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Preface

This is a development report for the investigation of the partial differential equation net-
works. In this report, we mainly discuss the stabilization of the wave equations with variable
coefficients defined on the metric graphs. These networks might be discontinuous or with cir-
cuits.

In the past decades, there have been a lot of literature studying the controllability, observ-
ability and stabilization for the elastic system. Some nice results and innovative approaches
have obtained. For examples, Rolewicz in [95] investigated the controllability of systems of
strings; Cox and Zuazua in [22] studied decay rate of the energy of single string system; Xu
and Guo in [111] studied the stabilization of a string with interior pointwise control and ob-
tained the Riesz basis property of the eigenfunctions of the system; more recent papers for
single string system, we refer to [128], [120] and the reference therein. While single Timoshenko
beam treated as two weakly internal-coupled vibrating strings have been studied under various
boundary conditions, for instance, see [110], [112], [113],[114] and [115]. Under different control
laws, the exponential stabilization and the Riesz basis property of those systems were obtained.
There were some nice results for the serially connected strings system, here we refer to literature
[15], [62], [68] and [71], in which the authors used the multiplier approach to obtain stabilization
for the wave equations by boundary control. In particular, under certain conditions, Liu et al
in [71] obtained the exponential stabilization for a long chain of vibrating strings. Guo et al
in [43] gave an abstract sufficient condition to deal with Riesz basis generation and apply it to
serially connected strings. For other type of serially connected elastic system such as Euler-
Bernoulli beams and Timoshenko beams, many authors had made great effort on the control
and stabilization of the system, for instance, see [96], [16], [103] and [119].

The study of the differential equations on graphs (or networks) was derived from distinct
science background. The questions arise the high-tech such as chip interconnect problem and
electron motion in a molecule. The differential equations on graphs was investigated in [87]
and [40] for the scattering problem of the free electrons. Since then, there were a great deal
papers studying the properties of the differential equations, we refer to two works [90] and [12],
in which the authors gave a brief review of results on this aspect. As for spectral problem of
the differential equations on the graphs, there were many nice results, we refer to the works
of J. von Below, F. Ali Mehmeti and S. Nicaise, please see [10], [1] ,[30] and the references

therein. The elastic networks are important class of the differential equations on graphs. As



to the modelling and control problem of the elastic networks, we refer to the early works [75]
and [102]. More recent development on controllability, observability and stabilization of the
network of strings, we refer to a book [34] and a report [129], in where there is a complete list
of references on the study of network of strings.

We observe that most of the literature aforementioned mainly deal with the differential
equations on graphs with constant coefficients and system continuity, there are a few works
discussing the system with variable coeflicients and discontinuity. Therefore, we choose the
networks with variable coefficients as our research object. Our project includes the following
two aspects:

(1) Stabilization of elastic network with variable coefficients;

(2) Identification of the network structure.

In the first aspect, we mainly discuss design of the feedback controllers involving the location
of controllers and availability of controllers and stability analysis of the close loop system. In
the second part, our attention focuses on identifying the shape of the network structure by
measurement. These questions have important application in the real world.

This report is merely a development report for investigation of one dimensional wave net-
works. The first four chapters are basic materials on the elastic networks. Chapters 5-9 are
on the control and stabilization of networks of strings. These works are finished recently. As
to the networks of Euler-Bernoulli beams and Timoshenko beams, we will give an investigation
report on them in the future. This research is supported by the Natural Science Foundation of

China Grant NSFC-60874034 and partially supported by WSEAS.
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Chapter 1

Complex Dynamic Systems

1.1 Distributed electronic circuits

1.1.1 Distributed parameter model of interconnects

With the rapid increase of the signal frequency and decrease of the feature sizes of high-speed
electronic circuits, interconnects have become a dominant factor in determining circuit perfor-
mance and reliability in deep sub-micron designs. On-chip interconnect problems have been
interested many researchers, and become hot topics in the area of advanced CAD (computer
aided design) techniques [18]. The interconnects can be modeled as lumped, distributed, or
full-wave models directly according to the operating frequency, rise time of signal, interconnect
structure, etc. Generally speaking, at lower frequencies, i.e., the length of the interconnect
lines is electrically small at the frequency of interest, interconnect lines could be modeled using
lumped RC (first-order system for monotonic waveform) or RLC (second-order system needed
for ringing phenomena) circuit model [28]. To model the interconnect lines more precisely, a
large number of lumped sections are often needed, which leads to circuit equations with very
large dimension, high CPU intensive and memory exhaustive simulations.

At relatively high signal speed, electrical length of interconnect lines becomes a significant
fraction of the operating wavelength, interconnect line reveals its distributed nature, giving
rise to signal distorting effects that do not exist at lower frequencies, which results in the fact
that the conventional lumped models are inadequate to capture the dynamic characteristic of
interconnect lines and distributed parameter system models are needed. In [11] and [105], On-
chip interconnects are modeled as a distributed RLC parameter model, and the approximation
model obtained is not complicated due to the fact that the dielectric loss G is ignored. Un-
fortunately, this can not be neglected in many practical occasions especially in high frequency
domain. [98] expanded the admittance matrix of RLCG transmission line analytically in terms
of poles and residues. Often, from the system design point of view, the solution to Maxwell’s
equations may be given by the so-called quasi-transverse electro-magnetic modes (TEM), and
it can be characterized by distributed parameters R, L, C, and G [4]. In general, a transmission
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line is presented by Telegrapher’s equations.

Let us recall a single nonuniform RLCG interconnect line under consideration. A real inter-
connect system consists of single interconnect line of length ¢ and ground. Suppose the line is
inhomogeneous, which implies that the Resistant R, inductance L, capacitance C' and conduc-
tance for unit length (dielectric loss) G are the position-dependent. For a RLCG transmission
line system, let v(z,t) and i(z,t) respectively be voltage and current at position x € (0,£) at
time ¢. Using Kirchhoff’s laws of the voltage and current, the equivalent circuit equations can

be written into

Mé? D4 L) ai(axt’ ) (1.1.1)
di(z,1) ov(z,t) _
o + C(z) T —G(x)v(z,t). (1.1.2)

The coefficients R, L, C, and G are distributed parameters for RLCG transmission line. If R =0
and G = 0, the transmission line is lossless, see [59] and [60].
The current and voltage at the near end are i(0,t) and v(0,t) respectively, and the current

and voltage at the far end are i(¢,t) and v(¢,t) respectively.

1.1.2 Complex circuit equations with distributed elements

Let us consider a hybrid system of lump and distributed elements, which have two simple

circuits with RLCG transmission lines, see Fig.1.1.1.

'9_‘1 U1 (t) i2 ($7 t) Z.3(37? t) U4(t)
= ’Ugil‘,ﬂ - Ugil’,i
e(t)O __a “_ ] 94
z=0 x =/l rz=0 x=/{3

Fig.1.1.1 An electronic circuit network

The behavior of the system is governed by

o dvl(t) = giler —v1)(t) — ivl(t) + ii(O,t)
8v2xt)+L( )812(:1?15) Ry(x)ig(x,t), x € (0,0)
Bzz(x Bia(xt) 4 (o () 2ealz:t) 8vz 9u2wt) — _qy(z)vg(x,t), x € (0,0)
v2(0,t) = v1(t),v (527 t) = v3(0,t)

‘9”3 9us@t) 4 I4(z) 3(“: D = —Ry(x)is(z,t), € (0,03)
813(30 D4 Cy(x) 8”3 (1) Gs(x)vs(z,t), =€ (0,03)
v3(ls,t) = va(t)

C4dv4(t = —ga(vq)(t) + U4(t)+ii3(€3’t)’

where g; and g4 are nonlinear functions

(1.1.3)




1.2. SAINT VENANT NETWORK 3

1.2 Saint Venant network

1.2.1 Saint Venant equations

Dynamics of open-water channels are usually described by Saint-Venant equations which are
nonlinear PDEs representing mass and momentum balance along the channel. The Saint-Venant
equations constitute a so-called 2 x 2 system of one-dimensional balance laws.

Let us consider a pool of a prismatic open channel with a rectangular cross section and a
constant non-zero slope. Let H(t, ) denote the water depth at position x of channel at time ¢
and V(t,2) denote the horizontal water velocity at the time instant ¢ and the location z along
the channel, L be the length of the pool. The dynamics of the system are described by the
Saint-Venant equations

0 H 0 HV 0
9 L+ 9 4 =0, z€(0,L), (1.2.1)
o\ v Ov \ ly2 4 gH g[S;(H, V) — S]

where S, is the bottom slope and g the gravity constant. S¢(H, V') is the so-called friction slope
for which various empirical models are available in the engineering literature. The simplest
model is

V2

S¢(H,V)=C— (1.2.2)

H
where C is a constant friction coefficient. In this case, the steady-state (or equilibrium) of
(1.2.1) is a constant state (H*,V*)T that satisfies the relation

Sp(H*, V*) =Sy, or S,H"=C(V*)>2. (1.2.3)

1.2.2 Saint-Venant network

Let us consider a system of navigable rivers or irrigation channels (see e.g. [23] [78]). Under the
power of gravity the water is transported along the channel through successive pools separated
by automated gates that are used to regulate the water flow, as shown in Fig.1.2.1. Suppose
that the channel has n pools, the dynamics are described by Saint-Venant equations

0 Hj 0 Hj‘/j 0
9t + 9 T + 9 pr—1 =0, ze€ (0, L) (124)
Vj 3Vi +9H; 9l Vi " — 5]

where j =1,2,---,n.

Further we assume that all the pools have a rectangular section with the same width W.
The system (1.2.4) is subject to a set of 2n boundary conditions that are distributed into three
subsets:

1) The flow continuity condition between the pools: a first subset of n—1 conditions expresses
the natural physical constraint of flow-rate conservation between the pools (the flow that exits
pool j is equal to the flow that enters pool j + 1)

Hj(LL)V}(t’ L) - Hj+1(t70)‘/j+1(t7 O)a ] = 17 27 e, — L. (125)
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Pools i
Vi Gate  Pools ;11 Vi Gate
I H; Uu; T T H; 4 Ujt1 T
L— T _— T

Fig.1.2.1 n-series pools: Lateral view of successive pools of

an open-water channel with overflow gates

2) The nodal condition at every gate: a second subset of n boundary condition is made
up of the equations that describe the gate operations. A standard gate model is given by the
algebraic relation

Hy(t, L)V;(t. L) = kG\/[H;(t, L) —u; ()}, j=1,2,-,n. (1.2.6)

where kG is a positive constant coefficient and u;(t) denotes the weir elevation which is a control
input (see Fig.1.2.1.).
3) The last boundary condition imposes the value of the canal inflow rate that denotes by
Qo(?)
Hy(t,0)V1(t,0) = Qo(1). (1.2.7)

Depending on the application, Qo(t) may be viewed as a control input (in irrigation channels)
or as a disturbance input (in navigable rivers).
A steady-state (or equilibrium) is a constant state (H;,V;*)(j = 1,2,---,n) that satisfies
the relations
S;H; =C;(V/)?, j=1,2,---,n. (1.2.8)

The subcritical flow condition is

gHY — (V)2 >0, j=1,2,---,n. 1.2.9
J J

REMARK 1.2.1 This model is taken from [14], in which the authors concerned with the expo-
nential stability (in L?-norm) of the classical solutions of the linearized Saint-Venant equations.
The stability of systems of one-dimensional conservation laws has been analyzed for a long time
in the literature. The most recent results can be found in [24] where it is shown that the sta-
bility is guaranteed if the Jacobian matriz of the boundary conditions satisfies an appropriate
sufficient dissipative condition.
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1.3 Ramp-metering modelling in road traffic networks

1.3.1 The LWR Model

In the fluid paradigm for road traffic modelling, the traffic state is usually represented by a
macroscopic variable p(t,z) which represents the density of the vehicles (# veh/km) at time
t and at position x along the road. ¢(t,z) is the traffic flux representing the flow rate of the
vehicles at (¢,x). By the definition, one has ¢(t, z) = p(t, z)v(t, z) where v(t, ) is the velocity
of the vehicles at (¢,2). Then the traffic dynamics are represented by a conservation law

Op(t,z) + 0pq(t,x) =0 (1.3.1)

this expresses the conservation of the number of vehicles on a road segment without entries or
exits. The basic assumption of the so-called LWR model (see e.g. [50, Chapter 3]) is that the
drivers instantaneously adapt their speed to the local traffic density, which is expressed by a
function v(t,x) = V(p(t,x)). The LWR traffic model is therefore written as

Op(t, ) + 0. (p(t, )V (p(t,z))) = 0. (1.3.2)

According to the physical observations, the velocity-density relation is a monotonic decreasing
function (dV/dp < 0) on the interval [0, p,,,] with properties that

1) V(0) = V,,, the maximal vehicle velocity when the road is empty;

2) V(pm) = 0, the velocity is zero when the density is maximal, the vehicles are stopped
and the traffic is totally congested.

The flux q(p) = pV (p) is a non-monotonic function with ¢(0) = 0 and ¢(p,,) = 0, which is
maximal at some critical value p. that separates free-flow and traffic congestion: the traffic is
flowing freely when p < p. while the traffic is congested when p > p..

1.3.2 The LWR network

Ramp-metering Control Problem. Let us now consider the highway network made up of nine
road segments with four entries and three exits, whose structure is shown as in Fig. 1.3.1.

Fig. 1.3.1. A highway network
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The densities and flows on the road segments are denoted p; and g;, j € {1,2,---,9}. The flow
rate uy is a disturbance input and the flow rates us, usz, u4 at the three other entries are inputs.
The traffic dynamics are described by a set of LWR models:

atpj(tvz) +8m(pj(t7$)v(pj(t7x))) =0, je {1’25""9} (133)

Under free-flow conditions, the flows ¢;(p;) = p;V (p;) are monotonic increasing functions and
hence there are inverse function p; = S(g;). Thus the model for the network of Fig.1.3.1 can
be rewritten into a set of kinematic wave equations

Ovq;(t,z) + c(q;(t,x))0zq;(t, ) =0, ¢c(g;) >0, (1.3.4)

with the boundary conditions

q1(t,0) = u(t), 2(t,0) = aqu(t, L),
qa3(t,0) = Bea(t, L), q4(t,0) = q3(t, L) + ua(t),
q5(t,0) = vau(t, L), q6(t,0) = g5(t, L) + us(t),
a7(t,0) = A —a)qr(t, L), qs(t,0) = qr(t, L) + ua(?),
q9(t,0) = gs(t, L) + qs(t, L)

where «, # and ~ are traffic splitting factors at the diverging junction and two exits of the

network.

REMARK 1.3.1 This example is taken from [13], in where the objective is to analyze the
stability of this network under a feedback ramp metering strategy which consists in using traffic
lights for modulating the entry flows u;. The motivation behind such control strategy is that a
temporary limitation of the flow entering a highway can prevent the appearance of traffic jams
and improve the network efficiency (possibly at the price of temporary queue formation at the
ramps).

1.4 Transport system

Herein we consider a transport problem of population in some region. V = {ay, a9, -, am}
denotes a set of large towns in the region under consideration. E = {e1,ea, -, e,} denotes a
set of the transport lines of population, in which each line e; is of length £;. Suppose that there
is no birth in the transport process, and that the velocity of transmission along the line e; is
c; that is position independent. Let us consider change of population in the region.

Let p;(s,t) denote the density (number) of transport population at time ¢ and position
s € e;. Then the change of transport population along line e; at a small time At is

pi(s+ ¢ At L+ At) —pj(s,t) = —p;(s)p;(s, t) At

where 1(s) denotes the death rate (mortality) of the transport population. Then the dynamical
equation is given by

Op;(s,t) n Cvapj(&t)
J

ot 5s  — Ha()pi(s,1). (1.4.1)
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Suppose that w(a;,t) is the total number of population at time ¢ in town a;, then the change

of population in this town is

dw(a;,t)

dt = _/J(ai)w(aiv t) + b(ai)w(aiv t) + Z pi(gja t) - Z pk(ov t) (142)

je€Jt(as) keJ~ (aq)

where b(a;) is the birth rate of population in the town a;, which includes the birth rate and
available birth age. u(a;) is the death rate. J*(a;) is a index set of the line entering the town
a;, and J~(a;) is a index set of the line leaving the town.

Note that each town has its environment capability. One can assume that the environment
capability for population is D; in town a,;. If w(a;,t) < D;, the transport population may be
admissible to settle down, otherwise there are some population joining transport. Therefore,
the outgoing population of pg(0,t),k € J (a;), is described by

wl(l,gw(ai,t), w(a;,t) < D;

o (1.4.3)
w,; pw(a;,t), wla;,t) > D;.

Pk (07 t) =

where wZ(J,E, J = 1,2 are rate coefficients.

EXAMPLE 1.4.1 Let G be of the structure shown as in Fig. 1.4.1. The transport process
takes place along the edge of G. as, ay and as are the center cities.

ag

ae

a
as 10

Fig. 1.4.1 transport tree with center cities as, a4 and as

1.5 Elastic grid

1.5.1 String equation with tip mass

Let a string of length ¢ be homogeneous with density m and tension 7. Suppose that the
string is fixed at one end and attached a tip mass M at another end. Let w(z,t) denote the
displacement of the string at position x and at time ¢ depart from its equilibrium position
and v(t) denote the displacement of the mass. Obviously, it holds that w(¢,t) = v(t) due to
the mass M has same displacement as that of the endpoint of the string. The Newton’s law
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says Mv"(t) = —Tw,(¢,t). Thus the motion of the hybrid system is governed by the partial
differential equation and ordinary differential equation

mwy(x,t) = Twe,(z,t), z € (0,£)

w(0,t) =0, w(t,t)=0(t)

Mv"(t) = =Twy(1,1) (1.5.1)
w(zx,0) = wo(z), wi(z,0)=wi(z),

v’ (0) = v,

1.5.2 Elastic gird

Let us consider an elastic grid whose structure is shown as Fig.1.5.1, where o denote the elastic
vibrator with mass M, different vibrator may have different mass, and the | denote the elastic

support.
id id id ®
./ ’/. ’/
Fig.1.5.1. An elastic grid
Let V = {a1,a2,---,a16} denote the set of vertices. At each vertex a; € V, the vibrator

has mass M; = M(a;). The vibrators M; and M, are connected by a nonuniform string ey.
Suppose that wg(z,t) denote the displacement of the string e depart from its equilibrium

position, which satisfies the wave equation, i.e.,
My ($)wr,i(s,t) = (Th(s)wk,s(,8))s — qr(s)wi(s,t), s€(0,¢) (1.5.2)

where m(s) is the mass density and T (s) is the tension, they are positive continuous differential
functions, and ¢;(s) are nonnegative functions (or called potentials).

