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Abstract— Most hitherto published memristor models start from 
its state-space representation. Another approach is described in this 
paper, utilizing the unambiguous memristor characteristics, the so-
called constitutive relation, i.e. the flux-charge relation. The 
constitutive relation is independent of the way the memristor interacts 
with its surroundings, and it determines the memristor uniquely like, 
for example, the voltage-current characteristic defines the resistor. 
The method is used for SPICE modeling of charge- and flux-
controlled memristors. 
 

I. INTRODUCTION 

INCE the memristor, an electrical component, introduced 
in the circuit theory in 1971 [1] and re-discovered by 

Hewlett-Packard (HP) in 2008 [2], is not and will not be in the 
near future available as a commercial component, its models 
are at least being developed which would enable computer 
simulations of the memristor behavior in its engineered 
applications. Currently, quite a number of such models exist 
which have been developed particularly for SPICE-type 
simulation programs [3]-[10]. Similar models appear for 
memcapacitor [11] and meminductor [12], and for circuits 
which transform memristor to memcapacitor and meminductor 
[13], [14]. Also a digital emulator based on a microcontroller 
and digital potentiometer was proposed in [15], and analog 
implementations of the memristor are described in [16] and 
[17].  

In fact, however, the component manufactured by HP is not 
a memristor but rather a general memristive system [18] with 
somewhat more complicated behavior. We can mention a 
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simple example when instead of the resistor, i.e. an ideal 
circuit component having only one feature – resistance – 
another component with several parasitic parameters is 
manufactured. Most SPICE models of the „memristor“ were 
developed just on the basis of the HP memristor. These models 
start from a simple mathematical description of the physical 
phenomena in the memristive system, having the form of first-
order differential equation. Then the corresponding SPICE 
models are based on the state-space approach.  

Analogously to the non-linear resistor, which is modeled 
unambiguously by its non-linear voltage-current (V-I) 
characteristic, the memristor, a memory version of the resistor, 
is modeled via a flux-charge relation, i.e. via a relationship 
between the time-domain integrals of voltage (TIV) and 
current (TII). According to [19], the V-I characteristic of the 
resistor and the TIV-TII characteristic of the memristor are 
called their constitutive relations (CR). The CR defines in a 
compact form and unambiguously a concrete circuit 
component. This means, for example, that CR is related to this 
component but not to the way this component interacts with its 
surroundings, and also that all other characteristics of the 
component can be derived from the CR (for example, both the 
differential and the DC resistance at a given operating point 
can be derived from the V-I characteristic of the resistor, the 
memristance and also the state-space model can be derived 
from the TIV-TII characteristic of the memristor, etc.). 

The CR can now serve as a starting characteristic for 
computer modeling of the memristor. However, [20] is 
probably the only paper that describes a CR-based memristor 
model. In addition, a rather complicated model of HP 
„memristor“ is described there.  

As a response to the above facts, this paper proposes simple 
SPICE models of charge- and flux-controlled memristors, with 
only CRs forming the input data of such modeling. That 
guarantees that the models will exactly exhibit all the 
memristor fingerprints, i.e. the memristance dependence on 
only the charge or flux, the identical zero-crossing points of 
the voltage and current waveforms, and the pinched hysteretic 
loops in the V-I characteristics, with hysteretic effects being 
attenuated for the higher repeating frequencies of exciting 
signal. 

II. STARTING POINTS OF CR-BASED MODELING 

When the memristor CR depicts the TIV (i.e. the flux ϕ) as 
a single-valued function of the TII (i.e. the charge q), or the 
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TII as a single-valued function of the TIV, 
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then (1) and (2) are CRs of charge- and flux-controlled 
memristors. Examples of the CRs are shown in Fig. 1, with 
definitions of memristance RM and memductance GM as flux 
derivative with respect to charge, and charge derivative with 
respect to flux, respectively. 

Differentiating both sides of Eqs. (1) and (2) yields the 
voltage-current relations 
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Fig. 1 Examples of the constitutive relations of (a) charge-, (b) 

flux-controlled memristor 
 
Consider CRs (1) and (2) in the form of the Taylor series 
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with real rk and gk coefficients. Then Eqs. (5) and (6) describe 
conventional Ohm’s law, with the memristance of the charge-
controlled memristor, and the memductance of the flux-
controlled memristor being charge- and flux-dependent 
according to the formulae 
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Eqs. (9) and (10) confirm that when the CRs are linear, the 
memristance or memductance is then independent of the 
circuit variables, and the memristor behaves as a linear 
resistor. The memristive effect is described by the remaining 
terms of the Taylor series. 

