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Abstract: - A new method is developed that uses Minimal Sensitivity Principle and Sinc wavelets to obtain the
critical impurity concentration in doped semiconductors. Thomas-Fermi theory of metals is employed and results
are coincident with those of other methods. Schrédinger equation is solved to obtain the eigenvalue of the
ground state for different impurity concentrations until this binding energy is equal to cero signing a Mott
transition. Numerical results confirm experimental observations since binding energies are in the experimental
range and diminish when impurity concentration is raised. Minimal Sensitivity Principle is used to employ a new
invariant in order to obtain the optimal size of the grid used to discretize the eigenvalue problem, significantly
reducing space and time complexity. The successful application of this new approach animates us to study more
complex systems.
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1 Introduction . Kh’

Doped semiconductors with a high concentration of =a <0.8399 Zem ®)
donor centers show a degenerate gas in the _

conduction band. If this concentration is lowered, an Hence if:

impurity band will split off from the conduction band. 4 Kh*

When this concentration is still smaller, there will be a <0.8399 7e'm =0.8399q (6)

a gap between the occupied and empty states and a
metal-to-nonmetal (MNM) transition will occur.
Using a dielectrically screened Coulomb potential
and a 1s hydrogenic orbital, Mott obtained a critical

the potential is too weak to have a bound solution of
the Schrodinger equation.

Hultén potential is an ansatz potential for doped
semiconductors whose exact solution is known:

density given by:
3 ea
n. a, =025 (1) V(ir)y=——— @)
where a,, is the first Bohr radius in the material [1]: K(e” = 1)
e Clearly, when @ — 0, Hultén potential converges
a,=—5 ) to the screened Coulomb potential. Using the exact
me analytical solution of this potential, the following
The Mott transition is related to the weakness of critical lmpurlty concentration is obtained:
an attractive potential to have negative energy W =0422 )
eigenstates. Bargmann provided an estimate of this © TEf ’
potential weakness[2]: where:
(mﬁd O 3 Y A ©)
—||drlV(r)| << App = —
n*Js 2 ©) 5 E, )\ 2KE,
For the screened Coulomb potential [3], this me
relation gives: and: £, = Ly is the energy of the center of mass
m\p  |Zee™™ )
= |[ar <08399... @ 2L _ _ N
/sy Kr In this study we use Sinc Collocation and Minimal

Sensitivity Principle to obtain a close estimate of the
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critical impurity concentration in the range of 0.35
when impurity disorder is considered.

2 Problem Formulation
In order to study the effect of disorder, the impurity
potential v(r) is treated as a statistical quantity

where p(t)dt is the probability of finding the given
value of v(7) within the interval ¢ and ¢ + dt , where
t= ‘v(r)‘ .

We take the probability density function as [4]:

p@)=(1/ p)exp(=t/ p) (10)
and:v, = ), where X =v(r) . Hence:
Ry
P(x)=[" p(o)di (1)
and:
v (1) = v =vr)/ ) (12)
Therefore:
v,(r) :(— 2)e‘”{l—£2je—r“} (13)
r Hr
where:
U= nI|v(r)|4W2dr (14)
2 r
=n|Zexp| —— [477°d 15
U nJ. ; exp[ Lj r (15)
= U =8mlL’ {[— exp(—u)]f;} =8ml’ (16)
Considering [7]:
L :(3712/|/)'/3 (12lTa n1/3) (17)
we obtain:
e Pl )"
- «\3 (18)
)
where the effective Bohr radius is given by
a :207;1 andc’ is the impurity concentration.
Finally:
v,(0) =
%3
(—zje'p 1 -exp - 3(a ) o P/t
F PRI
19)
2.1 Sinc Collocation Method
In Sinc Collocation Method, the following
expansions hold [5]:
M
S)= X S(m,a)edx))f (x,) (20)
m=-M
and:
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u d’ o\ d
r0)= 3 {00 2+ L lsomato) 65
21
where:
S(ma)(x) = oot = |m.a) (22)
Substltutlng in Schrodinger equation:
¥+ |A=v(o)-1a+1)/ p*ly =0 23)
leads to:
(101 6] Ssimald) () =0
" (24)
Since:
S(m.a)(x,) =5, (25)
and:
SSma)™)]| .-, = ()3, (26)
where:
P N
s mEn @)
Also:
LS(m,a) ()], = (D00 8
where:
/s —
2 _ —53 ., m-=n
nm -_— (_1)m—n+1
2 e MEN @)
Substituting:
m=N
DAoL, () =H (L) 0
m=—M
where:
19, =30y, (0 +a+1)/ 0] (1)
5(1)
I (1) —exp(—2na)— (32)
ol
I = —(1+exp(—2na)) 6:’2"1 (33)

where the following conformal mapping has been
used:
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p, =Inlexp(na) +- 1 +exp(-2na) |

The trace of the system is given by:

(34)

TrH= i (1 +exp(—2na))3ﬂz2 +vd(,0n)+l(l +1)/ 0
a

n=—M

(35)
Since it is an invariant, the Minimal Sensitivity
Principle may be used to obtain the optimal size of
the Sinc expansion series. This is accomplished
solving [6]:

d(rrH) _ (36)
da
hence:
d(TrH) _ & _ o
7da = n;u (1 + exp( 2na))[ Y }
-2n exp(—Zna){:l2 }
a
2 nexp(na) (37
il —p /L) 222V
" {,0,3 exp( Pr )}L/l + exp(Zna)}
2 nexp(na)
< —p /L) 22T
¥ {Lpn exp( Pn )}L/l + exp(Zna)}

nexp(na)

oV =0
A1+ exp(2na)}

this gives us the optimal size of the Sinc Collocation
Series.

-l +1y/ 0 ]{

3 Problem Solution

Minimal Sensitivity Principle signed an optimal basis
of size N=4 and M=27 and a critical value of
a=0.355. Numerical results confirm other
experimental observations since binding energies are
in the experimental range and diminish when
impurity concentration is increased. Fig. 1 shows that
binding energy diminishes when impurity
concentration is raised and a non metal-metal
transition is attained when the impurity concentration
is in the range of 0.42.

This critical impurity concentration equal to 0.42
is in the range of other theoretical results, such as the
value of the critical impurity concentration equal to
0.43 obtained by Martino et. al. using a Hubbard-
Sham dielectric screening function [1]. Also, Green
et. al. have obtained a critical impurity concentration
equal to 0.398 with a hydrogenic trial function and a
Lindhard dielecric screening function [7]. Our critical
impurity concentration value is also close to the value
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of 0.422 as reported in [2] and to the experimental
result for doped Germanium in the range of 0.47 [2].

Therefore we may say that results are in the range
of other theoretical and experimental results for
similar systems. Since computations were carried out
in a few minutes using a 3GHz PC, we are motivated
to study more complex systems via Sinc Collocation
and Minimal Sensitivity Principle.
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Fig. 1.- shows that binding energy diminishes when
impurity concentration is raised and a non metal-metal
transition is attained when the impurity concentration is in
the range of 0.42 which is between the value reported of
0.398 reported in [7] and the value of 0.422 as reported in

[2].

4 Conclusion

We have obtained critical impurity concentrations in
the range of experimental and theoretical results by
Sinc Collocation Method and Minimal Sensitivity
Principle. This animates us to study more complex
systems in the future. A.B. acknowledges the support
of a Postdoctoral Fellowship at CINVESTAYV granted
by CONACYT-48795 Fund.
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