For node a; € V, let v;(t) = v(a;,t) denote the displacement of elastic vibrator M;, then
the strings jointed with M; have property

v(aj, t) = wg(l,t) = w;(0,t), ke J(aj), i€ J (aj) (1.5.3)

where J*(a;) denotes the index set of the strings with z = £ end jointed M; and J~ (a;) denotes
the index set of the strings with x = 0 end jointed M;.
At the interior node a;, the dynamic behavior of the vibrator is governed by the differential

equation

M(aj)vju@®) + | Y. TeMwro(lt)— > Ti(0)w;o(0,1) | =0. (1.5.4)

keJ+(a;) i€J~ (ay)
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At the exterior node a;, the network has an elastic support, the motion of vibrator is described
by

M(ag)vzee(t) + | D Te(Dwjs(6,t) T3(0)wi,s(0,8) | + k(az)v;(t) =0 (1.5.5)
keJ+(aj) i€J~ (a;)

where k(a;) are the Hooke’s law constants. The energy function of the system is defined by
Et) = —Z/ s)|w; (s, )% + q;(s)|w;(s,1)] ds+ / m(s)|w; (s, t)]*ds
+ZM |vtat|+ Zk )v(a,t))?

acV aEBG

This is a conservation system.

1.6 Modeling elastic system

In this section we model an elastic structure, whose motion retains in a plane.

1.6.1 Elastic network

R is an elastic structure made of n members, i.e., R = U RE, where R¥(z,t) denotes centric

axis of the k-th member in space position = at time tkWhICh is a vector-valued function on
x € [0,4;] where ¢ is its nature length. Notations RF(x,t) and RF(z,t) denote the partial
differential with respect to = and t, respectively. In particular, when = = 0 or ¢, R¥(x,t)
denotes the single side partial differential.

Let V be a set composed of all nodes of R. For a € V| the index set J(a) is defined as

J(a) = {i;a is an endpoint of R'}.

If #J(a) = 1, the number of members in J(a), then a is called a simple node, otherwise a is
said to be a multiple node. Clearly, > .\ #J(a) = 2n. For each k € J(a), ex(a) = —1 or 1
denote the node a to be the initial node (x = 0) or terminal node (z = £;,) of R¥, respectively.

Let p(z) be the mass density distribution of the elastic structure. Suppose that the elastic
structure always retains its motion in a plane. Then the total mechanical energy (including the
kinetic energy, the elastic energy and the potential energy) of the elastic structure is

1~ [ ; .
= 52/0 [oi| Ri? + ha(| Ry | = 1) + ELiw?] da (1.6.1)
=1

where h; are the Hooke’s law constants, EI; are physical constants and ; is the curvature of
the i-th member:

(RLI[RL.l® — (R, - Ri,)*)?
KR; = - .
| R, [?
Let R have an equilibrium position which coincides with a planar graph G = (V| E') whose

(1.6.2)

vertices V = {ay, a9, -,an} and edges FE = {e1, ea,- - - e, }. For each segment e;, it also is used
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to represent the unit vector whose tail corresponds to x = 0. In such an equilibrium in which
each element is straight (a line) and hence curvature is 0, the i-th member is of the form
Lt xe;, x€(0,4;)

where R} is a node position associated with some a.

We consider a small vibration of the elastic structure near its equilibrium position. Denote
by Ri(z,t) the new position of the i-th member which always retains in the same plane with
e;, then it has the form

Ri(x,t) = R} + xe; +r'(x,t)
where r(z,t) is the deformation of the i-th member. Thus we have
Ro=eitrt, B,=r,
and
hi(|Ryl = 1)* = hi(|Ry|* = 2|Ry| +1) = ha(R, - Ry +2V/RL - R, +1)
= h; <1+2rioei+r;~r;+172\/1+2r;~ei+r§3or;>.

Applying the asymptotic expansion
(1+z)2 =1+

we get

- —— 1 . S 1 ) o )
21 +2ri e+ 7 -ri =2 [1—|—2(2r;-ei+7’;~r;) —8(27";'61"'7‘;'T;)2+0(|T;|2)}
= 2+ 2rfc -e; + r; -T; - (7“; : 6i)2 + 0(|7";|2)-
So it holds that

hi(|RL — 1) = hy (1+2ri'ei+r;~rfc+172\/1+2r;~ei+r;'r;)
= hi(rl, - e)” +o(|ri]?).
Since
o RPIRLP - (R, R,
' | RS [°
_ (1 + 2T§c e+ T; i T?xz)(r;cz ) r;:x) — (Tl:vz e+ T:Z;c i rfivz)2
| RS, |
1 i i i i i i i i i
= W H(TTT : Txac) - (rTr : 62‘)2} + 2[(TT : 62)(TTT : Txac) - (rTr : 61')(7‘37 : Trr)]]
+ (T;: ) 'I’;)(’I’;x i T’sz) — (Tlx i Ti::v)z
| RS
and
1 L 1—|RLS
|RL|6 -~ |RLPS
1 ) .
= TG [1—(142rL - e;+7l-rh)?)
2t ey it , S . S
ety Ty [T+ (L+20 et rhort) 4 (14208 e+ 18 18)?]

R [°
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so we have

2 (Toe - 7o0) = (g - €)1 42((r - €0) (b o) = (oo - €0) (T - Taa) |+ [(5 - 75) (Tha  T2a) — (T 720)*)]
' [R5 [®

Substituting above into the energy function (1.6.1) and retaining only quadratic terms yield
an asymptotic formula

I (4
’}>=§Z/O [oilril* + Hiry g + Kty - 14, d (1.6.3)
=1
where
H; = hieie],  K;=EI [I - ee] ] (1.6.4)

are symmetric matrices, e denotes the transpose of the column vector e;. This is a linearization
form of nonlinear system R, which expresses the movement of the structure relative to its
equilibrium position.

Since ri(z,t) is the relative displacement of the i-th member, the energy function of the
relative movement of the system is

1S [ o , 4
=3 Z/ lpiry -y + Hyrl - vl + Ky, - s ]d. (1.6.5)
— Jo

We will deduce the dynamic equations of relative movement of the system by use method of
the energy function similar to [96]. With time development the energy change of the system is
dE(t N S , ,

-y [ o Bl vtk Karly, ot

n @ . .
= Z/ [Pﬂ"z ' th - Hl Tpe T K; rt xxww]dx

+Krtz'

Krt

£;
TT zzT|(Q

- Z/ 7‘; ’ [pirzt - H + K; szzm]dx
i=170
n . .
+ZT2 ’ [leazc mcx
i=1
= Z/ ’I“; ' [pirit — Hr T K; mexa:]dx
- 0
+Zz’rt [HT() a:mx +ertz )[KT ()]

aeVicJ(a) a€V ieJ(a)

+ZKTM-T;1. o

Clearly, there is no external force acting on the system, the energy of the elastic system is

conservation, i.e., dzgt) = 0. Therefore the motion of each member of the system is governed

by the partial differential equation:

pirt, = Hirl  — Kyrl  x€ (0,4). (1.6.6)
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When the geometric structure of the system continues at each multiple node a, the relative
displacements satisfy condition

ri(a,t) =1 (a,t), Vi,je J(a) (1.6.7)

which means that the displacement of the structure at node a is continuous. Hence the associ-
ated dynamic condition is

Z gi(a)[Hirl — K;rt 1(a,t) =0 (1.6.8)
ieJ(a)

that means the forces balance of the system at a.
Assume that the structure satisfies the prefect geometric condition, i.e.,

ri(a,t) = rl(a,t), Vi, je J(a), (1.6.9)

which means the each member has same rotation at node a during the whole process, then the
corresponding dynamic condition is given by

> cil@)Kirl,(at) =0, (1.6.10)
ic€J(a)

that shows the moment balance of the system at a.
Similarly, when the geometry structure of the system has a gap at node a, but it satisfies
condition:

> ri(at) =0, (1.6.11)

ieJ(a)
this implies that the structure is not continuous at node a, then the associated dynamic condi-

tion is

gi(a)[Hr (a,t) — Kirt

(a,t)] = gj(a)[Hjri(a,t) — K;rl, (a,t)], Vi, je€ J(a) (1.6.12)

which means that the forces of the structure at node a remain continuity. In addition, the
geometric structure of the system satisfies condition

> aia)ri(a,t) =0, (or Y ri(at)=0) (1.6.13)

i€J(a) i€J(a)
then corresponding dynamic condition is given by
Kirt (a,t) = Kjrii(a,t), (or gi(a) Kt (a,t) = ei(a)K;rl (a,t)) Vi,j€ J(a), (1.6.14)
that shows the moment continuity.

REMARK 1.6.1 The equality (1.6.11) can be explained as the flow balance condition. In fact,
if ri(z,t) represents a flow, at the node a we can write it into

Z ri(a,t) = Z r(a,t) + Z ri(a,t) =0
i€J(a) i€Ji"(a) ieJovt(a)

where J™(a) denotes the incoming flows and J°“'(a) denote the outgoing flows. This is the
Kirchhoff’s law.
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If a is simple node of the system, then the following nodal types are possible:
1) controlled node, for instance, it satisfies

’ (1.6.15)

2) fized node, that means that the structure has neither displacement and nor rotation, i.e.,
r(a,t) =0, 7ri(a,t)-ef =0. (1.6.16)

3) free node, on which there is no geometric restriction, and hence the dynamic conditions
are
ri(a,t)-e; =7t (at) - e =7l (a,t) e =0. (1.6.17)

TrT i

Once the geometric structure of the system at nodes are chosen, the associated dynamic con-
dition are then determined uniquely.

REMARK 1.6.2 As before, we can propose various different joint conditions at a node a,
hence it forms different model at the junction.

1.6.2 Planar motion

Although we have supposed that the elastic structure moves in a fixed plane, we do not appoint
which plane the motion retains in. Let graph G be in a plane II. If the motion of the elastic
structure remains in the plane II, it is called undergoing a planar motion. In this case, the
vectors e; and ef- are in the same plane II. Here we consider two types of the structure:
inextensible and extensible.

Inextensible structure

Assume that the structure is inextensible and the parameter z is the arc length of member e;.
Then the position function of the member e; associated arc x at time ¢ is

Ri(z,t) = R} + we; +u'(x,t)e; +w'(z,t)ef, 78(x,t) = u'(x,t)e; +w'(x,t)e;.
In this case, the continuity condition of the structure R at the node a is
ri(a,t) =19 (a,t), Vi,j€ J(a).
For instance, r*(¢;,t) = r7(0,1), i.e.,
u' (€, t)e; + w0y, e = u? (0,t)e; + w? (0, t)ej‘.

Both sides of the above equality are the different representation of the same point in distinct
local coordinate. This relationship also shows that u’(0,t) (corresponding w’(0,t)) depends
upon both u?(¢;,t) and w'(¢;,t). In this case, the function values u‘(¢;,t) and u?(0,t) are not
equal. Similarly, so are functions w’ and w’/. Whatever r(x,t) always is continuous, so the
function (u’,w®) must appear as a coupled pair.



14 CHAPTER 1. COMPLEX DYNAMIC SYSTEMS

Now we deduce the differential equations satisfied by u! and w’. Since ri(x,t) = u'(z,t)e; +
w(z,t)e;, so
Hirl, = hiegelrt, = hi(rl, e))e; = hiul,(z,t)e;
and
Kiri, .. =EL(I—eel)rt, . =ELrt, . — EL(ri . e)e; = ELw!,, e

TTTT TTTT xxam’ a:a:x;c
Therefore, the vector-valued equation
pirit = leiz - Klrzrz:cm
is equivalent to the following scale equations
ul, (2, t) = hul (z,t), x€ (0,4
puua(a,) = hiv (20), 2 € (0,60 L61s)
plwzt(x ) = —EI, wxllL(Z‘?t)v T E (ng’t)
Define the mappings by
m:0,4] — e, j=1,2,--- N

it is called the parametrization realization of edge e;. For a € V, denote ﬂi_l(a) =0, or ¢; if
i € J(a). Set e; = (cos;,sinq;), then e = (—sina;,cosa;). Thus the geometric continuity

condition (1.6.7) and the dynamic conditions (1.6.8) are respectively

u'(m; H(a), t) cos a; — w'(m; H(a), t) sina; = u (7rj_1(a), t) cos aj — w? (7rj_1(a), t)sina;,

u' (7 (a), t) sina; + wi(7; H(a), t) cos a; = uj(wjfl(a)t) sin o + wj(wjl(a),t) cos j,
Vi, j € J(a),
(1.6.19)
and
S eia)[hiul (77 (a), 1) cos i + ELwl,, (77 (a),t) sina;] = 0,
ieJ(a) 4 (1.6.20)
S eia)[hiul (7 (a), t) sin oy — ELwt,, (77 (a),t) cos a;] = 0.
i€ J(a)

The geometric condition (1.6.9) and dynamic condition (1.6.10) become

ul (771 (a), ) cos i — wi (m; H(a), t) sina; = u)

. z(ﬂ';%a),t) oS () —w%(w{l(a),t) sin oy,

ul (171 (a), t) sin oy + wl (7, (), t) cos a; = u)

x x

(71'j_1(cz)7 t) sin a; + w? (71']»_1(&), t) cos a;

Vi, j € J(a).
(1.6.21)
and
— 3 gi(a)ELwl, (7 (a), ) sinay = 0,
i€J(a) _ (1.6.22)
> eia)ELwt (7 (a), ) cos o = 0.
icJ(a)

Similarly, we also can write the equations (1.6.11)-(1.6.14) into the scale function form.
Although the equations obtained are separated about v and w, the geometric conditions and
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dynamic conditions are coupled at the multiple node. It is a common property of the multi-link
structure. Observe that the coordinate functions u and w may be discontinuous at multiple
node. But (u,w) together with the direction are continuous, i.e.,

u'(z,t) cos oy — w'(x,t)sinay, u'(x,t)sinoy; +w'(z,t) cos oy

are continuous functions. So we can not desire that w and w are independent.

Extensible structure

If the structure is extensible, then = is merely a parameter which is independent of arc length.
In this case, the position of component R' associated z is

Ri(z,t) = R} + we; +w'(z, t)eir, ri(x,t) = wi(x,t)ef.
It only has a displacement along e;- direction. At the join-point a, one has
wi(m; M a),t) = wi (77 (a),t), 1,5 € J(a).
So the structure function is continuous with respect to . Note that the tangent vector at z is
Rl (x,t) = e; + w (x,t)e;.
Usually, at a multiple node a, they do not satisfy the conditions

(m; (a),t) = wi(m; " (a),t),  Vi,j € J(a).

More practice condition is that there exists a constant group {v;(a),7 € J(a)} which depend
upon both the geometric structure and connecting type of the structure such that

Z vi(a)R: (a,t) = 0.
i€J(a)

For example, there is a group numbers {v;(a)} such that >, ;) 7vi(a)e; = 0. Then the
corresponding dynamic condition will become

i twhy (w7 (@), ) = v wl (g (a), 1), Vi€ J(a).

In this case, the equations of the system are given by

piwy(w,t) = —ELwh e, (2,1), € (0,4;)

w'(m; ! (a),t) = w (75 (a), ) Vi, j € J(a),

ZzeJ(a) vila)wk (m;  (a),t) = (1.6.23)
i @) ELwl, (77 (a), 1) = ( VELjw], (75 (a),t), Vi,j € J(a)

Zie]( ) ELiwt, ., (7; 1(a),t) =0.

Also we can attach certain dynamic conditions and geometric conditions at the simple nodes.

REMARK 1.6.3 In the extensible structure one does not see much more structure condition.

One can understand the structure to be ' = {(z,w) | z € G}.
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1.6.3 Vertical motion

Here one considers another type of planar motion of the structure. Let graph G be in a plane II
and el be the unit normal vector of IT. If the motion of each element 4 in the elastic structure
remains in the plane determined by e; and e, one calls it undergoing a vertical movement. For
the vertical movement one still divides the structure into two cases: inextensible and extensible.
For the inextensible case, its movement includes vertical motion and planar motion in essential,
it belongs to the general motion. So we only need to consider the extensible case.

Assume that G is a planar graph, and x is the parameter of the edges, every member e; of
the structure is extensible, the position of the element e; associated arc x at time ¢ is

Ri(x,t) = R + ze; + w'(x,t)et.
In this case, the continuity condition of the structure R at the node a is
R'(a,t) = R/ (a,t), Vi, j€ J(a).
It has only a displacement along e* direction. So, at an interior node a, one has

wh(m; Ha), t) = w (7 Ha),t), 14,5 € J(a).

7

The corresponding dynamic condition is given by

Z ELwt,,.(a,t) = 0.

i€J(a)

Since the tangent vector at = is Ri(x,t) = e; + wi(z,t)et, one can require the structure
condition at a multiple node a, for instance, ball joint condition, that is, no restriction on
rotation of structure. In this case, wi (m; (a),t) may be arbitrary, the corresponding dynamic
condition is given by

ELw: (77 '(a),t) =0, Vi€ J(a).

Moreover, we impose the fixed node conditions at the simple nodes. Therefore, the motion of
the elastic structure is governed by the partial differential equations

piwi(z,t) = —ELwt, . (z.t), x€(0,4)

TTTrT

wi(m; ' (a),t) = wi(x; ' (a),t), Vi,j€ J(a),

ElLwl,(r; ' (a),t) =0, Vi€ J(a) (1.6.24)
Z EIZw?cxx(Fjl(a)’t) =0
i€J(a)

w'(a,t) = wi(a,t) =0, i€ J(a),#J(a)=1.
with certain initial conditions of the structure.

REMARK 1.6.4 From discussion above we see that if the structure is extensible, the pla-
nar motion and the vertical motion have no difference in the equations involving their node

conditions. Such a form is closely related to the differential equation on graphs.



1.6. MODELING ELASTIC SYSTEM 17

Now we consider such a case that, at the node a, we divide the rotation angle into two parts:
positive and negative. We regard the positive part as incoming flow and negative the outgoing
flow. At vertex a;, the incoming satisfies addition rule, i.e.,

wy(a;,t) = Z a;;wi(ai,t)

j€Ji"(a)

and the outgoing flow satisfies the transmission rule

wi(azvt) = ai_ij(aivt)’ j € JOUt(ai)v Z ai_j =1

In this case, the rotation angles at the vertex a; satisfy

Z aijw%(ai,t) =0.

Jj€J(a)

the corresponding dynamic conditions are

w.’E(E(ai7t) = Z (a'z‘_j)ilwiz(aiat)a

jeTeut(a)

and
wl,(ai,t) = (a)))  wea(as, t),  j € J™(a:).
In the above, w,(a,t) and wy,(a,t) are merely notions, they have no actual meaning.
Suppose that the system has fixed boundary conditions. Then the motion of the system is

governed by
piwgt(xvt) = _Ejiw;zx:r(x7t)7 z € (0,4:)

wi(r; (a), ) = wj(ﬂ'j_l(a),t), Vi, j € J(a),

wy(a;,t) = Zjejin(a) aj'jw_%(ai,t)

wl (a;,t = ajwe(a;,t), j€J(a),

ai’t) = ZjGJOU‘(a) a:]EIJwiz<a’Ht)

ai,t) = az_jw:cx(a)v Je Jm(a)

Z EIlw:Ztmm<7rz_l(a)at) = 07
i€J(a)

w(a,t) = wi(a,t) =0, i€ J(a),#J(a)=1.

)
)
(1.6.25)

REMARK 1.6.5 The content of this section comes from research report of the first author,
which was completed during visiting the Hong Kong University in 2006. As further works,
Xu, Mastorakis and Yung in [122] [123] and [124] discussed the properties of the star-shaped
networks of Euler-Bernoulli beams.



