,&,t) =

bn(y,n) = cos[A (y+n)]+cos (y—n)l,
5 5

Il = L+ ( )

lul? = 5 (b4 5

Here ., Ay, are the positive roots of the transcen-
dental equations:

2/inf3
tan (:U‘nl) = QM_ 627
tan (A,b) = )\ﬁ

Finally, we rewrite the conjugations conditions in
the form of BC on the right side of the left rectangular
fin:

oU
(al + 50U1) = BoF2(0,y,1), (55)
x=0
where
1 00Uy
F: t —_ <y<b 56
2(137?/, ) BO al’ +U0) O_?/_ ( )
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So, solution for the left fin we can represent in
following form:

Uy (. y,t) —/ / U0(¢,)G1 (2, y, €, £)dnde

+a260/0 /0 Gl(xvyv _l17777t

t rb
+CL2,80/0 /0 F2(077]37)G1(may707777t

T)dndr

T)dndT

t 0
+a250 /0 \/—ll Gl (l’, Y, §7 b7 t— T)dnga (57)

where Green function is:

Gl('ivayag,na Z G .17 6 t Gl n(y m, )7

m,n=1
P1m(2)P1,m(§) —a2,2¢
m@ &t == e e

_ wl n(y777)
GY (y,m,t) = e~ @At ZLAD 0
L 2(|91,n |2

&1.m(x) = cospm(z +11)] + f sinpm (x + 11)],

Y1n(y,n) = cos[Au(y + n)] + cos[A,(y —

lbrmll? = 22 ¢ (
um
( +A2+Bo)

Here u,, ,\, are the positive roots of the transcenden-
tal equations:

n)

10l =

24in
tan (:unll) = QM /8027
Ko — P

tan (Apb) = fo

Using notation (54) and representation (50) we
can easy obtain the following equation:

FO((Su Y, t) =
—a //Fén, I',y,d,n,t—7)dndr
+CO(y7t)7 (58)
where

0
['(z,y,&n,t) = ( +B) G(x,y,&,1,1),
o+l
Coly, ¢ 5/ /Uoén T(8,y, €., t)dnde.
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In the similar way we find equation for F3 (0, y, t),
using (48) and (57):
Fl (07 Y, t) =
t rb
=a? /0 /0 F5(0,n,7)T'1(0,y,0,n,t — 7)dndr

+C1(y, 1), (59)

where
0
Fl(xvya§7777t) = (81‘ - 60) Gl(xvya§7777t)7
Cl(yvt) =

0 b
N 510/_1 /0 UL (&,mT1(0,y,&,m,t)dndg

t rb
(12/ / Fl(ovya _l17777t
0 Jo

t 0
+a2/0 l I1(0,y,&,b,t — 7)dédr.
—i1

T)dndT

Next,we find equation for F'(d,y,t) using (53)
and (51):

F(d,y,t) =
250 / Fy(0,7,7)To(6,4,0, 1.t — 7)dndr
o / / Fo(8,1,7)To(6,y,6,n, ¢ — 7)dndr
0 JO
+C(y, 1), (60)

where

0
FO(mayvfanvt) = < - B) Go(ﬂf,yvfa%t),

Cly,t 6//%@7 0(8,9,€,1, £)dde.
Finally, using (56) and (51) we get equation for

F2 (07 Y, t) :

F2 (07 Y, t) =

t rl
= _a2/ / F1(0777,T>F2(072'J70,"7at - T)dUdT

T)dndr
+Ca(y, 1), (61)

+CL*//F0(S77, F20ya5na

where

0
Lo(z,y,&m,t) = <ax + ﬁo) Go(z,y,6,m, 1),

1 o rl
OQ(yvt) = 60/0 /0 Ug(fan)FZ(an7£7777t)d77d£-

When solved system of integral equations (58) —
(61) we can obtain the temperatures fields in the wall
(51), left fin (57) and right fin (54).
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5 Conclusion

We have constructed exact solution of a system of heat
transfer equations for 2D T-shape domain. This so-
lution is obtained in the form of the 2"¢ kind Fred-
holm integral equations. If wall’s and fin’s mate-
rials differ, coefficients a? in differential equations
(1) = (3) also differ. In case of non-homogeneous
environment (surrounding temperatures ©,0, #*
0, 1), known integrals (Green function multiplication
by non-homogeneous term) in solutions (51),(54),
(57) appear. This means that in (58) — (61) non-
homogeneous term changes, but described algorithm
still is applicable.
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