The above analysis yields a simple procedure of CR-based 
SPICE modeling of the memristor: For the charge-controlled 
memristor, the time-domain integration of the current should 
be performed in order to get the charge. From the charge, the 
instantaneous value of the memristance can be computed via 
Eq. (9). The voltage drop on the memristor then results from 
the classical Ohm’s law. For the flux-controlled memristor, the 
flux is computed as a time-domain integral of the voltage, then 
the memductance is computed via Eq. (10), and the current is 
finally given by the product of the memductance and the 
voltage. 

III. MEMRISTOR SPICE MODELS 

Figures 2 (a) and (b) contain block-oriented models of 
charge- and flux-controlled memristors. The left-side general 
models are concretized on the right for Eqs. (9) and (10), 
which take into account the Taylor expansions of the CRs. 
Note that SPICE does not enable direct modeling of variable 
resistors. That is why voltage controlled sources (for charge-
controlled memristor) and current controlled sources (for flux-
controlled memristor) are used on the right side of Fig. 2.  
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Fig. 2 Proposed models of (a) charge-, b) flux- controlled 
memristor 

 
The r1 and g1 elements in the model remove the so-called 

potential conflicts of two sources. For example, if the charge-
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controlled memristor was modeled via an ideal voltage source, 
it could not be excited by an external voltage source. 

Note that Fig. 2 does not contain the initial states of the 
integrators, i.e. the initial charge or flux which should be 
additional input data of the model. They can be recalculated to 
initial memristance or memductance via Eqs. (9) or (10). 

As an example, consider a charge-controlled memristor with 
the CR 

 
3

31 qrqr +=ϕ , r1=5 VA-1, r3= 10 kVA-3s-2 (11) 

 

Differentiating (11) with respect to q, one can prove that the 
memristance is under any circumstances i.e. for an arbitrary 
charge, positive, and that the given memristor is theoretically 
implementable as a passive component: 
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The PSPICE subcircuit of this memristor, compiled on the 
basis of Fig. 2 (a), is given below: 

 

.subckt QC_memristor in+ in- params: qinit 

.param r1 5 r3 10k 
EQ Q 0 value={qinit+SDT(i(ER))} 
R1 in+ 1 {r1} 
ER 1 in- value={(3*r3*V(Q)^2)*i(ER)} 
.ends QC_memristor 

 

The voltage of controlled source „EQ“, connected between 
node Q and the ground, is equal to the time-domain integral of 
memristor current, i.e. the charge. The value of this charge, i.e. 
V(Q), is used for computing the voltage of the controlled 
source “ER”. The integral is computed via PSPICE function 
SDT. 

The above model was used for the simulation of a memristor 
excited by the harmonic voltage source with an amplitude of 
1.3 V and a repeating frequency of 1 Hz. The results of 
transient analysis in Fig. 3 show all the basic fingerprints of 
the memristor, as mentioned in Section 1. It can be also 
demonstrated that increasing the frequency causes an 
attenuation of the hysteretic effects in the V-I characteristic. 

IV. CONCLUSIONS 

A methodology described here enables simple modeling and 
computer simulation of the memristor which is described by its 
charge-flux constitutive relation. The only necessary condition 
for such modeling is to have a mathematical representation of 
the memristance as a function of charge for the charge-
controlled memristor, and of the memductance as a function of 
flux for the flux-controlled memristor. 

ACKNOWLEDGMENT 

Authors are thankful for comments and suggestions of the 
anonymous reviewers which helped to improve the quality of 
the manuscript. 

0 1 2 3 4 5
-1.5

-0.75

0

0.75

1.5

time [s]

0

15

30

q

-1.5 -1 -0.5 0 0.5 1 1.5
-120

-60

0

60

120

i [mA]

v [V]

0

10

20

30

40
Rm [   ]

0 1 2 3 4 5time [s]

-120

-60

0

60

120
i [mA]

v [V]

Ω

qi

v

[mC]

 
 

Fig. 3 Simulation results for the memristor with CR (11): (a) 
waveforms of voltage, current, and charge, (b) pinched hysteretic 
loop in V-I characteristic, (c) time evolution of the memristance 

REFERENCES 

[1] L. O. Chua, “Memristor–the missing circuit element,” IEEE Trans. 
Circuit Theory, vol. CT-18, no. 5, 1971, pp. 507–519. 

[2] D. B. Strukov, G. S. Snider, D. R. Stewart, and R. S. Williams, “The 
missing memristor found,” Nature, vol. 453, 2008, pp. 80–83. 