Chapter 2

Graph and Function Defined on

Graphs

2.1 Graph theory

2.1.1 Basic notions in graph theory

A graph consists of a set V', a set F' and a mapping ® from E to V xV, denote it by G = (V, E).
The elements of V and E are said to be the vertices and edges of the graph respectively, the
mapping @ is called the incidence mapping associated with the graph. If V and E are both
finite sets , G is called a finite graph. Otherwise, it is said to be infinite.

Graphs G; = (V1, E1) and G = (Va, E3) are said to be isomorphic to each other if there
exists a 1-1 correspondences between V; and V5 and F; and Es which preserve incidences. If
G is isomorphic to a geometric graph G’ C R™, then G’ is said to be a geometric realization of
G. A graph is said to be planar if and only if it has a geometric realization in R2.

Ifee E, ®:e~v&w, vand w are called the endpoints of e. If e ~ v&w, i.e., v is a sole
endpoint of e, then e is said to be a loop. If e; ~ v&w and e; ~ v&w), then e; and e are called
parallel edges. A graph G is said to be simple if it has neither loop and nor parallel edges. A
graph G is said to be connected if for every pair of distinct vertices there exits a sequence of
edges that join these vertices.

A graph G is said to be a directed graph if ®(e) = (v, w) is a ordered pair, the edge e is
said to be a directed edge, and v is called the starting vertex (or tail) and w the final vertex (
or head). If v € V, there is no edge connected it, then v is said to be an isolated vertex.

Let G be a geometric graph and each e € E have finite arc length /., denote |e| = ¢.. For
e ~ v&w, one can parameterize it by its arc length, i.e., z.(s) € e, s € (0,¢,) with z.(0) = v,
ze(le) = w, or, z.(0) = w, z.(f.) = v. With this parameterization, the graph is called a metric
graph. If e is a directed edge, then the direction of edge coincides with the parameter increasing.
In this manner, the directed edge ®(e) = (v, w) always denotes z.(s) € e, x.(0) = v, x(le) = w

18
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Let G be a metric graph with the vertex set V = {a1, a2, --,a;,} and the edge set £ =

{e1,ea, -+, en}. One defines the outgoing incidence matrix (outgoing mapping) ¢~ by
_ 17 if € (O) = a;
bij = . (2.1.1)
0, otherwise
and the incoming incidence matrix (incoming mapping) ®* by
1, ifz;(¢;) = a
o = i) = a (2.1.2)
0, otherwise.
Obviously, @+ = (qb;;) and ®~ = (¢;;) are m x n matrices, they have exactly one nonzero entry

in each column if G has no isolated vertex. In addition, they have the following properties.

PROPOSITION 2.1.1 Let G be a directed graph, then the incoming and outgoing incidence
matrices have the following properties:

n
1) > ¢ is the number of outgoing edges at a;;
k=1
n
2) qb;?c s the number of incoming edges at a;;
- gt
3) for each k # j, > ¢1;95; = 0;
i=1
n
4) for each k, > ¢}.¢r. is the number of loop at vertex ay;
i=1
n
5) for any k # 7, > d),:id)ji is the number of parallel edges starting at a, and ending a; .
i=1

Let G be a directed graph without loop. Then the relation between the vertices and the
edges has a matrix representation

€1 €9 €3 ce €En
ay 11 P12 ®13 te ®1n
as ¢21 P22 ®23 e P2n
(2.1.3)
as ¢31 $32 ®33 e ®3n ;
Am ¢m1 ¢m2 ¢m3 T (ybmn

denote it by ® = (¢ij)mxn = @ — &, and call it the incidence matrix of G.
REMARK 2.1.1 When G has a loop, it can not be represented by the incidence matriz.

Let G be a graph with vertex set V' and edge set E. For each a € V, denote by J(a) the
index set of edges having incident at vertex a. #J(a) denotes the number of elements in J(a),
it is called the degree of a. If a € V' is an isolated vertex, then #.J(a) = 0.

Suppose that G has no isolated vertex, then for each a € V', it holds that #J(a) > 0. One
can classify the vertex of V in following manner:
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1) a subset of V consists of all vertices satisfying #J(a) = 1, denote by 0G. 9G is called
the boundary (exterior vertices) of G;

2) a subset of V' consists of all vertices satisfying #.J(a) > 1, denoted by Vipi. Vine is called
the node (interior vertex) set of G.

In the sequel, we consider only the graph G satisfying #J(a) > 0 for all @ € V', which means
G has no isolated vertex. Hence, it holds that V = V;,; U 0G.

Let G be a directed graph with V' = {a1, a9, -,a,,} and E = {ey,eq,---,e,}. For each
vertex a € V, denote by J¥(a) the index set of the incoming edges, i.e., j € J*(a) if there
exists an edge e; such that a is its final vertex (or head). Similarly, denote by J~(a) the index
set of the outgoing edges, j € J~(a) if there exists an edge e; such that a is its starting point(or
tail). Then one has J(a) = JT(a) U J ™ (a).

EXAMPLE 2.1.1 Let G be a planar directed graph, whose structure be shown in Fig. 2.1.1

a
€4 4

Fig. 2.1.1 A directed graph without boundary
The directed edges are defined by
®(e1) = (a1,a2) P(e2) = (az,a3) P(e3) = (a3, aq)
®(eq) = (as,a1) P(es) = (a1,a5) P(es) = (as,az2)

The incidence matrix ® is

ey e es ey4 es eg
ay -1 0 0 1 -1 0
as 1 -1 0 0 0 1
as 0 1 -1 0 0 0
a4 0 0 1 -1 0 0
as 0 0 0 0 1 -1

The index sets of the edges at vertices are
J(a1) = {47 L 5} J(az) = {1’ 6, 2} J(az) = {273}
J(a4) = {374} J(a5) = {5v 6}
and the index sets of incoming and outgoing edges are
JH(ar) ={4} J(a1) ={1,5} JT(az) ={1,6} J(a2)={2}
JH(as) ={2} J7(as)={3}  JT(a) ={3}  J (as) ={4}
J*(as) = {5} J(as) = {6}
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2.1.2 Algebraic structure of a graph

In preceding subsection one sees that for any one directed graph, it always is represented by
the incidence matrices ®* and ®~. Conversely, from the incidence matrices ®* and ®~ one
can reconstruct a graph. In this sense, a graph is equivalent to the incidence matrices ®* and
®~, which are said to be the structure matrices of G. In this subsection, one will investigate
the structure of a graph.

Firstly we calculate the matrices ®+(®+)”, ®~(®7)T and &~ (®+)T, they are m x m ma-
trices. Using Proposition 2.1.1, one has

+ oL + oo, - ot
11 12 in 11 21 m1
(I)Jr(q)Jr)T - (b;_l ¢3_2 e d);n ¢T2 ¢;2 T ::12
DIV EED LV R DT A
j=1 j=1 j=1
X050 X 0y X 950,
= Jj=1 J=1 j=1
N b b NS N+t
Z: mj®P1j 2 mj P2 Z mjPmgj
Jj=1 j=1 j=1
#J+(CL1) 0 0
as
0 #J1(az) 0
= —_ D+7
0 0 #J (am)
similarly,
#J- (al) 0 0
0 #J (a 0
<I>_(<I>_)T = ( 2) =D_
0 0 #J (am)
Therefore, one has
#J(a1) 0 0
0 #J(az) - 0
(@ + o ()T = . . ' (2.1.4)
0 0 - #J(am)

Denote @7 (&) 4+ &~ (®7)T = D and call it the vertex degree matrix of G. Obviously, if G
has no isolated vertex, then D is an invertible matrix.
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For &~ (®*1)7, a direct calculation gives
¢1_1 ¢’1_2 T ¢1_n d’ﬂ ¢;1 e ¢7-:,1
(I)_((I)JF)T . ¢2_1 ¢’2_2 ¢2_n E ¢;2 e 7:2
DRI DR > b0,
=1 =1 j=1
POROSTIIID DAY > 62i0m;
j=1 j=1 J=1
X Ol 2 Oy > O b
j=1 Jj=1 Jj=1
Similarly, one has
Z Oy Z o103, > b1 Oms
]Z Ji jzl
Z¢2¢1 Z¢2¢2 Z¢2+';n
ote)r = | AT AT =T = @@
n n n + -
Z 77Lj¢1_] Z ¢23 T Zl ¢mj mj
j=1 j=1 j=

Let £(ay) be the subset of E that each element e € ¢(ay) is a loop at aj. Define the loop
diagonal matrix D; by

#0a;)) 0 - 0
D, = 0 #la) ’ (2.1.5)
0 0 #(am)

Obviously, #0(ax) = Z o 0y, for each k according to Proposition 2.1.1.

In order to analyze the structure of a graph, one defines the vertex adjacency matrix of G
by

al a2 PR ... am
aj 0 @12 A1m
as as 0 aom
(2.1.6)
G Gm1 Am2 0
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where a;; is defined by

1 there exists an edge connecting a; and a;
aij = (2.1.7)
0, otherwise

Denote it by A = (a,;), which is a symmetric matrix.
Since @ ()T + &~ (®1)7T is a symmetric matrix, one defines the matrix P by

P=0o"@)T + o (o) — 2D, — A. (2.1.8)
P also is a symmetric matrix and is called the parallel edge pattern of G. Thus one has
T (@) +d (@) =2D, + P + A.
Therefore, for any graph G one has
(@ —d7)(dt — @) =D — (2D, + P+ A)

and
(@t +o )2t +0 ) ' =D+2D,+ P+ A.
If G is a simple graph (without loop and parallel edges), then
(@ )T+ (27)T =4
and
T = (T — @) (T -2 ) =D - A
Summarizing above discussion, one has the following definition.

DEFINITION 2.1.1 Let G be a directed graph with the vertex set V = {ai,as, -+, a,} and
the edge set E = {e1,ea, -+, en}, T and ®~ be the structure matrices of G. The matriz given

by
D=3 (@) + 07 (07)" = diag(#J (@), #J (a2),- -, #J (am)) (2.1.9)

is called the vertex degree matriz of G.
The matriz defined by

Dy = diag(#€(a1), #(az), -, #£(an)) (2.1.10)

is called the loop degree matrix of G.
The matriz A = (a;;) defined by

1 there exists an edge connecting a; and a;
Qg5 — 0, Qi3 = (2111)
0, otherwise

is called the vertex adjacency matriz of G;
The matriz defined by

P=0o"@NT + 0 (&) —2D, - A (2.1.12)

is called the parallel edge pattern matriz of G.
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From Definition 2.1.1 one sees that the matrices D, D;, A and P are independent of the
direction of G. So they also are character of the undirected graph. Note that the matrix A
gives the vertex adjacency pattern. Based on A, using P and D; one can determine location of
loops and parallel edges.

EXAMPLE 2.1.2 Let G be a planar directed graph, whose structure be shown in Fig. 2.1.2

Fig. 2.1.2 A complex directed graph without boundary

The structure matrices are

1 00000O0T1O00
0001 000O0TO00O0
®=|10100001010
000O0O0T1O0GO0TO00O0
0010000001,
(100000000 0]
000O0O0T1O0T1T00

@ =10 000001 0 0 0
0011000000

01 00000TO0 11

and hence ~ _
210 0 0

10120

T@ )+ (@H)"=]10 1 2 0 2

02001

00 2 1 2
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The vertex degree diagonal matrix and the loop diagonal matrix of G are

300 00 10 0 00
04000 00 0 0O
D=1005 00|, Di={0 010 0];
000 30 00000
00 0 0 5 0 00 01
the parallel edge pattern and the vertex adjacency matrix of G
000 0O 01 0 00
000 10 101 10
P=100001|f, A={0 1 0 0 1
01 0 00 01 0 01
001 0O 001 10
Using these information one can redraw the picture of G. 0

2.1.3 Spectral graph

Spectral graph theory is an important content of algebraic structure of graph G. One of main
tasks in graph theory is to deduce essential properties and structure of a graph from its graph
spectrum. In this subsection one only introduce several notions in spectral graph theory.

DEFINITION 2.1.2 Let G be a simple directed graph with the vertex set V. = {ay, a2, -, am}
and the edge set E = {e1, ez, +,en}, ®T and &~ be the structure matrices of G. Let D and A
be defined as before, and ® = ®+* — ®~ be the incidence matriz of G. The matriz defined by

= (VD) 'A(VD)™! (2.1.13)

)

is said to be the normalized adjacency matriz of G;
The matriz defined by
L=D-A (2.1.14)

is said to be the Laplace matrix of G; The matriz
L= (/D) 'c(vD)™* (2.1.15)

is called the normalized Laplace matriz of G.
The matriz defined by
|L|=D+ A (2.1.16)

is said to be the signless Laplace matriz of G; The matrix
L] = (VD) '£|(vD) ™! (2.1.17)

1s called the normalized signless Laplace matriz of G.



26 CHAPTER 2. GRAPH AND FUNCTION DEFINED ON GRAPHS
From Definition 2.1.2 we can see that the following result is true.

PROPOSITION 2.1.2 Let G be a simple direct graph with the vertex set V. = {aj, a2, -, am}
and the edge set E = {e1,ea, -, en}, and let @ be the incidence matriz of G. Then one has
1) L =007 = (¢t -3 ) (¢t -7 )T =D — A;
2) L] = (T + &) (T +&7)T;
) L=I-Aand|L|=1+A

hence L, |L|, L and |L| are non-negative matrices.

The following proposition gives the spectrum of the matrices 21\7 L and \Z |, and the relations
among them.

PROPOSITION 2.1.3 Let G be a simple graph with the vertex set V = {a1, a2, -+, am} and
the edge set E = {e1,ea2,---,en}, ® be the incidence matriz of G. Then the following statements
hold:

1) o(A) € [-1,1], 0(A) = {A1, Ao+, Am}, and Ay, = 1 is an eigenvalue with eigenvector
VDe where e = [1,1,1,---,1]T;

-~ -~

2) o(L) C [0,2], (L) = {H1, 2, ", bm}, and p; = 0 is an eigenvalue with eigenvector
VDe;

3) o(|L]) C [0, 2], o(|L]) = {D1,Da, -+, U}, and v, = 2 is an eigenvalue with eigenvector
VDe;

4) If anyone of spectra of A, g, L, E, |£], and |£A| 18 known, so are all the spectra.

EXAMPLE 2.1.3 Let G be a planar simple graph, whose structure be shown in Fig. 2.1.3

as aq4

ai

a9 as

Fig. 2.1.3. A graph with multi-circle

Clearly, the vertex degree matrix D and vertex adjacency matrix A are

400 00 01 1 1 1
03000 1 01 01
D=]100300], A= 110 10
000 30 1 01 01
0000 3 11010
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For graph G one has the following matrices and their spectra:

01 111 0 ﬁzlﬁ%ﬁﬁ
1010 1 10 1 oo 1
A=1 10 1 0 |, A= 1 0 1 o0
1010 1 o0 L o0}
11010 R
o(4) = {-2.1-v5,0,0,1+ V5} o(A) = {~2,-1,0,0,1}
4 -1 -1 -1 -1 R
-1 3 -1 0 -1 —\/15 1 _Tl 0 —Tl
L= -1 -1 3 -1 0 L= = £ 1 2 o
-1 0 -1 3 -1 2?/15 0 %1 1 %1
1 -1 0 -1 3 I
o(L£)=1{0,3,3,5,5} o(L ) ={0,1,1, § %}
01111 001 1 1 1
1010 1 101 0 1
L= 11010, IZ=l11010
1010 1 L o1 0 1
11010 11010

o(C) = {1,210 ,3,3, 91T} 5(L)={1,2,1,1,2)

REMARK 2.1.2 The spectral graph theory has important applications in natural science, for
examples, in Astronomy, the astronomers used the stellar spectra to determine the make-up
of distant stars; in Chemistry, the eigenvalues were associated with the stability of molecules.
More information about the spectral graph theory and its applications we refer to [27],[52] and
[76] and the references therein.

2.1.4 Geometric structure of a graph

Let G be a directed graph with the vertex set V = {aj,as, - -,a,,} and the edge set E =
{e1,€2,--+,e,}, and ®F be its structure matrices. Assume that G has no isolated vertex. Here
one concerns with the connection relation of edge-edge of a graph G. For each e; € E, ej
denotes its head of e;( final point), and e; indicates its tail (starting point). One considers a



28 CHAPTER 2. GRAPH AND FUNCTION DEFINED ON GRAPHS

2n x 2n matrix ¥, the edge-edge intersection matrix,

I R T S
ey Y11 P12 o Y1in Y11 Vint2 0 Yion
€3 a1 oo N Y2nt1 Yotz 0 aon
6;‘; ¢n1 Y2 ce ¢nn wn,n—&-l ¢n,n+2 ce '(/)n,Qn
ey Yin+1)1 Ymrn2 0 Vasdn UYntintl Uniint2 0 Untion
€y Ynr21  VYni22 0 Yni2an Yni2mtl Vni2ne2 0 Yna2on
e, Yon 1 Yona 0 Yopn Yonn+1  Vonnt2 0 Yonon

where the entries 1;; are defined by
Vi =1, Vi=12,--,2n,
and
o = 1, if one ofeiiﬁej+ # () and eiiﬁe; # (holds
0 if one of efn eji = ( holds,
The matrix ¥ presents the intersection relation of endpoints of edge-edge.

m

: et + + o+

For a directed graph, one can see that if ¢, and e;” have a common vertex, then 21 ¢ j X i =
]:

m
1; if ez and e;r have no common vertex, it holds that 21 ¢;rk¢;ri =0, ie.,
j:

+ Aot
in: o+ ot = 1 el ne #0,
Lok =
j=1 s 0 e;r N e;r = 0.
Similarly, one has the relations
"o 1 e, Ne;, #0,
Z PirPji = -
j=1 0 Sk N ei = @

and
+ —
T S
Jk"ji _
j=1 O 6;: M 62» = @
In order to represent matrix ¥ using the structure matrices, one now calculates products of

the structure matrices of G

ook o o of + oo +
11 21 ml 11 12 in

+ + + + +
12 ¢22 R m2 ¢21 ¢22 I ¢2n

((I>+)T(I)+ _

+ ot + +
Gap e + b +

In mn m2 mn
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ﬁ ‘i’;ﬁ ;1 I
o9 o Ol 2 SR O
(@)'e" =
¢+ ¢;rn ;m I
Sohon Lohon o Lok
j;l‘bﬂ(bﬁ z::¢ W jglqs;rz%fn
m¢;rn¢j—1 m¢jﬂ¢j—2 il:(ﬁ;rn%‘_n
j=1 j=1 Jj=1
and
]gl ¢;1 ¢;r1 ; ¢] 1 cee ]gl ¢;1 ¢j+n
3 o0 i%%~~~-i@%
Jj=1 J=1 Jj=1
(@)Tot = : : = ((e")Te)".
S 00k L ondh o L6
Jj=1 j=1 =1

Therefore, one has
- (@HTot (oH)Td- (21.18)
(@)Te* (@7)Te- | :
The matrix ¥ has the following property.

PROPOSITION 2.1.4 Let G be a directed graph with the vertex set V and the edge set
E = {ey,eq, - +,e,}. Suppose that G has no isolated vertex. Let the matriz U be given by
(2.1.18), then
1) The rank of matriz U is the number of vertices of G, i.e., rank(V) = #V;
2n n
2) > i, is the number of edges at some vertex. In particular, ) 1;; is the number of
i=1 i=1

n
incoming edges at the vertez; Y Yn4,; is the number of outgoing edges at the vertes.
i=1
3) Let W; denote the j™" column vector of ¥, i.e., ¥; = (1,95, +,%2n4)T. Then for

any k,j € {1,2,---,2n}, the inner product (U, ¥;)gen satisfies

2n
Ui Y Uik, Vi and¥; are linearly dependent
(\I/k, \I/j)]RZn = ! =1 ! = wk] Zwlk 2 1. ].9

0, Uy and W, are linearly independent
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In the case of linearly dependence, it holds that V), = ;.

The matrix ¥ implicates the relation of vertices of G. Form it one can not see explicitly the
adjacency relation of V.

EXAMPLE 2.1.4 Let G be the directed graph given by Example 2.1.1,

a
€4 4

Fig. 2.1.4. A directed graph without boundary

The intersection matrix W is

ei" e;' eg' ei’ 6;_ eg' el €y €3 €4 ey €6
et $t 0o o0 O O 1|0 1 0 0 0 O
es 0 1 o o O O|O O 1 0 0 O
ex o 0o 1 o0 O 0|0 0O 0O 1 0 0
ey o o o 1 o0 O0O|1 0O O 0 1 0
er o o o0 o 1 O0]O0O 0O 0 0 o0 1
ed 1 o o o0 O 1|0 1 0 0 0 O
ey o o0 o 1 0 0|1 0O 0 0 1 0
ey $1 0o 0 O O 1|0 1 0 0 0 O
ez o 1 o o0 O 0|0 O 1 0 0 0
e o 0o 1 o0 O 0|0 0O 0O 1 0 0
es o 0 o 1 0 0|1 0O 0 0 1 0
eq o 0 o o0 1 0|0 O 0 0 0 1

REMARK 2.1.3 The edge-edge intersection matriz can describe more complex graph, for
example, a graph has loops and parallel edges.

THEOREM 2.1.1 Let G be a directed graph without insolated vertex, and U be the intersec-
tion matriz of edge-edge of G. Then the following statements are true.

1) U is a non-negative matriz;

2) the number of positive eigenvalue of VU (taking multiplicity into account) is equal to the
number of vertices of G, each positive eigenvalue is the degree of some vertez;

3) the eigenvectors of W corresponding to positive eigenvalues are the column vector of U,
they form an orthogonal group in R?";

4) Using the linearly independent group of eigenvector of W one can reconstruct the graph

G.
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Proof 1) For any ¢ = (£1,&) € R?",

(U, Epan = (@)1 + (@) TP &, & ) + (7)1 + (@7) B &, &o)pn
= (TE, TE )rn +2(P &, PTE )Rn + (P&, @ &2)rn > 0.

2) and 3). Since ¥ is a non-negative matrix, its eigenvalues are nonnegative. Let ¥; denote
the j" column vector of W, i.e., W; = (11;,2j, -, %2,;)T. Then using (2.1.19) one gets that

2n 2n
VW = (U1, 0;), (g, U), -+, (U, 1)) = Z%/Jvzj (W1, Yoy Wany) = Zi/fij‘lfj-
i=1

i=1

2n 2n
According to Proposition 2.1.4, Y~ ;; is the degree of some vertex of G. So, A= > ;; is an
i=1 =1
eigenvalue of ¥, and ¥, is an eigenvector.
4) Let ¥;,,U,,,---, ¥, be the linearly independent row vectors. One decomposes ¥;, =

(U W), where U1 and ¥ are n-dimensional vectors.
kY ik I I

Define a new incidence matrix by

ei"_ e;’_ e e;t el_ 62_ e e;
ay Vi1 Va2 o Yim Yhontl Yimte 0 Yhon
a Vis1 VYi2 0 VYim Vhatl Yimte 0 Yhom
a{m wjrrul /l/)jm,Z e ¢jm7n wjm7n+1 ’lf/)jm;n“!‘Z e ¢jm=2n

Set
%‘1,1 ¢j1,2 te ¢j1,n
Vis1  Yin2 o Vian

o+t — : " :

Vimit Vjm2 0 Cjn S
"/}j1,n+1 wj1,n+2 ce /ll)jl,Q’n
Visnt1  Vjant2 0 Vjyon

- = :

Vimmt1 Vjpnt2 0 Gjan /-

Then the connection relation of vertex of G is given by &+ ()7
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! !/ !/
al a2 a

n n n "
d > Vi kiintk 20 Vi ks ntk > Vit kWt
1 k=1 k=1 k=1
n n n
a Dia kjs ntk Vo kVja,ntk D2 Vi kg otk
2 k=1 k=1 k=1
n n n
o > VimkWismtk D0 Vi kWiamak 0 D0 Vi kW etk
m k=1 k=1 k=1 mxm
this is not a symmetric matrix. The vertex adjacency matrix of G is
o (d7)" + o (H)T.
This is symmetric matrix. O

2.2 A function defined on graph

Let G be a metric graph with the vertex set V. = {aj,as, -, a,,} and the edge set £ =
{e1,€2," -, en} with edge length set {¢1,0a, -, ¢, }.

Let u(x) be a function defined on E. For ecach e; € E, we define the parameterization
realization of u(x) on e; by

uj(s) = u(xz(s)), s €(0,4).

If limit limg o u;(s) (lims g, u;(s)) exists, denote it by u;(0)( u;(;), respectively).
Define the function spaces L?(FE) and H*(E) by

L*(B) = {f(x) | f;(s) € L*(0,¢;)}
HM(E) = {f(z) € L*(E) | fi(s) € H*(0,4;)}.
Let u(z) be a function defined on E. We can define a function
w(x) =u(zl;), =€(0,1), zl; € e,.

w(x) is said to be a normalized function on E. In the sequel, one always uses the normalized
function. The restriction of w on e; denotes w;. For a € V,

lim w;(s) = w;(1), if j € JT(a),

s—1
lim w;(s) = w;(0), ifje J (a).

s—0

Define a mapping w from V to C™(m = #V) by
w: (a1,a2, ,am) — (wlar),w(az) -, wlamy)) € C™.

DEFINITION 2.2.1 Let G be a metric graph with vertex set V and edge set E. u(x) is said
to be a function defined on G if u(x) has definition on E and V, i.e., u: G=V UE — R.
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2.2.1 Continuity condition

Let u(x) be a function defined on E and w be a function defined on V. Set

Uz) = (u1(2),uz(@), -, un(2))’, W(v) = (wlar), wlaz), - wlam))".

Consider the relation

[ u1(0) ] | ¢11 P o mi ] w(ay)
1
u2(0) P12 Doz Do w(as)
2
uz(0) | = | ¢13 a3 0 Pns
L u"(o) | L gbl_n ¢2_n e mn ] w(am)

which means that the outgoing are equal to the value of w at vertices, i.e.,
u;(0) =w(ar), VjeJ (ag), k=1,2,---,m.

So one can rewrite it into U(0) = [®~]TW (v).
The relation

up(1) IL1 fz 1+m w(as)

1

uz (1) ¢§r1 ¢§rz T ¢2+m w(as)
us(l) | = | oh 65 - o i
| un(1) | L O dla o b ] wiam)

means that the incoming are equal to the value of w at vertices, i.e.,
u; (1) =w(ay), VjeJt(ax), k=1,2,---,m.
This also is a continuity condition. It can be written into U(1) = [®T]TW (v).

DEFINITION 2.2.2 A function u(x) defined on G is said to be the incoming continuous at
a €V if u(x) is continuous on E and has limits at two endpoints of each edge in E, moreover
it satisfies

u;(1) = u(a), VjeJ (a).

It is said to be the outgoing continuous at a if u(x) is continuous on E and has limits at two
endpoints of each edge in E, and

u;(0) =u(a), VieJ (a).

For a multiple node a, u(x) is said to be continuous at a if lim u(z) = u(a) or equivalently

r—a

u(a) = u;(1) =u;(0), VieJ (a), j € J (a).



2.2. A FUNCTION DEFINED ON GRAPH

35
A function u defined on G is said to be a continuous function if it is continuous on E, and

)
continuous at very interior vertexr a € Vi, and at each boundary vertex a; € OG, it holds that
lim u(s) = uy(1) = ular), i € T (@),

iii% u(s) = uk(0) = u(a;), ifk e J (a;).

One denotes the set of all continuous function on G by C(G)

If u(z) is continuous on G, then one has

U@1) = (@)U (), U(0)=(27)"U(v).

(2.2.1)
For simplicity, one can write the continuity of u as there is a vector d € C™ such that

U1) = (@%)%d, U(0)=

(®@)7d. (2.2.2)
In order to obtain a direct relation between U(1) and U(0), from equality (2.2.1) one gets
that

OTU(1) = oM (dNTU(w) = D,Uv), ® U0)=d (o~

and hence

YU (v) = D_U(v)

Uw)=D"

[®TU(1) + & U(0)].
Substituting it into (2.2.1) leads to

[(@H)TD 1ot — 1U(1) + (81T DO~ U(0) =
(@)D 1o+ U(1) +

0)
(@) D'®~ — 1JU(0) = 0.

(2.2.3)
For simplification, one denotes D = diag(dy, da,

-++,dm). Now one calculates the product of
the structure matrices of G
hoeh o o o dfl it dfl 1 dl n
Sy D3 o o dy' o3 dy'o3, dy " b3,
(@D 1ot : ' : :
In 030 0 o O dp'bpy dplOmo o e dytoh,
Sona £ onona? £ onond”
m _ m 4 4
2 bpdnd;t X 9hohd; > $120}ud;
j=1 j=1 =1
L T S ot -1
J; ¢Jn¢ d; j;l Pin®j2d; SRS Pjn®jnd;
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m L1
Z¢j1dj P1n
j=1
m

Zl ¢j2d;lw2n
Jj=

¢jndj ¢n1 ng)jnd] ¢n21 Zl¢7nd] wnn
j=1 Jj=
0 0
Z +d Lo 0
((I)+)T<I)+
m L1
0 . j;%"dj
Do ondit dndit e e gndyt
Do Opdy ' bppdyt e e gudyt
o P! Ol o Grndy)
Z: ¢j1¢j2d_ Z d) 1¢_]n j
= Z QJ)JZ(an g
Z¢]"¢J”d11
m _ _ m _
Zl¢j1dj Ynt1,n+1 Zl¢j1dj Ynint2 o0 e Zl¢j1dj Unt1.2n
J= J= J=
S 05ad; nami1 Y Gad; Wngamie o o Y G5ad; niaon
j=1 j=1 j=1

m m
Z ]n j wQ’ﬂ n+1 E (b]n i ¢2n,n+2 Tttt Z ]n j ’(/}2774 2n
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> ¢j_1dj_1 0 0
j=1
N1
0 2 bnd; 0
J:
_ (@) To~
0 0 > pind;
j=1
e o o ondi opdi! Grdi !
bR o G Oondy ' dpdy’ Pandy "
((I)Jr)TDfl(I)f _ : :
—1i_n (b;rn oot ¢mn d)v_nld;Ll ¢7_n2d ! (b;md;nl
> ohond;t Y ¢hdpd;t Z ¢;
j=1 j=1
j;l ¢J’+2¢;1d;1 ; ¢ ¢J2d ' Z (b Jn J
X ndind; X Oond; > $in®ind;
=1 =1
J= J=
> ohd; Z LAy 1 > ohd; W on
j=1 j=1 j=1
21 ¢ Ld; o i '21 ¢ Ld; o Z ¢ hd; 2 2n
J= = j=1
Z ] wn,n+1 Z (bjn j '(/}n,n+2 R Z ¢ ] 77[171,2n
: J:
> ¢hd; ! 0 0
j=1
0 zl ¢lHd; 0
i=
— (@) To~
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and
(;51*1 ¢51 ¢:nl ¢+d1 ¢1+2d;1 ¢+d1
P12 P2 Do ohdyt hdyt o - ¢t dy!
@)D 't = . . . ) . )
1 o o Don GFrdzl pradml e e F -]
g)l 35145 Y1 g:l $7d W1 e o ;XZ: $51d5  Yntan
J§1 972y Ynta ng Grady " Pnyas o e ]§1 G0l " Pnyon

m
Z ¢Jn ] 1/}271,,1 Z ¢]n ] 1/}271 2 Zl ¢]n ] 1yz]2n n
]:
qujfld;l 0 0
j=1
0 Zlqgj—zdj—l 0
i=
= : . S : (@)Tot
0 0 > djady
j=1
Note that the matrices
N+ o1
Z jldj 0 R 0
=1
0 Z%zdl 0
Jj=1
m
+ ;-1
0 0 Z ¢jndy
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are invertible, in particular, their inverse are given by

¢ﬁdj 0 0
j=1
0 Z qS‘?:de 0
j=1
= ®+(D)
0 0 > 67
j=1
So formula (2.2.3) can rewritten into
T+t — o, (D TP~ U(1
@)Ter-a.(D) (@) D)y ey
(@)To+ (@)Td~ — &_(D) U(0)

The coefficients matrix gives the connection relation between both ends of the vector-valued
function U(z) .

EXAMPLE 2.2.1 Herein we consider a continuous function y(x) defined on a graph G given
by FExample 2.1.1,

Fig. 2.2.1. A directed graph without boundary
The connective conditions are

y(ar) = y1(0) = ya(1) = y5(0); y(az) = y2(0) = ye(1) = y1(1); y(asz) =y2(1) = y3(0);
y(as) = y3(1) = y4(0); y(as) )

The incidence matrix ®

el [eH) es ey (&3 €6
ay -1 0 0 1 -1 0
as 1 -1 0 0 0 1
as 0 1 -1 0 0 0
a4 0 0 1 -1 0 0
as 0 0 0 0 1 -1
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The connective conditions are represented into the matrices form

y1(1) 01 0 0 O r .
y(ar)
y2(1) 0 01 0O
y(az)
y3(1) 0 0 0 1 0
= y(as)
ya(1) 1 0 0 0 O
y(as)
ys(1) 0 0 0 0 1
y(as)
ye(1) 01 0 0 O - -
and _ _ _ -
y1(0) 1 0 0 0 O - -
y(az)
y2(0) 01 0 0 O
y(az)
y3(0) 0 01 00O
= y(as)
y4(0) 0 0 0 1 0
y(as)
y5(0) 1 0 0 0 O
y(as)
y6(0) 0 0 0 01 - -
The matrix D is given by ) )
300 00
0 3 0 0O
D=]100 2 00
0 00 2 0
0 0 0 0 2
and hence
300 0 0 O 300 0 0 O
0 2 0 0 0 O 0 300 00
0 0 2 0 00O 0 0 2 0 00O
(D+(D): I (I)—(D):
0 00 3 00 0 00 2 00
0 0 0 0 2 0 0 0 00 30
0 000 0 3 0 000 0 2
Further one has
01 0 0 O - . 1 0 00 0 1
00 0 1 0 O
00 1 0 O 01 0 0 0O
00 0 1 0 PO 0ot 001 0 0O
(@HTet = 01 0000O0]|=
1 0 0 0O 00 01 0O
0 01 0 0 O
00 0 0 1 00 0 0 1 O
0 0 0 O 1 O
01 0 0 O - - 1 0 00 01
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and

SO = O O O =

o = O O O =

o o o o = O

o o o o = O

o O O = O O

0
0
1
0
0
0

o O = O O O

0
0
0
1
0
0

_ o o o o o

= O O O o O

Thus the boundary relation is given by

|
[\

o O O O = O = O O O O

o O O o o o

o o o

o o = O O o o o o

o =R, O O O = O O

0
0
0
0

-1

- o O o o o o

o O o o =

o O o o = O

o O O O =

o O o = O

o O = O O O

o = O O O

o O = O O o O O = O

SO B O O O O =

o o o O

o O = O O

o = O O O

o = O O O

o o o o =

o O O O =

o o o o

o O O o o o = o ©o©

= o o O O

o o o = O

o o o O O = O o o

|
N

SO = O O O =

o O O O = O

o O O o o o = O O o o

I
—_

o o o o = O

o O O = O O

o O O = o O
o O = O O O

o o = o o o
o = O O O =

S = O O O =
= o O o o O

= O O o o O
o O O O = O

41
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2.2.2 Flow continuous condition

If u(x) is a function on F, then the relation

w(ay) o0 b o o | [ w0
w(az) b1 Paa  Pap uz(0)
w(as) = G351 @33 g, u3(0)

L w(am) | L ¢;zl ¢7’_7’L2 U mn 1L un(o) |

denotes the outgoing at each ay, i.e.,
n
a;) =Y djuk(0) = ur(0);
k=1 )

and the relation

[ w(a) o oh o o | [ wm)
w(az) le ¢;2 T ;n uz(1)
wlaz) | =| ¢35 ¢4 - P, uz(1)

L UJ(CLm) | L :r_zl ¢m2 e qur_Ln 1L Un(l) |

denotes the incoming at a;, i.e.,

Z@kuk > uk(1).

keJt(ay)

DEFINITION 2.2.3 Let u(x) be a function defined on G and continuous on E (include end-
points of each edge). Set

U(x) = (ul(x)7u2(x)7 T 7un(x))T7 U(v) = (u(al)vu(a2)7 T vu(am))T'

If u(x) satisfies condition

Z¢gk“k > w1, (2.2.5)

keJt(ay)

then u(z) is said to be the incoming flow continuous at vertex aj(Kirchhoff law); if for each
a;j € Vine, it holds that

u(a) = Y w(l), Vaj € Vim (2.2.6)
keJ+(ay)

then u(x) is called the incoming flow continuous (Kirchhoff law) on Vip.
If u(x) at vertex a; satisfies condition

i) = Zd)j_]guk(o) = Z ug (0), (2.2.7)
k=1 .
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then u(x) is said to be the outgoing flow continuous at a;(Kirchhoff law); If u(z) at each
a; € Vine satisfies
u(a;) = Y u(0), Vaj € Viny (2.2.8)
i€J(aj)
then u(x) is called the outgoing flow continuous (Kirchhoff law) on Vipyy.
If u(x) satisfies the condition at vertex a; € Vipy

w(ag) = D w(0)= D wl(l), (2.2.9)
i€J~(ay) i€Jt (ay)
then u(z) is said to be the flow continuous (Kirchhoff law) at a;.
If u(zx) satisfies the condition

u(a;) = u;(0), i € J (a;), or(=wi(l),i€ J(a;)), Va; € OG (2.2.10)
then u(x) is said to be continuous on the boundary 0G.

REMARK 2.2.1 The flow continuous condition has obviously physical meaning. If a is a
multiple node, u(a) =3 ;¢ j+(q) u;(1) means that the amount of flow at the node is equal to the
total incoming flow. If there is no sink and source at the node, then the total outgoing flow is

u(a) = Eje]*(a) u;(0).

Here one should mention that the flow continuous condition on Vj,; is in fact only defined
on its interior nodes, at the boundary OG it does not satisfy the flow continuous condition,
this is because it has only incoming or outgoing flow continuous condition. Therefore, the
incoming flow continuity on Vj,; is not equivalent to U(v) = ®+U(1), also the outgoing flow
condition on Vj,; is not equivalent to U(v) = ®~U(0) if G has nonempty boundary. If G has
no boundary, and for each a; € V there are at least one incoming edge and one outgoing edge,
then U(v) = ®+TU(1) and U(v) = ®~U(0) denote the incoming and outgoing flow continuity,
respectively.