[3] S. Benderli and T. A. Wey, “On SPICE macromodelling of TiO2 
memristors,” Electronics Letters, vol. 45, no. 7, 2009, pp. 377–379. 

[4] Z. Biolek, D. Biolek, and V. Biolková, “SPICE model of memristor with 
nonlinear dopant drift,” Radioengineering, vol. 18, no. 2, 2009, pp. 
210–214. 

[5] D. Biolek, Z. Biolek, and V. Biolková, “SPICE Modeling of 
Memristive, Memcapacitative and Meminductive Systems,” in Proc. 
Int. Conf. ECCTD '09, Antalya, Turkey, 2009, pp. 249-252. 

[6] A. Rák and G. Cserey, “Macromodeling of the Memristor in SPICE,” 
IEEE Trans. on Computer-Aided Design of Integrated Circuits and 
Systems, vol. 29, no. 4, 2010, pp. 632-636. 

[7] D. Batas and H. Fiedler, “A memristor Spice implementation and a new 
approach for magnetic flux controlled memristor modeling.” IEEE 
Trans. on Nanotechnology, to be appeared in 2010. 

[8] Y. Chen and X. Wang, “Compact modeling and corner analysis of 
spintronic memristor,” in 2009 IEEE/ACM International Symposium on 
Nanoscale Architectures, 2009, pp. 7-12. 

[9] Y. Zhang, X. Zhang, and J. Yu, “Approximated SPICE model for 
memristor,” in Int. Conf. on Communications, Circuits and Systems, 
ICCCAS, 2009, pp. 928-931. 

[10] O. Kavehei, A. Iqbal, Y. S. Kim, K. Eshraghian, S. F. Al-Sarawi, and D. 
Abbot, “The fourth element: characteristics, modelling, and 
electromagnetic theory of the memristor,” Proceedings of the Royal 
Society A-Mathematical Physical and Engineering Sciences, vol. 466, 
no. 2120, 2010, pp. 2175-2202. 

(a) 

(b) 

(c) 

Advances in Communications, Computers, Systems, Circuits and Devices

ISBN: 978-960-474-250-9 263



[11] D. Biolek, Z. Biolek, and V. Biolková, “SPICE modelling of 
memcapacitor,” Electronics Letters, vol. 46, Issue 7, 1 April 2010, pp. 
520-522. DOI: 10.1049/el.2010.0358. 

[12] D. Biolek, Z. Biolek, and V. Biolková, “PSPICE modeling of 
meminductor,” Analog Integr Circ Sig Process., published online 20 
July 2010, DOI: 10.1007/s10470-010-9505-5. 

[13] Y. V. Pershin and M. Di Ventra, “Memristive circuits simulate 
memcapacitors and meminductors”, Electronics Letters, vol. 46, Issue 
7, 1 April 2010, pp. 517-518. DOI: 10.1049/el.2010.2830. 

[14] D. Biolek and V. Biolková, “Mutator for transforming memristor into 
memcapacitor,” Electronics Letters, vol. 46, Issue 21, 14 October 2010, 
pp. 1428-1429. DOI: 10.1049/el.2010.2309. 

[15] Y. V. Pershin and M. Di Ventra, “Practical approach to programmable 
analog circuits with memristors,” IEEE Trans. On CAS-I, vol. 57, no. 8, 
2010, pp. 1857-1864. 

[16] B. Muthuswamy and P. P. Kokate, “Memristor-based chaotic circuits,” 
IETE Technical Review, vol. 26, no. 6, 2009, pp. 415-426. 

[17] J. Valsa, D. Biolek, and Z. Biolek, “An analogue model of the 
memristor,” Int. Journal of Numerical Modelling: Electronic Network, 
Device and Fields, 2010, Publisher online in Wiley Online Library, 
DOI: 10.1002/jnm.786. 

[18] L. O. Chua and S. M. Kang, “Memristive devices and systems,” 
Proceedings of the IEEE, vol. 64, no. 2, 1976, pp. 209-223. 

[19] L. O. Chua, “Nonlinear circuit foundations for nanodevices, Part I: The 
four-Element Torus,” Proceedings of the IEEE, vol. 91, no. 11, 2003, 
pp. 1830-1859. 

[20] S. Shin and S-M. Kang, “Compact models for memristors based on 
charge-flux constitutive relationships,” IEEE Trans. on Computer-Aided 
Design of Integrated Circuits and Systems, vol. 29, no. 4, 2010, pp. 
590-598. 

 

Advances in Communications, Computers, Systems, Circuits and Devices

ISBN: 978-960-474-250-9 264