The following example shows that if G has nonempty boundary, then flow continuous con-
dition is not satisfied at the boundary.

EXAMPLE 2.2.2 Let G be a planar graph that has structure shown as Fig. 2.2.2

Fig. 2.2.2. A network with nonempty boundary
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The directed edges are defined by

e1 = (a1,a5) ez = (az,ae) e3 = (as,ar) ey = (aio,as)
€5 = (as,%) €6 = (C%‘,as) €r = (a5,a7) €g = (a7,a8)
eg = (ag,ag) e = (ag,a10) e11 = (as,ao)

Obviously, the boundary of G is G = {a1, az, a3, as}.

Let y(z) be a function defined on G, whose restriction on e; be y;(x). Assume that y;(x) is
continuous on e;,7 = 1,2,---,n. The conditions

y1(0) =y(a1), v2(0) =ylaz), w3(0) =ylas), wa(l) =y(as)
mean that y(z) is continuous on boundary of G; and the connective conditions are
y1(1) = ylas) = y5(0) + y7(0), v6(0) = y(as) = y5(1) + y2(1),

1 Yy
y7(1) +y3(1) = y(ar) = ys(0), ys(1) +ys(1) = ylas) = yo(0) + y11(0),
Yo (1) = y(ag) = y10(0), y11(1) + y10(1) = y(aio) = y4(0).

—_ —

If one uses the representation of the incidence matrix, then one has

r 1 T 11 »(0)
y(ar) 1000000000 0 o
Y2
y(as) 01000000000 o
Y
y(as) 00100000000 ’
y4(0)
y(aq) ok ok ok ok ok ok kK k% )
Ys
y(as) 000010710000 o)
= Yo
y(as) 00000100000 o)
Y
y(ar) 00 0 0 0 O0O0T1TO0TUO0TDO0 7(0)
Y
y(as) 0000000O0GO0TO0T1 8(0)
Yo
y(as) 0000000O0GO 010 o
Y
y(aro) 00010000000 0
- - - = | yn(0) |
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and _ _
r T r 1| wn)
y(a1) ok ok k ok ok ok ok kK %
ya(1)
y(a2) * *k * k k *k * k >k * b
y3(1)
y(as) * ok ok ok ok ok K kK k%
ya(1)
y(as) 00010000000 "
y
y(as) 10000000O0GO0GO 00O iD
= Y
y(ag) 0100100000 0 6(1)
yr
y(ar) 00100010000 0
Ys
y(as) 00000101000 0
y
y(as) 000000O0GO0T1O0 0 gﬂ)
y
y(aio) 000000O0GO0GO0T11 10
) ; ) - _y11(1)_

where the row including * denotes that this can not represent. If one supposes that y(x) takes
zero values on G, then x = 0, the flow continuous conditions on G can write into

Uv) = ®TU(1) = 2~ U(0).

If G has no boundary, this always is true. O

Now one assumes that a function u(z) defined on G is continuous on boundary 9G, and flow
continuous at all interior nodes Vj,;. In order to give a matrix representation of relationship
between U(1),U(0) and U(v), one calculates the following matrices

S oheh 3 ohoh 5 o ¢jn
P2 P2 P
Z ons Z s Z oy
<<I)+)T<I>+ j=1 j=1 j=1
Sohon L ohoh o 3 okl
J=1 Jj=1 Jj=1
then
S 3 ghetaun(l) 5> 6hu(ay)
k=1j= ]:1
+ .
(@H)THU(1) = 222?¢2¢M““) _| E o) — (@)U ().
S 3 6hdhaun(l) 5 6 ulay)
k=1j=1 j=1

n
where one has used the incoming flow continuous condition u(a;) = > gf)jkuk(l) at all vertices

of G (if there is no incoming flow at a;, one always has Z ¢; kuk(l) 0).
k=1
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Similarly, one has

f:f;m;l Z brdly f:l%%
J= j=1 j=
S S 6nen 3 00T
j=1 j=1 j=1
and
kil il ¢]1¢Jkuk( ) il ¢j_1u(aj)
>yl p
S 3 6767uk(0) 5> 7 u(ay)
(@)To-U(0) = | F=1= —| 4 — (@)U (v)
S 3 67165 (0) 5" 65ula)
k=17=1 j=1

where one has used the outgoing flow continuous condition u(a;) = >° ¢, uk(0) at all vertices
k=1

n
of G (if there is no outgoing flow at a;, one always has > ¢;ux(0) = 0). Therefore one has
k=1

the following result.

PROPOSITION 2.2.1 Let G be a directed graph, and u(x) be a function defined on G with

the normalized parametrization. If u(x) is continuous on boundary and flow continuous on Vi,
then one has

(@NHTorU(1) = (N UW), (@)Te"U(0) = (27)TU(v). (2.2.11)

If G has no boundary , then ®*(®*)7 and &~ (®~)7 are full rank diagonal matrix, one can
deduces from (2.2.11) that ®+U (1) = U(v) and ®~U(0) = U(v).
In order to obtain a direct relation between U(1) and U(0), from (2.2.11) one gets that

T (@NTeTU(1) = DL U(w), & (®7)Td~U(0) = D_U(v)
and hence
D_D,®*U(1)— Dy D_®~U(0) =
and
U(w) =D D o U(1) + D_d"U(0)].
Substituting them into (2.2.11) yield

(@5)T@HU(1) = (6)7 D D18 U(L) + D_&-U(0)],
(@)Td~U(0) = (&) D~V [D4 & U(1) + D_d~U(0)].
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A calculation similar to previous shows that

(@*)"D7'Dy2F = 2, (D' D) (2F)" 0T,
(@)TD"1D_&~ =&, (D1D_)(®+)Td~,
(®)TD-'D, &+ =d_(D'D,)(¢)Td,
(@)D 'D_&~ =3_(D"'D_)(d)T P~

Thus one gets that
[@4(D7' D) = I)(@+)"@FU(1) + 4 (D' D_)(2+)" @~ U(0) = 0,
®_(D7'D)(@)TdTU) + (®_(D'D_) —1)(@~)T®~U(0) = 0.
Note that
0 (D7'Dy) = 24 (D74 (Dy), @(DT'D-) =24 (DTN (D-),
® (D'D)=® (D H®_(D,), & (D 'D_)=d_ (DHo_(D_).

Therefore, one has

h o, (D_)(@0)Te @, (D)@ e | | U

=0 (2.2.12)
o_(Dy) (@) e+ o_(Dy) (@) e~ | | U(0)

2.2.3 Weighted flow condition

In the definition of flow continuous condition at node a;, one sees that the value of function at
the node is equal to the total incoming flow:

u(a;) = Z u;(1).

JEJ T (as)

However, for the outgoing flow u(0), one can assign a weighted w; on it, for example,

i uk(0) = wu(a;) = wyy, Z u;(1). (2.2.13)
Let w;; satisfy the following conditions

0<wy <1, wy=gguwy, > w;=1, (2.2.14)
j=1
then w;; expresses a proportion of the flow leaving the vertex a; into the edge e;. In this case,

S w0 =u@) = Y w).

keJ~ (ai) Jj€JT*(ai)

one still has
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Denote this weighted matrix by ®,,, it is said to be the weighted outgoing incidence matrix,
which is column stochastic.

Here one calculates the m x m matrix &~ ()7,
¢1n b2 o bin w1 W21t Wi
o (@) — $g1 G Doy Wiz W2 ot W2
¢;11 ¢;12 e rinn Win Won et Wmn
n - n o n B

> ¢y w15 )y pyjwa; - > b1 Wmj
j=1 j=1 j=1
Do b wij D Poywai D Pyl

- j=1 j=1 j=1
> Pp W15 > P W2; > Do Wiy
Jj=1 j=1 Jj=1
1 0 -0
0 1 -0

= = Im>
0 0 1

that is,
()T = I, (2.2.15)

More generally one always assigns a matrix associated with the incidence matrix, W~ =

(wi;

i) and W = (w;;), respectively, by

wi; = ¢w;. (2.2.16)

If A= (a;;)is a m x n matrix, then the m x n matrix ® o A has such a property, where Ae B
denotes the Hadamard product of both matrices, which is defined by A ¢ B = (a;;b;;).

2.2.4 Linearly nodal condition

Let u(z) be a function defined on a graph G. For each a € Vjy,;, when #.J(a) > 3, the connection
condition of u(x) at a may be very complicated. Here one still considers the linearly connective
condition. Omne can decompose theses edges jointed a into several groups: the edges in each
group have one continuity—-the flow continuous condition or continuous condition, these groups
have one of flow continuous and continuity condition.

EXAMPLE 2.2.3 we consider a function y(z) defined on a graph G that is given by
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Fig. 2.2.3. A star-shape graph

with connective conditions at a

y1(1) +y3(1) +y7(1) = y(a), y2(1) +ys(1) +y7(1) = y(a),
y5(0) +y6(0) = y(a), y4(0) = y(a)

From connective conditions one can see that: in incoming direction

1) the group {y1(1),y2(1)} is continuous connection;

2) the group {y3(1),y7(1)} is the incoming flow continuous connection;

3) the groups {y1(1),y2(1)} and {y3(1),y7(1)} form the incoming flow continuous at node

And in the outgoing direction,
4) {y5(0),y6(0)} forms the outgoing flow continuous condition; and
5) {y5(0),46(0)} and y4(0) form the continuity condition. O

In preceding treatment, one always seeks for the certain continuity at the node of graph G
in the sense of flow continuity or classical continuity. Now one finds out the other form of the
connection conditions.

For an interior node a € V;,;, when the function u(z) satisfies the flow continuous condition,
one has two equations

u@= Y (1), ul@)= Y us0),

je€Jt(a) s€J~(a)

eliminating u(a) one gets that } -, ;4 ;) uj(1) =3 57— (o) ws(0) = 0. When the function satisfies
the continuous condition, one has #.J(a) = #J%V(a) + #J~ (a) = p + ¢ equations, i.e.,

u;(1) = u(a),j € Jt(a), u;(0)=u(a),ic J (a).

Eliminating the mid-variable u(a) leads to p+¢— 1 many linearly independent equations. When
the node has the connection condition of other types, for instance, the condition described as
in Example2.2.3, the number of linear equations is an integer in [2,p + ¢].

In general, let a € Vi, p = #J7(a) and ¢ = #J (a) be the degree of incoming and
outgoing connection respectively, the value of u;(1);j € J*(a),u;(0);i € J~ (a) forms a vector
in RPT4, Assume that they have a linear relation, then the linearly nodal condition can write
into HU = eu(a) where H is a (p+ q) X (p + ¢) matrix and U = (u;(a);j € J(a)) is a vector,
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ie.,
a1 a2 - ap bin oo big uj, (1) 1
a1 @y -+ Gzp bar oo by Uy (1) 1
ap1  Gp2 app  bp1 bpg uj, (1) _ 1 u(a) (2.2.17)
cii ¢z - cip din oo dig u;, (0) 1
€1 Ca2 - Cyp dor - dyg 4, (0) 1
Cqu Cq2 ccr Cgp dqu - dgq ui, (0) 1
The matrix
A B
C D

has rank rank(H) € [2,p + ¢|.

REMARK 2.2.2 Let G be a directed metric graph, and u(x) denote a liquid distributed on
G. In this sense, the edges are viewed as branches of stream, uj(z) denotes the distribution of
the liquid on the edge e;, u(a) denotes the source or sink flow at interior node a. Assume that
the liquid is continuous on the boundary, i.e., u;(1) = u(a),a € G,j € J*(a) which means
that the amount of incoming flow is equal to the sink flow at the boundary, or u;(1) = u(a),a €
0G,i € J~(a) which means that the amount of outgoing flow is equal to the one of the source.
At an interior node ay € Vine, the linearly nodal condition means that the difference amount
between incoming and outgoing is equal to that of the source or sink flow, i.e.,

Z ijd);gi_juj(l) - Z kit ui(0) = u(ag).
jeJ+t(a) i€J~ (a)
Note that this equality can not give a more detail relation among the branches. So as shown in
(2.2.17) one needs some more relations to determine which branch is the mainly contributing

one to source or a sink.

Let G be a directed graph and ¥ be the intersection matrix of edge-edge of G. Define the
matrices by

(@*)7 ot (@)
U, = . U= : (2.2.18)
(@)t (@)7e"

2nxn 2nXxn
Let Mo, (¥, ) be the set of matrices that has pattern ¥, i.e.,
Mapsn(Py) = {A € Mopyn | AoV, = A} (2.2.19)
Similarly, Mo, «,, (¥ _) is the set of matrices that has pattern ¥_ i.e.,

Mapxn(¥—) = {B € Mayxn | Be ¥_ = B}. (2.2.20)
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Now let u(z) be a function defined on the graph G with normalized parameterization. One
coincides the function » with a vector-valued function by

Uw) = [ur (@), ua(@), - un(@)]", U(v) = [u(ar), u(az), - ulam)]".

Then the linearly nodal connection condition can be written as
(Cl, CQ) = - U(’U), C, e Mann(\If+), Cy € Mgnxn(\lf_) (2221)

where C7 and Cy are called the connection matrix of the function u. Sometimes C' = (Cy, C5)

is said to be the connection matrix.

PROPOSITION 2.2.2 Let G be a directed graph and ¥ be the intersection matriz of edge-
edge of G. Let C = (C1,Ca) € Mapxon (), then C is a connection matriz of u(x) defined on
G if and only if the following conditions satisfied

1) If 2311 Yi; =1, then 2311 cij # 0, this means that at the boundary point a; € 0G, the
coefficient is not zero;

2) #0G + 2#V;pe < rank(C) < 2n;

REMARK 2.2.3 The matriz VU presents a connection relation of edge-edge in G, it does not
denote relation between the edges and the vertices; The connection matrix C gives the relation
between the vertices and the edges jointed with verter. So the matrix C' gives more detail
structure of the graph G.

2.2.5 Nonlinear node condition

Let u(z) be a function defined on a graph G. In previous subsections one always seeks for

certain continuity at a node of graph G in the sense of classical function. However, it is just

such a continuity so that one losses some important property of the network—node dynamics.
Let

U(S) = (u1(5)7 u2(3)> Ty un(s))T7 W(U) = (w(a1)7 w(ag), T 7w(am))T'

The vector-valued function U(s) denotes the dynamic behavior of edges of the graph and W (v)
denotes the behavior of vertices of the graph.

The behavior of a vertex depends upon the incidence edges, usually, it depends nonlinearly
on the values of incoming and outgoing, one can write it into

F(u;j(1);5 € J™(a),u;(0);i € J~ (a),w(a)) = 0. (2.2.22)

The flow continuous, weighted flow continuous and continuity are the special case of (2.2.22),
they are linearly dependence of the incoming and outgoing.

Now let w(a) be the value at vertex a. One considers the outgoing at node a,
p

u;(0) = 5"(|w(a) + pi| — lw(a) = pil), i€ J (a), (2.2.23)
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this is a piecewise linear function, where (; is the transmission rate.
If the value w(a) depends on the incoming and outgoing, then one can write it into

g(w(a)) + Z a;f(u; (1)) + Z Biui(0) + z(a) = 0. (2.2.24)

je€Jt(a) i€J(a)

the first term is the dynamic characteristic of the vertex, the second is the input template, the
third is the output template, the final term is a constant value dependent the vertex a.



Chapter 3

Ordinary Differential Equations
on Graphs

Let G be a directed metric graph with vertex set V. = {a1, a2, --,am,} and edge set E =
{e1,€e2, -+, e}, and let u(x) be a function defined on G, u;(s) be its normalized realization on
the edge e; € E. If u(z) satisfies the differential equation on each e; € E

L(uj) = pjouj sk (s) + pjawon-1(s) + -+ pjrui(s) = fi(s), s€(0,1)

k
where uy. denotes d d’;@, and pj are the functions defined on the edge e; with appropriate

continuity conditions, f;(s) are given functions, then w(x) is called satisfying the differential
equation on E.

The differential equations are always defined on E, one needs some connection and boundary
conditions to determine uniquely a solution. Due to restriction of graph G, the connection
conditions at the vertices become an important component to solve the differential equations.

3.1 First order linear differential equation
Let us consider first order differential equation
p(x)u'(x) + q(z)u(z) = f(z), z€E
or equivalently, on each edge e;,7 =1,2,---,n,
P (15 () + 45 ()u;(s) = f(s). s € (0.1), py(s) > 0. (3.1.1)

Obviously, the general solutions to (3.1.1) are given by
*g;(r) ° L) *gi(r) :
u,(s)uv(O)exp{/ dr}+ expq — drpdt, j=1,2,---,n.
! ! o p;i(r) o pi(t) ¢ pir)

33
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It is well known that, for first order ordinary equation on finite interval [a,b], one can
determine uniquely a solution provided that one gives a value of the function at some point in
[a, b], for example, the boundary condition u(a) = £. Obviously, if one gives a value at each
edge ey, one also determines uniquely a solution of (3.1.1). The question is that combination
of these solutions needs not to be a solution on G, this is because there are some restrictions at
interior node of G. Therefore, one must study the solvability of first order differential equation
on a graph G.

Define the diagonal matrices P(s) and Q(s) by

P(s) = diag(p1(s),pa(s),---,pn(s)),  Q(s) = diag(qi(s), g2(s), -~ -, gn(s))

and define vector-valued functions

U(s) = (ur(s),u2(s), - un(s)", F(s) = (f1(s), fa(s), - fuls)"

Then the first-order differential equations on E can be rewritten into a vector-valued differential
equation
P(s)U'(s) + Q(s)U(s) = F(s)

and the formal solution is given by

U(s) = S(s,0)U(0) + /05 S(s,r)P~ (r)F(r)dr (3.1.3)

where S(s,r) = diag (exp {f N Z;—%dt}) is the fundamental matrix of the first-order differen-

tial equation.

3.1.1 Continuous solution

Here one considers the case that u(x) is continuous function on G, i.e., there exists a vector
d € C™ such that
U(l) = (@)%, U(0)=(®)"d

Substituting the formal solution into above yields
(@) = S(1,0)(@7)")d = F(1) (3.1.4)

where F(1) = fol S(1,7)P~Y(r)F(r)dr. Therefore, the differential equation has a continuous
solution on G if and only if the algebraic equation (3.1.4) is solvable, this requires F(1) €
R((@)T — S(1,0)(@)7)). A

Note that [(®1)7—S(1,0)(®7)T] is a n xm matrix, F(1) € C". One discusses the solvability
of (3.1.4) according to relation between n and m.

1) If m < n, one has that rank[(®*)T — S(1,0)(®~)T] < m, then (3.1.4) is not solvable for
any F(1) € C;

2) If m > n, ie., #V > #E, then (3.1.4) is solvable for any ﬁ(l) € C" if and only if
rank([(®T)T — S(1,0)(®7)T]) = n.
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Let (3.1.4) be solvable, and dy be its a particular solution. Then the general solutions are

of the form .

d=do+ Y ¢;dj, dj e N[(@H)" = 5(1,0)(27)"] (3.1.5)

Jj=1

where k = dim N[(®T)" — S(1,0)(®~)”] and {d;}}_, is an independent group of the subspace
N[(@F)T — S5(1,0)(®7)7]. And hence the general solution of (3.1.3) is given by

k s
U(s) = S(s,0)(®)Tdy + chS(&O)(CI)_)de + / S(s,r)P~ (r)F(r)dr.
j=1 0

In this case, one needs k many conditions to determine uniquely a solution of (3.1.1). Therefore,
one has the following result.

THEOREM 3.1.1 Let G be a directed metric graph. The differential equations
P(s)U'(s) + Q(s)U(s) = F(s), se€(0,1) (3.1.6)
has the continuous solution on G for any F € L*(G) if and only if
rank([(@T)T — S(1,0)(®7)T]) = n. (3.1.7)

When (3.1.7) holds, the general solution of the homogeneous equations are given by
k
Us) =Y ¢;S(s,00(@7)"d;,  dy € N([(@)" = 5(1,0)(7)"]) (3.1.8)
j=1

where c; € C and k = dim N ([(®+)T — S(1,0)(®7)T)).

Observing that the solvability of differential equations defined on E' is independent of direc-
tions of the edges, herein the directions are only used to parameterize the function u(z). So G
can be anyone graph.

One now assumes that G is a connected graph. According to Theorem 3.1.1, the necessary
condition for the differential equations having a continuous solution for any F' € L2(G) is
m > n, i.e., #V > #FE. In this case, G is a tree or a cycle since G is connected.

THEOREM 3.1.2 If G is a tree, given a value of u at the boundary point a, the differential
equation

pla)(2) + q(z)u(z) = f(z), feL*G), u(a)=¢ acdG

has uniquely a continuous solution on G.

Proof Suppose that G is a tree, a is the root of G, then one has m = n + 1 and (®*)7 —
S(1,0)(®7)T is a n x m matrix and rank((®+)T — S(1,0)(®7)7) = n. Thus there exists an
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n X n invertible matrix K such that

10 0 O 0 ki
01 0 O 0 ko
001 O 0 ks

K[(@")" - S(1,0)(@7)"] =

Thus from the equality

one gets that

1 00 0 0 ki dq Fy
010 0 0 ko dy Fy
001 0 0 ks ds Fj
000 0 0 1 ky dm F,
ie.,
di + kydy, = Fy
dy + kodp, = Fy
ds + ksd,, = Fs
dy + kndy, = F,
Obviously, if d,, = €, then dj,j =1,2,---,n are determined via d,,, and ﬁj. O

Now one supposes that G is a cycle, then (®+)T — §(1,0)(®7)T is a n x n matrix. In
this case one needs some restriction conditions on functions p;(s) and ¢;(s) so that the matrix
satisfies rank((®+)” — S(1,0)(®7)T) = n. When it holds, (&) — S(1,0)(®~)7 is invertible
matrix, hence the algebraic equations

~

[(@F)" = S(1,0)(27)"]d = F(1)
has unique a solution d € C"
d=[(@®")7" = S(1,0)(@7) ] F(1).

This means that one need not any initial condition for solving equation (3.1.1). Thus the
solution is given by

U(s) = S(s,0)(@)T[(@N)T — S(l,O)(@‘)T]_lﬁ(l) + /OS S(s,r)P~(r)F(r)dr.
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In order to show the solvability condition of differential equation on a cycle, one considers
the following example.

EXAMPLE 3.1.1 For the sake of simplicity, one considers a cycle with four edges, see Fig.
3.1.1

ay
Ya
Ys as

Y1 a Y2

Fig. 3.1.1. A continuous network on a cycle

the differential equations are given by

yi(s) — ajy(s); = fi(s), j=1,234

A direct calculation shows

—e™ 1 0 0
0 —e? 1 0
(@) —5(1,0)(@7)" =
0 0 —e*3 1
1 0 0 —e
and hence
—e™ 1 0 0
0 —ex 1 0 > a
det =ei=t  —1.
0 0 —e*3 1
1 0 0 —e™
4
Therefore, the solvability condition is 3 a; # 0. O
j=1

REMARK 3.1.1 For first-order differential equations on a graph G, if one wants to solve
uniquely these equations, one needs n many conditions. If the solution is continuous on G, then
number of continuity condition of linearly independent in the interior nodes is

m

Z[#J+(ak) +#J (ar) — 1] = Z #J(a) —m.
k=1

k=1

m m
Note that > #J(a;) = 2n. When m < n, one has Y, #J(ay) —m > n, this means that there
j=1 k=1

exist so many restrictions on the equations. Therefore, the equations may have no solution. If

m > n, one has
m

Z#J(ak) —m < n.
k=1

So one needs m —n many initial (or boundary) conditions to determine uniquely a solution.
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3.1.2 Flow continuous solution

Here one considers the function satisfying flow continuous condition at all interior nodes and
continuity conditions on boundary of G. In this case, the connection relation are given by

(TH)TOTU1) = (TN U), (¥7)"TU(0) = (¥7) U(v)

or equivalently,

Z u](l) - Z uz(o) = Oa va‘k € ‘/L’nt-
i€J (ak)

JjeJ*(ak)

Since, for each j € {1,2---,n},

=ex 1qj(s) shu; 1fj(s)ex " ai(n) rids = s; u; fi
1) = exp | L8 (0) + pl [ L dryds = 55(01,000,(0) +

o pils) p;(r)
substituting into the connection conditions lead to
Z Sj(l, O)UJ(O) — Z UZ(O) = fj, ax € Vit
jeJt(ar) i€J (ak) jeJt(ar)

or

Z SJ (1,0) ¢k] u] Z¢kjfﬂ’ ax € Ving.

j=1 j=1
It has #V;,; = h many linearly independent conditions. Without loss of generality one can
assume that the first h vertices are the interior nodes, then one has

> [e5i(1,0) = ¢5,]u;(0) Z¢ Ji k=12, k. (3.1.9)
j=1

Let ﬁ(O) = (u1(0),u2(0), - -, U, (0)) be a particular solution to (3.1.9), and U;o = (vi1,via, -+, Vin), i =
1,2,---,n — h be the linearly independent solutions to the homogeneous equations

n

Z[¢$]5](170)—¢;7]U] :O7 k:1727...7h’

Jj=1

then the general flow continuous solution to the equation is

n—h s
U(s) = S(s,O)ﬁ(O) + Z ¢iS(s,0)Uso +/ S(s,t)P~L(t)F(t)dt.
i=1 0

Therefore, one needs (n — h) many initial conditions if one wants to determine uniquely a
solution of flow continuity.

EXAMPLE 3.1.2 Consider a tree with seven edges as shown in Fig. 3.1.2
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Fig. 3.1.2. A tree-shaped flow network

the differential equation on each edge e; is

y;(s)_ajyj(s):fj(5)7 je{L2,-,7}

By directly solving the equations, one gets the general solution of the form

y1(s) = y1(0)e™* + [ e (7D f(s)ds s€(0,1)
y2(s) = ayi(1)e2® + [ e fo(s ) s €(0,1)
y3(s) = (1 — a)yi(1)es® + fo es(s— t)f3(8)d8, s€(0,1)
y(@) = wals) = By2(1)es + [¢ e fy(s)ds, s€(0,1)
ys(s) = (1= B)yz(1)e®s® + [ e =0 fi(s)ds, s € (0,1)
ye(s) = yys(1)e®®® + [7 e fo(s)ds s €(0,1)
yr(s) = (1 — 7)ys(1)e™s + [ exr(s= t)f7(8)d57 s€(0,1)

where y1(0) is an inflow condition, and «, 8 and 7 are stochastic parameters, they present a
distribution of the flow at the interior nodes. O

3.1.3 Solution to linearly nodal condition

In this subsection one considers the more complex case that there are many restrictive conditions
at each vertex. For each vertex a € Vj,:, one takes the linear nodal conditions as follows

Yjert(a) Ui (1) = D s 0y Priui(0) =0
D jedt(a) @2iui(1) = Xie g (a) Poiui(0) = 0

> et (a) @niti (1) — ZieJ—(a) Briui(0) =0

where h = h(a) satisfying 1 < h < #J(a) —

(3.1.10)
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To obtain a simple form, one rewrites (3.1.10) into following form for a = ay,

Sy ajdu (1) = 300, Bridgui(0) =0
Z?Zl a2j¢zj“j(1) — 2ie1 Baidyui(0) =0 (3.1.11)
Yoy angdiug (1) = Y20y Bridiui(0) =0
Define matrices
Aak = (arj(sz)y Bak = (ﬁrz¢z)a Aak S IMIh(ak)xna-BuL;C S Mh(ak)xn
Then the linear nodal conditions (3.1.11) can be written as
Ay U(L) = By, U0) =0, ay € Vi
where rank(Aq,, Ba,) = h(ax). Using representation of the general solution
U(s) = S(s,0)U(0) + / S(s, )P (1) F()dt,
0
one gets
Aa S(1,00U(0) — B, U(0) = Ag, F(1), ai € Vins. (3.1.12)

Thus one has p = Zake\/mt
h(ax) < #J(ax) — 1, so

#Vie <p= 3 hlar) < Y [#J(ax) — 1] =2n—m.

ar€Vint ak€Vint

h(ax) many number of independent equations. Note that 1 <

Let ¢ = #V;n:. Without loss of generality one can assume that agx,k = 1,2,---,q are the
interior nodes. Set

Aa1S(17O) _BLM A(h
Aa,S(1,0) — By, Aa,
C = ) Cl = ’
A,,5(1,0) — By, Aa,
pPXn pXn

one has algebraic equations
CU(0) = CLF(1).

Clearly, if p > n, then the algebraic equations might have no solution due to rank(C) <
min{p,n}. This means that there exist too many restrictions on the equations. If p = n, then
the algebraic equations have unique a solution

U0) =C 'CLF(1).

This shows that one need not have any initial or boundary condition. In this case, the unique
a solution is given by

U(s) = S(s,0)C~'C F(1) + /0 S(s,t)P~L(t)F(t)dt.



3.2. SECOND ORDER DIFFERENTIAL EQUATIONS 61

If ¢ < p < n, then the homogeneous algebraic equations have (n — p) many linearly in-
dependent solutions. Let U be a particular solution to (3.1.12), and Ujg,% = 1,2---n — p be
the independent solutions to the homogeneous equations, i.e., Ujy € N(C), then the general
solution of the algebraic equations (3.1.12) are given by

n—p

U©0) =T+ ¢;Ujo.
j=1
Therefore, the general solution to (3.1.1) satisfying the equations (3.1.10) are
=R n—p s
U(s) = S(s,00U + Y _ ¢;S(s,0)Uio + / S(s,t)P~1(t)F(t)dt.
i=1 0

To determine uniquely a solution to (3.1.1) under the condition (3.1.10), one needs (n—p) many
boundary conditions.

REMARK 3.1.2 The results in this section show that the solvability of first-order ordinary
differential equation on graph G is essentially different from that on an interval. The solvability
is strongly dependent upon the structure of the graph G and continuity assumption of the solution
at the junction. Therefore, one must treat carefully the differential equations on a graph.

3.2 Second order differential equations

Let G be a metric graph with vertex set V = {a1,a2,--,a,, } and edge set E = {e1,€ea, -, e, }.
In this section one considers second-order ordinary differential equations on G. For each edge
ej € E, the differential equation is given by

Ujss(8) +pi(8)ujs + q;(s)uj(s) = fi(s), se€(0,1). (3.2.1)
Let ¢;(s) and 9;(s) be the fundamental solutions to homogeneous equation
Uj,ss(8) + pj(8)ujs(s) + q;(s)us(s) =0

satisfying conditions ¢;(0) = 1,¢%(0) = 0 and %;(0) = 0,9}(0) = 1, respectively. Then the
general solution to (3.2.1) and its differential are given by

uj(s) = u;(0)@;(s) + u;(0);(s) — /Os Sj(s,7) f;(r)dr

wj(s) = u;(0)@5(s) +uj(0)Y5(s) — /03 0sSj(s,r) f(r)dr

where
oy = Yil8)e(t) — 0;(s)¥5(2)
S50 = @y (0 — (s (D)

Obviously, one needs 2n many conditions to determine uniquely a solution to (3.2.1).
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3.2.1 Continuous solution on GG

Suppose that u(x) is continuous on G, i.e., u € C(G), then one has
uj(a) = u;(a) =u(a), Vi€ J (a),j€J (a), a€ Vip.

The continuity implies the condition number

m

Z[#J(a) —1]=2n—-m,
j=1
it remains m many conditions. Therefore, one proposes at most one condition for its derivative
at each vertex a € V.
In order to obtain the connective condition of derivative functions at each vertex a € Vi,
let O(a) be a neighborhood of a. We define the function class C§°(O(a)) with support set in
O(a) by

17 |$_a| <g
v(r) =< (), e<|r—a| <2
0, | — a| > 2e.

where 9(x) is a C* function on O(a) N ey, provided that ey is an edge jointed a. Now let v(x)
be a function in C§°(O(a)). Then integrating over O(a) yields

[ (aalo) + p@us o) + gla)ulo)) (o)
O(a)NG

= Z [ujs(a)v;(a)] — Z [uj,s(a)vj(a)]

jeJt(a) Jj€J~(a)

—/ [ug(z)vg(x) — p(x)ug(z)v() — g(z)u(x)v(z)|dx
O(a)NG

= o(a) Z ujs(a) — Z ug,s(a)

je€Jt(a) i€J (a)
[ @) - s ) - @)@,
O(a)NG
So a natural condition at each a € Vj,; is
Z ujs(a) — Z u;,s(a) = 0.
j€Jt(a) i€J(a)

If #Vine # m, then one only needs to impose m — #V;,; = #0G many conditions at the
boundary of G.

The discussion above gives merely a correct condition number for the differential equations
(3.2.1) having a continuous solution. However, it is not a sufficient condition for the solvability.
In what follows, one will discuss the solvability of the differential equations.

More generally one assumes that the node conditions are

Z O‘k‘,jqbz_]u],s(l) - Z ﬂk,i(yzs];;ui,s(o) + ’qu(ak) = 07 k= 17 27 e, (322)

JjeJ T (ar) ieJ~ (ax)
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where ay, ;,0,,; and ~y, are constants.
Now let

U(s) = (ur(s),uz(s), -+ un(s)),  U(v) = (u(ar),ulaz),- -, ulam))-
Then the continuity conditions are
U@1) = (@)U (v), U(0)=(27)"U(v),
and the conditions (3.2.2) can be written into
AU'(1) = BU'(0) + TU(v) =0, A € Mypsn(®T), B € My (®7) (3.2.3)

where I' is the m x m diagonal matrix, and rank(A, B,T") = m.
Note that the general solutions of (3.2.1) can rewrite into the vector form

U(s) = B()U(0) + W)U (0) — /O T S(s, ) F(t)dt
where

<I>(3) = diag((pl(s)’ 902(5)’ ] (pn<8>), \I](S) = diag(wl(s)v wQ(S)’ T 7¢n(5))

and
S(s,t) = diag(S1(s,t), Sa(s,t), -, Sn(s,1)).

Thus one has

{ [(@F)" — (1) (@7)"]U(v) — ¥(1)U'(0) = 5(1) (3.2.4)

where ®* are the incidence matrices of G, and

§(1)=/01 S(1,t)F(t)dt, §'(1):/01 8,5(1,t)F(t)dt.

Therefore, the differential equations have unique a solution if and only if the determinant of
coefficients matrix of (3.2.4) is not vanishing, i.e.,

[(@5)T —e@)(@7)T]  -¥() 20 (3.2.5)
[A2"(1)(@7)" +T]  [AP'(1) - B]

Therefore, one has the following result.

THEOREM 3.2.1 Let differential equations be given as in (3.2.1). Then the equations have
a continuous solution on G satisfying the condition (3.2.3) if and only if (8.2.5) is satisfied.
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3.2.2 Linearly nodal conditions

Here one considers more general connection conditions for the equations (3.2.1). For each node
a € V, there are #.J(a) many edges jointed it. For each f € H?(E), the function at vertex a
forms a vector

f(a) = (fjl(a)vfjm' ' '7fjd(a);f]/‘1(a)7f]/‘27' ) ]/'d(a))T
where ji, € J(a), d = #J(a) is the degree of vertex a and f;:)(a) = limg_1 f](;)(s) if jr. € J(a)
or f;z)(a) = lim, 0 f;z)(s) if ji, € J~(a). These vectors form a 2d(a)-dimensional linear space.
One can define a functional on H?(E), by

d

Ba(f) =D (anfi (@) + Bof) (a), € H*(E).

r=1

If one distinguishes the incoming edges and the outgoing edges, then it can be rewritten as

Zarfh +bejg +Zcrfr +Zﬂsh

where p = #J7(a) and ¢ = #J (a). There are at most 2d(a) many linearly independent
functionals at the vertex a € V. From discussion of continuous solution one sees that one
needs at most #J(a) = p + ¢ many conditions to determine uniquely a solution. So one can
choose #J(a) = d many linearly independent functionals 84,1, 34,2, -, Ba,a as the restriction
conditions:

Bar(f) =0, k=12, d(a)
or simply write into an operator from H?(E) to CH®
Bu(f) = Baf(a) = Braf(a) + Bo.uf'(a) =
Further, one uses the vector-valued form:
F(s) = (fi(s), fa(s), -, ful)T,
the restrictive condition can be written into
B.(f) = AuF(1) + B,F(0) + Co F'(1) + D,F'(0) = 0, (3.2.6)

where A,, By, Cqa, D, are the d(a) x n matrices and rank(Ag, Ba,Co, Do) = d(a) = #J(a).
Therefore, one gets >, #.J(ax) = 2n many linearly independent conditions:

Bak(f):O? kzlaza"'am- (327)

Therefore, the equations (3.2.1) with restrictive conditions (3.2.7) have unique a solution for
each f € H%(E) if and only if the algebraic equations

[Aa®(1) + Co® (1) + Ba]U(0) 4 [Aa¥(1) + C, ¥ (1) + D,JU'(0) =0, YaeV.  (3.2.8)

have unique an zero solution. Therefore, one has the following result.
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THEOREM 3.2.2 The second-order differential equations (3.2.1) defined on E under the
restrictive conditions

Ba(f) = AcU(1) + BoU(0) + ColU'(1) + DaU'(0) = 0, rank(Aa, Ba, Ca, Do) = #J(a)
have unique a solution for each f € H?(E) if and only if the algebraic equations
[A,®(1) + C,®'(1) + B,JU(0) + [A,¥(1) + C,¥'(1) + D,JU'(0) =0, VaeV.
have unique an zero solution.
Now let us recall the structural matrix ¥ of the graph G,
(@HTe+ (&) Td-
e @ ),

One decomposes the matrix ¥ as ¥ = (UF, ¥U~), where T and U~ are the 2n x n matrices.
In order to normalize the conditions (3.2.7), one arranges the conditions in the following way

Zagrfr +Zb35f +ZCJTfT +Zd]sf 7=12--- n,n+1,---,2n
such that they are embedded the structure matrix pattern

((I)+)T(I)+ (q)Jr)T(I)Jr (<I>+)TQ)* (q)Jr)T(I)f

= (U, Ut U, U).
(@)Tet (@7)TRt (@7)TT (&) "

Setting
A= (aj,r)2n><na B = (bj,r)2n><n; C= (Cj,s)2n><n7 D= (dj,s)2n><na
one has
A, B € Monxn(¥F) = {A=(aj;) € Mapxn | Ut 0 A=A}
and

C,D € Manxn(¥7) ={C = (¢ji) € Manxn | ¥~ o C =C}

where A @ B denotes the Hadamard product which is defined by A @ B = (a;;b;;). Thus the
conditions (3.2.7) can be rewritten into

F(1)
F'(1)

(ABC D) =0
F(0)

£/(0)

and rank(A, B,C, D) = 2n. This form is said to be the normalized the connected condition.
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3.3 Second-order differential operator and its adjoint

It is well known that the solvability of the second-order differential equation on finite interval is
closely related to the linear operator determined by the equation. The Fredholm theory of linear
differential operators defined on the finite interval says that the solvability determined via its
adjoint operator. In developing physical models one often needs to know its adjoint state when
a differential operator is defined on a given graph, for instance, quantum-mechanical problems
associated with advances in micro-electronic fabrication [2][36][37][40]. This section provides a
description of adjoint operator of second-order differential operator defined on a graph G.

Let G be a metric graph with vertex set V' and the edge set E = {e,ea, -, e,}. Suppose
that the formal differential operator on each e; is defined by

Ly = uganls) + 0y(s)uyo(5) + qy(susls). s € (0.), je{L2-n}  (331)

where p; and g; are real continuous functions.
For each u € H?(E), one coincides it with the vector-valued function

U(s) = (ua(s), uz(s), -+, unls)), s €(0,1).
Define diagonal matrices
P(s) = diag(p1(s),p2(s), -, pn(s)), Q(s) = diag(qi(s), q2(s), -+, an(s))
Then the formal differential operator £ can be rewritten into
LU(s) =U"(s) + P(s)U'(s) + Q(s)U (s), (33:2)

and the space L?(G) is equivalent to L2[(0,1),C"].
Suppose that the vertex connection conditions are given by

AU(1) 4+ BU'(1) + CU(0) + DU’(0) = 0, rank(A, B,C, D) = 2n, (3.3.3)

this is a normalized connection condition. Thus the formal differential operator (3.3.2) together
with (3.3.3) define an operator on G:

D(L) = {U € H*((0,1),C") | AU(1) + BU'(1) + CU(0) + DU'(0) = 0}. (3.3.4)

For any U € D(L), F € H?((0,1),C"), we have

(;CU,F)L2 -
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Obviously, £L* on F is of the form
LYF =F"(s) — (P(s)F(s)) + Q(s)F(s) (3.3.5)
and F € D(L*) if and only if

0 = (UQ),—F'(1)+PQ)F(1
+(U(0), F'(0) = P(0)F(0

Jen + (U'(1), F(1))cn
Jer + (U'(0), —F(0))cn, YU € D(L).

)
)
On the other hand, we get from U € D(L) that

(U(1), A*X)en + (U (1), B*X)cn + (U(0),C* X)cn + (U'(0), D* X)cn =0, VX € C*.
Thus there is an X € C?" such that

A*X =—-F'(1)+ P(1)F(1), B*X=F(1), C*X=F'(0)—P(0)F(0), D*X=-—F(0).
Suppose that the restriction condition in domain of £* is of the form

AF(1) + BF'(1) + CF(0) + DF'(0) = 0

where A\7§75,ﬁ € Mo, «n, then

AF(1) + BF'(1) + CF(0) + DF'(0)
A[B*X] + B[-A*X + P(1)B*X] + 5[—1:)* ] D[C*X — P(0)D*X]
= [AB* — BA* + BP(1)B* + DC* — CD* — DP(0)D*| X

0

Therefore, A, B,C, D and A: B, 6, D satisfy relation
AB* — BA* + BP(1)B* + DC* — CD* — DP(0)D* = 0. (3.3.6)
Note that if we denote the formal differential operator (3.3.5) by £1, then we have
(LU, F)pa — (U, £ F) g2 = U, F]

where [U, F] is a non-degenerate quadratic form involving the boundary values and first-order
derivatives of functions U and F. Formula (3.3.6) gives a condition such that [U, F] = 0.
The following example shows an expression of non-degenerate quadratic form [U, F] in single

interval.

EXAMPLE 3.3.1 Consider second order differential operator defined on (a,b) by
Lf = f"(z)+p@)f'(z) +aq(@)f(z), € (a,b)

where p(x),q(z) are real continuous functions on [a,b]. For any f,g € H*[a,b], one has
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so we have

o < o) 1\ | s g(b) > B < pla) 1\ | f(a) g(a) >
-1 0 £/(b) go |/ . -1 0 f'(a) g'(a)

Note that the matrices

C2

S(z) = , z€(a,b)

are skew-adjoint on C2. So [f,g] is also skew-symmetric quadratic form.

Note that the connective conditions (3.3.3) do not obviously depend on the structure of G.
Sometimes one use the following notion to distinguish property of £ at each vertex.

DEFINITION 3.3.1 Let G be a metric graph and let ¢ : G — C denote a C* function which
has compact support in G and is constant in an open neighborhood of each vertex. Let L be a
formal differential on the edges of G. L is said to be local operator if for every ¢, ¢f is in the
domain of L whenever f is.

When G is a finite graph, the continuity conditions and linearly nodal conditions at internal
nodes are the local property. Hence the operator determined by these conditions are local
operators. As shown in subsection 3.2.1, if £ is a local operator on the graph G, then one can
treat it in small open neighborhood of vertex a as an operator defined on a star-shaped graph
with zero boundary conditions.

EXAMPLE 3.3.2 Schrodinger operators on graphs Let G = (V, E) be a metric graph.
On each edge e; € E, Schrodinger operator is defined as

Lfj(x) = =] (2) +p;j(2)f;(x), =€ (0,1)

where we assume the continuous vertex conditions, i.e., there are #J(a) — 1 independent con-
ditions at each vertex a,

fi(a) = fia), j€J (a), i€ J (a)

and an independent dynamic condition

S orm- Y fo=o. (33.7)

jeJ*(a) keJ—(a)
L is a self-adjoint operator in L*(G). In particular, L is a local operator on G.

REMARK 3.3.1 More discussion about Schrédinger operator on graphs (Quantum graphs),
we refer to Kuchment’s works, e.g., see [64] and [65].

REMARK 3.3.2 There is a classical description of adjoint operator (involving self-adjoint
extensions) in terms of boundary conditions [25, pp.284-297] for reqular ordinary differential
operators acting on L?*[a,b]. This theory has a close connection with the abstract treatment of
self-adjoint extensions of symmetric operators [101, pp. 140-141]. Note that the differential
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operator L defined on a graph G is actually a group of ordinary differential operators on intervals
whose lengths are given by the arc lengths of the edges in graph G. The general treatment is
somewhat deficient for differential operators on graphs, since the role of the vertices of the graph
G is unclear. In particular, when G is an infinite graph, the description of the differential
operator defined on it appears particularly awkward. Usually one need to impose additional
restrictions on the domain of L. Under the assumption that the edge lengths of G have a positive
lower bound and each vertex receives at most finite many edges, Robert Carlson in [20] gave a
complete character for the domain of the adjoint of a local operator L when the coefficients of
the operator are bounded and satisfy some mild additional reqularity assumptions.



Chapter 4

Partial Differential Equations on

Graphs

In this chapter one discusses three classes of elastic systems on metric graphs: one dimensional
wave equation, Euler-Bernoulli beam and Timoshenko beam. For these systems, our purpose is
to find out reasonable vertex conditions so that these systems describe the physical phenomena,
which means that these systems are the energy conservation without exterior disturbance and
forces. In this chapter, one will give a correct number of independent conditions at each vertex
and the most general form of the local vertex conditions and whole vertex conditions according
to the nodal equilibrium and structure equilibrium of the systems, respectively.

4.1 wave equation on graph

Let G be a metric graph with vertex set V- = {a1, ag, -, a;, } and the edge set E = {e1,ea,- -, e}
with |ej| = ¢;. Let u(z,t) be a function defined on G x Ry, u;(x,t) be its parameterization
realization on e; x Ry. If uj(z,t),j € {1,2,---,n}, satisfy the partial differential equation

0?uj(z,t) 0 (T] () Ou;(x,t)

my(a) 2D = 9 20 gt ceOL), L)

where m;(z), Tj(x) are positive continuous function and ¢;(z) are nonnegative continuous
functions, then u(z,t) is called satisfying the wave equation on E.

REMARK 4.1.1 For a function u(z,t) satisfied the wave equation, we can define its normal-
ized realization on e; by
w;(s,t) = uj(sl;,t), se€(0,1).
Then we have
Ow;(s,t)
Js

8’U,j (ng, t)
=4 ox

70
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0 o Ouj(sty,t)\ 1 0(Tj(slj)uj(st;,t)) 1 0 ‘ Ow;(s,t)
or (TJ = )% s = E0s \ D=5 )

So without loss of generality we can assume that w;(s,t) satisfies the wave equation

2w, (s w; (s
mj(s)aajitg’t) = % <T(s)aja(8’t)> —gj(s)w;(s,t), s€(0,1). (4.1.2)

The function w;(s,t) is called the normalized realization of u(x,t). In the sequel, we always use
the normalized realization of a function.

The partial differential equations are always defined on E, we need some connective and
boundary conditions and initial data to determine uniquely a solution.

4.1.1 Nodal condition

Let G be a metric graph with vertex set V' = {a1, a2, -+, an} and edge set E = {e1,ea, -, en}.
We consider the self-adjoint property of the differential operator in L?(G)

Lw; = (Tj(s)wj,s(s), — qj(s)wj(s), s€(0,1), j=1,2,--,m (4.1.3)

For any F € H*(E), W € H*(E),

n

(LW, F)gs — (W,LF) 2 = 3 / (Ty()w5.0()) T s ds—Z / (5)Frs)ads

j=1"¢i

= ZT [w;, (V1) — w; (1) D] = > T5(0)[w),5(0) f(s) — w;(0) f;.4(0)]

j=1

i=1 \jeJt(a;) keJ— (a:)

Set J*(ai) = {j1,72, -+ Jp}, J (a;) = {k1,ka,- -+, ky}. For each W € H?(E), one define local
column vectors at a; by
W (ai) = [wy, (1), w5, (1), -+ w;, (D]T, - Wo(a5) = [wr, (0),wr, (0), -+ wi, (0)]7,
and
Wi (a:) = Wy, ,s(1), w5,s(1), - ws, s (D], W(a) = [wiy,5(0), iy 5(0), -+, e, s(0)]

Define the diagonal matrices

{ T (@) = ding(Ty, (1) T, (1), -+, 5, (1), g
T (a;) = diag(T}, (0), Ty, (0), - - -, T, (0))
and the bond matrices
Qi (ai) = ’ Frla) (4.1.5)
—T'y(as) 0

2pX2p

= Z( Z T w]s )m ( fjs Z Tk wks )m_wk(o)fk,s(o)]

|
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0_(a;) = 0 T-(a) ] . (4.1.6)
2gX2q

—T_ (al) 0

With help of these notations, we can write the vertex condition into following

( Y T 1) —wi(WfsD] = Y Tk(O)[wk,s(O)JW—wk(O)fk,s(O)])

jeJt(ai) keJ— (ai)

—(T-(a;)W' (a;), F- (ai))cq +

(
_ 0 T (as) W (a;) Fi(ai)
—T. (a;) 0 I W (a;) F' (a;) o
_ 0 T (a;) W_(a;) F_(a;)
“To(@) 0 || W) | | Fla) ).,
= (Q-l-(ai)[w-‘r? W—/&—]T(ai)v [F-‘ra F-/Q-]T(ai))([pp - (Q—(ai)[W—a W/—}T(ai)a [F—7F/—]T(ai))(czq .
Therefore,
(LW, F)p2 = (W, LF)p2 = Z (Q+(ai)[W+a W-/Q—]T<ai)’ [F+7F—I',-]T(ai))
i=1
=3 (@ (@)W, W (@), [Fo, FL ) (@) . (41.7)
i=1

4.1.2 Nodal condition for the dynamic equilibrium

THEOREM 4.1.1 Let the formal differential operator L be defined by (4.1.3), and let Q. (a)
and Q_(a) be defined by (4.1.5) and (4.1.6), respectively. Then the following statements are
true

1) For each node a € V, there are p+ q = #J(a) many linearly independent conditions,
which have the form

Ao Wy (a), Wi(a)]T + Bo[W-(a), W (a)]T =0 (4.1.8)

where Aq = A(prq)x2p and Ba = B(piq)x2q;
2) The operator L with nodal conditions (4.1.8) is nodal equilibrium, i.e.,

(2@ (@), Fy(@) , — (2 (@W (a),F- (@) =0 (4.1.9)

C2r C2q

where W, (a) = (Wi(a), Wi(a)]" and W_(a) = [W_(a), W' (a)]”, if and only if A, and B,
satisfy the condition
A, 07 (a)Ar = B,Q”"(a)B;. (4.1.10)

3) If for each a € V' the matrices A, and B, satisfy (4.1.10) and rank(A,, B,) = p+gq, then
L with nodal conditions (4.1.8) is a self-adjoint operator.
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Proof For each a € V, there are (p + ¢) many edges jointing it. Since the single vertex
condition is a local property, one can regard the vertex as the center of a star shape graph
with fixed boundary conditions. Therefore, we have (p + ¢) many second order differential
equations, and hence there are at most (p+ ¢) number the connection conditions at a since they
already have (p + ¢) many Dirichlet boundary conditions. So there are at most (p + ¢) linearly
independent conditions at vertex a.

Suppose that the nodal conditions are given by (4.1.8). Set WJr(a) = [Wy(a), Wi(a)]" and
w_ (a) = [W_(a), W’ (a)]T, (4.1.8) can be rewritten into

AWV (a) + BaW_(a) = 0.
Then for any X € C®*+9) it holds that
(AaWi(a), X)cwra + (BaW_(a), X)cwra = 0. (4.1.11)

If the operator £ with nodal conditions (4.1.8) is nodal equilibrium, i.e., for any W, F € H?(E)
satisfying (4.1.8), it holds that

(Q+@Ws(@), Fr@) , - (Q-(@W-(a).F-(@)) , =0, (4.1.12)
comparing (4.1.11) to (4.1.12), we get that there exists an X € C®*+% such that
~Q.(a)Fy(a) = A;X, Q_(a)F_(a) = B} X
where we have used equalities Q% (a) = —Q. (a), this leads to
Fila) = —Q7 (@) 41X, F_(a) = Q- (a)BLX.
Thus, we have
0= AuFy(a) + ByF_(a) = —A4,07(a) AL X + B,Q" (a)B: X, VX € CPHo),

So (4.1.10) holds.

Conversely, suppose that A, and B, in (4.1.8) satisfy the condition (4.1.10), W € H?*(E)
is a function satisfying the condition AaW+(a) + B,W_ (a) = 0. By using condition (4.1.10),
there exists some one X € C**9) such that

Wy(a) = Q7 (a)A}X, W_(a)=—-Q ' (a)B;X.
Thus we have
Q. ()W, (a) = ALX, -Q_(a)F(a) = BLX,
Let F € H2(E) be anyone function satisfying A, F, (a) + B,F_(a) = 0. Then
(Q+@WW(0). Fa(@) , — (Q-(@W-(a), F-(a)
A*X,F, (a ) + (B X, F_( )CM
)c<p+q> + (X’ BF. (a))

X AF+ + BF ( ))C(P+q) - 07

C2q

C(pt+a)

(
- (X AF,(a
(
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this shows that the node is equilibrium.
Now one assumes that for each a € V, the matrices A, and B, satisfy the condition (4.1.10).
Define a subset of L?(G) by

D(L) = {W € H*(E) | A,W,(a) + B,W_(a) =0,Ya € V}.

From (4.1.7) one sees that £ with D(L£) is a symmetric operator. Since, for each a € V|,
rank(A,, B,) = p + q = #J(a), this condition implies that if W € H?(FE) satisfies conditions

(iI+L)W =0, and AW, (a)+ B,W_(a)=0, Va€eV,
we can deduce that W = 0. Therefore, L is a self adjoint operator. O

THEOREM 4.1.2 Let L be defined as (4.1.3) and let Q4 (a) be defined by (4.1.5) and (4.1.6)
respectively. Suppose that for each a € V matrices Aq = Apyq)x2p and By = B(piq)x2q Satisfy
the condition (4.1.10) and rank(A,, B,) = p + q. Define the operator Lo by Lo = —L with
domain

D(Lo) = {W € H*(E) | AJWy(a) + B,W_(a) = 0,Ya € V} (4.1.13)

where W+(a) and W_ (a) for each W € H?(E) are defined as before. Then Ly is a nonnegative
operator if and only if A, and B, satisfy the condition

4,6,97" () A} = B,E,Q”" () B; (4.1.14)
where
I, 0 I, 0
P — ) gq = /
0 0
2pX2p 2q%2q

Proof For any W € H?(E), we have

— (LW, W) 2 Z/ s)wjs(s))sw;(s ds—l—Z/ (s)|w;(s)[*ds
= =Tl \0+Z/ (1) + 455 oy 5)Plds

( > TiMw (w1 — Y Tk(O)wk,s(U)wk(O))

jeJt(as) keJ—(a;)

Since
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Ip 0 [ 0 T+(ai) [ W+(a¢) W+(ai)
| —Ti(a) 0 Wi(a) || W(a)
- I, 0 ] 0 T_(a;) ] W_(a;) W_(a;)
0 0| ~T(a) 0 || W.(a) W (@)
= (§94(@)W(0:). W) — (£, (@)W- (). W-(a:))

I, 0 I, O
2pX2p 2gX2q

when W € D(L), one has

I
/
—

e}
(@)

where

WJr(ai) = Q1 (@) A} X, W (a:;) = —Q ' (a))B; X, Xe€ clr+a)
and hence
5pQ+(ai)W+ ((IZ) = gpA;;iX, qu, (ai)W, (az) = —qu;_X.
Thus,

( > Ti(Mws(Dw;() = Y Tk(o)wk,s(o)wk(o))

jeJt(a;) keJ— (ai)
= (59 @)W (@), Wi(a) , — (£,Q-(a)W-(a:). W-(a)
= (645, X,97(a) A} X) o — (€,B5, X, Q7 (a;) B}, X)
= (X, A0,6,97 (a)AL X — B,,E,9""(a;) B}, X)

C24
C2a

C(p+aq) *

Since A, Q;l(ai)Azi = B, Q:l(ai)B;i, we have the equality
[A0,€p07 " ()AL, — Ba,EqQ7 (a;) Bl 1" = A4,&, 97" (ai) AL, — Ba,E4Q~" (a;) B,
Therefore, Ly is nonnegative if and only if
AaiSPQll(ai)A:i = BaiSqul(ai)B;‘i.

The proof is then complete. O

In Theorem 4.1.1, the condition rank(A4,,B,) = p + ¢ for any a € V is a assumption of
condition number that is used to ensure that £ has no defect number, while A,Q7"'(a)A% =
Banl(a)B’a",Va € V are used to ensure the self-adjoint-ness of £. For operator Ly, the
conditions A,E,07 " (a)A; = B.E,Q”"(a)B},Va € V are used to ensure the nonnegativity of
Lo. In what follows, one will show that condition A,E,07"'(a)A; = B,£,Q~"(a)B; implies
A,Q7'(a)A; = B,Q"'(a)B;.

Since

—1 a) = -1 a) — 0 _T:I(a)
QJr ( ) [ T;l(a) 0 ]2Px2p’ Q, ( ) |: T_—l(a) 0 lquzq
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0 —T7Ya 0 —T Ya
£,Q7 (a) = v () , &9 (a) = )
0 0 0 0
L 2pX2p 2gX2q
A = A A B — Bi1 Bio
A 4 " |'By B
i 22 (p+aq)x2p 2 22 (p+a)x2q
A* — Al A5 B — B, B3
Alz Az 2pX (p+q) Biz Bz 2gx(p+q)
a direct calculation gives
0 = A&Q7 (a)A: — BuE,Q\(a)B]
B A A 0 —T;'(a) Al AL
A A Ar,  Ab
2 22 (p+q)x2p 0 0 2pXx2p 12 22 2px (p+q)
_ Bii B 0 *T—_l(a) B, B3
L B B (p+q)x2q 0 0 2gX2q Biz Bz 2gx (p+q)

AnT N (a)Afy — BuTZ'(a)Bfy  AnTy'(a)A3, — BuT= ' (a)Bs,
| AnT7N(@)Afy — BnT- (a)Bf, ATy (a)As, — BaT- ' (a) B3,

(p+q9)x(p+q)

this gives an explicit expression of (4.1.14). Thus we have
A11T;1(a)AT2 — BiuT="(a)Biy =0, AllTil(a)A% —BuT-'(a)B3, =0
AnT;'(a)Afy — BoiT='(a)Bjy =0, AT} '(a)Ajy — BnT-"(a)B3, = 0.

Taking the dual operation for above equations leads to
AT (a)Afy — BioT="'(a)Bf; =0, AT '(a)Aj; — BxT~'(a)Bj; =0
ATy (a)As) — BioT-'(a) B3y = 0, ATy '(a)As; — BT~ (a) B3, = 0.

A straightforward calculation gives

A,97'(a)A; — B,O”'(a)B;
| AT (@)A} — BieT- (a)B;y ATy (a)A3, — BiaT =" (a)Bs, —0

AT (a)AYy — BT =" (a)Bf; ATy (a)As; — BaT-'(a)Bs, (p+a)x (p+q)

Therefore, the following result is true.

COROLLARY 4.1.1 Let G be a metric graph and L be the formal differential operator on E
defined by (4.1.3). Set Lo = —L with domain

D(Lo) = {W € HX(E) | AWy (a) + BJW_(a) = 0, A,6,Q5" AL = B,£,Q"(a)B},Va ¢ v} :

where W (a) and w_ (a) for each W € H?(E) are defined as before. Then Lo is a nonnegative
operator on L*(G). In particular, it is a positive definite operator if q;(s) are positive functions.
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REMARK 4.1.2 In the nodal equilibrium condition, one requires the condition
(Q+(@Wy(a), Fi(a)czr — (Q-(@)W-(a), F_(a))cza = 0

at each node a. Usually, in mechanics, Ly should be a positive operator, for example, in the
equation (4.1.2), so the coefficient matrices A, and B, at each node a satisfy the nodal condi-
tions A,Ep Q71 ' (a) A% = B,E,Q”" (a)B}. Since this relation is independent of the other vertices,
it is called the local structure condition (or the local vertez condition).

Now one recalls the structural matrix ¥ of G,

(@‘F)T@‘F (@‘F)T@*
(@)7e* (@)Te-

@ =
2nx2n

the matrix shows the intersection of endpoint of edge-edge. One decomposes the matrix ¥ as
U = (UF U~), where U and ¥~ are the 2n x n matrix. Define the connective pattern matrices

U, =Wt oh), v =0 ,0) (4.1.15)
Denote the matrices set by
Mapx2n (V1) = {A = (ai;) € Manxan | VyieA=A}

where A o B denotes the Hadamard product which is defined by A @ B = (a;;b;;).
One coincides a function W € H?(E) with a vector-valued function W defined by

W (s) = [wi(s), wa(s), w3(s), -, wn(s)]", s€(0,1).

By an appropriate arrangement, the local vertex conditions of graph G are written into the

form
AW (1) + BW(0) =0, A€ Manxan(Vy), B E Mapyon(V_). (4.1.16)
where
Tw=| "W we=| Y
w'(1) w’(0)

4.1.3 The structural equilibrium condition

In this subsection one discusses the case that the node may not be equilibrium but its structure

is equilibrium. we called it the structural equilibrium condition (or whole vertex condition).
Let G be a metric graph with edge set E = {e;;j = 1,2,---,n}. For W € L?(E), one

coincides W with a vector-valued function W (s) = [wy(s), wa(s), -+, w,(s)]7.

Let £ be defined by (4.1.3). Define the diagonal matrices
T(s) = diag [T1(s), Ta(s), -, Tu(s)],  Q(s) = diag[q1(s), q2(s), -, an(s)],

then £ can be rewritten into the matrix form

= (T4 ) - 2.
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For any W, F € L*(G),
W(S) = [wl(s)?w2(s)a"'7w’ﬂ(8)]T’ F(S) = [f1<8)7f2(5)7"'7fn(s>]T7 s € (0?1)

one has

Thus

B o T | [ wa F(1)
- “T() 0 || W Py )
- o 10 | [ w) £(0)
~T() 0 || W) F) ) ..

Now let A and B be the 2n x 2n matrices, the connection condition are given by
AW (1) + BW(0) =0, rank(A4,B) =2n (4.1.17)
where W (1) = [W(1), W’(1)]T and W(0) = [W(0), W’(0)]7.

THEOREM 4.1.3 Let the formal differential operator L be defined as (4.1.3) and let L on
graph G have the connective condition (4.1.17). Then L is structural self-adjoint if only if A
and B satisfy the condition

0 T(1) ]_1 o T ]
A A*=B B*. (4.1.18)
-T(1) o0 -T() 0
Proof Set
. [ 0 T(s) ]
-T(s) O
Then

(LW, F) 2 — (W, LF) 2 = (T()W(1), F(1))czn — (T(0)W(0), F(0))cen
and (4.1.18) becomes
AT '(1)A* = BT*(0)B*.

Suppose that £ is structural self-adjoint, i.e., for any W, F € H?(FE) satisfying (4.1.17), it
holds that

o~

(T()W(1), F(1))czn — (T(0)W(0), F(0))gan = 0.
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For any X € C?", from (4.1.17) we get
(AW (1), X)g2n + (BW(0), X)g2n = 0.
Comparing both equalities above we have
T*(1)F(1) = A*X, T*(0)F(0) = —B*X.

Thus
F(1)=-T'(1)A*X, F(0)=T '(0)B*X.
Hence

0= AF(1) + BF(0) = —AT " '(1)A*X + BT '(0)B*X,

(4.1.18) follows from this equality.
Conversely, we suppose that (4.1.18) holds. For any X € C2", let W € H?(E) satisfy the
condition

W) =T Y(1)A*X, W(0)=-T '(0)B*X,
then W satisfies (4.1.17). Thus for any F € H?(E),

(LW, F)pz — (W, LF) 2

(T (), F)

- (X, AF(1) + Bﬁ(@))

- (TOW(©),F©)_,,
c2n
Therefore, (LW, F) — (W, LF) = 0 if and only if Aﬁ(l) + BF\(O) = 0. O

THEOREM 4.1.4 Let L be defined as before and let the connective condition be given by
(4.1.18). Then —L is a structural positive operator if only if A, B € Mo, xo, satisfy the condi-
tions rank(A, B) = 2n and

B* (4.1.19)

where

En = fn 0 :
0 0
2nx2n

Proof Let A, B € My, x2, satisfy the conditions rank(A, B) = 2n and (4.1.19). Firstly we
prove that A and B also satisfy the condition (4.1.18).
Note that

—1
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and
o= lae| O O] _Bgn[ 0 T<0>] B]
~T(1) 0 ~T(0) 0
0 0 0 0
= A A*— B B*
~T-1(1) 0] ~T-1(0) 0
[ o 1) ] [ 0 T(o)]_1
= (I-&,) A*+ B(I - &,) B
~T(1) 0 ~T(©) 0
Therefore, one has
—1 -1
A[ 0 11‘(1)] N 11‘0)] .
-T(1) © ~TO) ©
= Aé'n[ 0 T(l)} A* — BE, 0 T(0) B*
~T(1) 0 ~TO) ©

0 T®)
FA(I - &,) [ o

The condition (4.1.18) follows.
Let £ have the connective condition

W) ] s [ W (o)
w(1) W (0

A

=0, AvB € M2n><2n7
)

then it is a self-adjoint operator according to Theorem 4.1.3. So there exists an X € C?" such

that .
{ w(1) ] _ { 0 T(1) ] tx
wW'(1) —T(1) 0
and .
W (0) _ 0 T(0) B X
W’(0) -T(©) 0
Thus one has
1
(LW, W)+ | (T(s)W )en + (Q(s)W(s), W (s))cnds

(T(HW'(1), W(1))cn — (T(0 )W/( ), W(0))cn

. 0 T(1) W(1) W(1)
om0 [ lw | vy )
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. 0 T(0) W (0) W (0)
~T(0) © W’ (0) W) |/ ..
—1 —1
T(1) T(0)
= | &A%, A*X ~- | &.B°X, B*X
-T(1) 0 —T() 0
(C2n (C27L
—1 —1
0 T(1) 0 T(0)
= | X, 4¢, A*X — BE, B*X
~T(1) 0 —-T() 0
(C2n

Therefore, —L is structural positive if and only if

(W, W) = / (T(s)W(5), W (5))cn + (Q)W (s), W (s))cnds

which is equivalent to
-1 -1
0
A&, A* = BE, B*.
-T(1) 0 -T) 0
The desired result follows. 0

REMARK 4.1.3 The structural equilibrium condition is whole vertex condition. If L has local
vertex conditions, then it also satisfies the structural equilibrium condition. But the structural

equilibrium need not to be the nodal equilibrium.

Note that the structural equilibrium condition requires the function values and its derivative
at different vertices, so the connection condition usually can not be represented by the structural
pattern matrix W..

EXAMPLE 4.1.1 Let G be a metric graph, whose structure is shown as Fig.4.1.1.

Fig. 4.1.1 A triangle circuit
Let L be the formal second-order differential operator on G defined as
Ly;(x) = yj (x) — qj(2)y;(x), =€(0,1), j=1,23

where g;j(x) are nonnegative continuous functions.
Suppose that D(L) consists of all function y(x) € H?(E) satisfy the following conditions

1(0) =w3(1),  31(1) =92(0), 42(1) = y3(0)
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and

Then —L is a structural positive operator.

This is because

3 1
(Ly,y)r2 + Z/O [ly; ()1 + a5 (s)|y; (s)*]ds

3 1 3 1
= > [ wenGis+ Y [ o) Pds
3 3
= Zy](l)y](l) - Zy;(o)yj (O)
[v5(1)ys(1) — y1(0)y1(0)] + [y2(1)y2(1) — ¥53(0)y3(0)] + [y1(1)y1 (1) — y5(0)y2(0)]
= [y5(1) = 91(0)]y1(0) + [y2(1) — ¥5(0)]ys(0) + [ (1) — 55(0)]y2(0)
= [y3(1) = 51(0)](afyi (1) — y2(0)] — Blyz(1) — y5(0)))
+lya(1) — y5(0)](Blys (1) — y1(0)] — {1 (1) — 55(0)])
+y1(1) — y2(0)](—efys(1) — 51 (0)] +[ya(1) — y5(0)]) =
Obviously, £ is the structural equilibrium, but not the nodal equilibrium. O

4.1.4 'Wave equation on metric graphs

Now let us return to the wave equations on the metric graph G = (V| E). Note that if the local
vertex conditions (4.1.14) hold, then the whole vertex condition (4.1.19) also is fulfilled. There-
fore, to avoid some technical details, one restricts oneself here to the whole vertex condition.

Let w(x,t) be a function defined on E xR, w;(s,t) be its normalized realization on e; x R
and satisfy the wave equations

mj(s)%t(j’t) - % (T-(s)awgf’t)) —gi(s)w;(s,t), se(0,1),

where m;(s) and T;(s) are positive continuous functions, ¢;(s) are nonnegative continuous
functions. Using the vector-valued function W(s,t) = [w1(s,t),wa(s,t), -+, wn(s,t)] on [0, 1] x
R, one can rewrite the wave equations as

PW(s,t) 0 OW (s,1)
Suppose that W(s,t) satisfies the vertex conditions

AW (1,t), Wo(1,6)]" + B[W(0,t), W4(0,)]" =0 (4.1.21)
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where the real matrices

A Ao, B B
A o) o B}
Ag1 Ag By1 Bao

satisfy the condition (4.1.19). Thus one has the following result.

THEOREM 4.1.5 The wave system (4.1.20) with the vertex conditions (4.1.21) is the energy
conservation.

Proof The energy function of the wave system (4.1.20) is defined by

1
E(t) = %/0 (T(s)Ws(s,t), Ws(s,t))cn + (M(s)We(s, t), Wi(s,t))cn + (Q(s)W (s, t), W(s,t))cnds

Let W (s,t) be a real solution of (4.1.20) satisfying (4.1.21). Then one has

dE(t)
Sdt

/(']I’(s)WS(s7t)7Wst(s,t))Rnds—|—/ (M(s)Wy(s,t), We(s,t))rnds
0 0

1
+/< ()W (5,£), Wi(5, 1))z
0
(TWL(1, >7Wt<1,t>m T(O)W, (0, £), Wi(0, ))s

LT
gn

-T(1) © W (1, R2n
e 0 (()) (0,¢) W(0)

“| 1) 0 | [ Ws(0,0) Wit (0, ) R%'

The condition (4.1.21) is equivalent to

WL, 1) ] +B{ W(0,1) ] Y
W.(1,¢)

A

Note that the condition (4.1.19) implies that there exists X (t) € R?" such that

-1

WL | 0 T(1) A°X (0
Ws(1,¢) -T(1) 0
W(0,1) :__ 0 T(0) _1BX()
W,(0,1) | -T(0) 0
Thus
1-1
det) . 0 T() -
— E A" X (1) o A*X' (1)

- R2n
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-1

— | &.B*X(1), B*X'(t)
-T() 0
R2n
—1 -1

0 ) ) 0  T(0) )

= X(t), A&, A*X'(t) — BE, B*X'(t)
~T(1) 0 —T() 0
R2n
= 0.
So the energy of the system is conservation. O

REMARK 4.1.4 For the local vertex conditions, by appropriate arrangement, the matrices A
and B will satisfy A € Maopxan(V4) and B € Moy won(V_). The conditions in (4.1.21) still
hold. Therefore, for A, B € Mapnxan satisfying (4.1.19), the condition (4.1.21) is not only a
sufficient but also a necessary for describing the physical models.

In [125], the authors gave a whole vertex condition as follows

W(0,t) = CW(1,t)
T(1)W,(1,t) — CTT(0)W,(0,t) = 0,

this is a special case of (4.1.21) in which A and B are the block diagonal matrices, and hence
the geometric conditions and dynamic conditions are separated.

We observe that the separability of the geometric conditions and dynamical conditions does
not imply that these conditions have simple form. Even at local vertex condition, it may have
very complicated form. Here we consider a simple star-shaped graph.

EXAMPLE 4.1.2 Let G be a simple graph, whose structure is shown as Fig. 4.1.2

Ys

Fig. 4.1.2 A star-shape graph
Let y(z,t) be a function defined on graph G and satisfy the wave equation
m(s)yjae(s,t) = (T3 (s)yss(s,1))s — qj(s)y;(s,1), s€(0,1),¢>0
with connective conditions at a

yl(lvt) + yS(lvt) + y7(1’t) = y(a’t)v y2(17t) + y3(17t) + y7(17t) = y(a7t)a
y5(07 t) + yﬁ(ov t) = y(av t)a y4(0,t) = y("’a t)
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and the boundary conditions

yl(ovt) = y2(07t) = yS(Ovt) = y7(07t) =0, y4(17t) = y5(1,t) = yﬁ(lﬂt) =0.

The dynamic condition at a is given by

T3(1)y375(1, t)
T5(0)ys,5(0,¢)

T7(1)y7,s(17 t) = [Tl(]-)yl,s(]-v t) + T2(1)y2,s(1a t)] = T4(0)Z/4,s(0, t) + T5(0)y5,s(07 t)
T6(0)ys,s(0,¢)

This wave system s the energy conservation

4.1.5 Some classical vertex conditions

In this subsection we give some classical local vertex conditions. Let w(z,t) be a function
defined on G x Ry, w;(s,t) be its normalized parameterization realization on e; x Ry and
satisfy the wave equations

mj(s)a wj(s,t) _ a (Tj(s)ang’t)

or? ds ) —gj(s)wj(s,t), je{1,2,---,n}.

81. i-type vertex condition

Let w(zx,t) be a function defined on G x Ry. At the interior node a € Vi, wj(s,t),j €
{1,2,---,n} satisfy the geometric conditions: the nodal continuity conditions

w;(1,t) = w;(0,t) = w(a,t), Vje J(a),i€c J (a)
and the dynamic equilibrium condition (Kirchhoff law)

> Ti(Mwjs(1,t) = > Ti(0)wis(0,£) =0

jeJ*(a) i€J~ (a)

this condition is also said to be the Neumann-Kirchhoff condition.
The geometric continuity conditions together with the Neumann-Kirchhoff condition are
called the §-type vertex condition at a, i.e.,

wj(1,t) = w;(0,t) = w(a,t), VjeJ (a),ieJ (a)

(4.1.22)
Y jesta LiMwss(L,t) = 32ic s () Ti(0)wi s(0,1) = 0.

§2. {'-type vertex conditions

Let w(z,t) be a function defined on E x R;. At the interior node a € Vin, wj(s,t),j €
{1,2,---,n} satisfy the Dynamic conditions: the moment continuity conditions

T;(Nw; s(1,t) = Ti(0)w; 5(0,t) = v(a,t), Vi€ J (a), i€ J (a)

and flow equilibrium condition (Kirchhoff law)

> wit) = Y wi(0,t) =0

jeI*(a) icJ—(a)
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ie.,
Tj(Dwj,s(1,8) = Ty(0)w; s (0,8) = v(a,t), Vj€ JF(a), i € T (a)
ZjeJ+(a) w;(1,t) — ZieJ—(a) w;(0,t) = 0.

The connective condition (4.1.23) is said to be the ¢’-type vertex condition.

(4.1.23)

4.2 FEuler-Bernoulli beam equations on graphs

Let G be a metric graph with vertex set V = {a1, a2, -+, a,,} and edge set E = {ey, ea, -+, e, }.
Let u(x,t) be a function defined on G x Ry, u;(s,t) be its normalized realization on e; x Ry.
If u;(s,t),j € {1,2,---,n} satisfy the partial differential equation

2U' S 2 2U‘ S Ul s
my(o) ) = - (BP0 ¢ L (16 s, se @)
(4.2.1)

where m;(s), E;(s) and Tj(s) are positive continuous differentiable functions, and p;(s) are
nonnegative continuous functions, then wu(x,t) is called satisfying the Euler-Bernoulli beam
equation on G.

The partial differential equations are defined on F, we need some vertex restriction condi-
tions and initial data to determine uniquely a solution.

4.2.1 Nodal condition for self-adjoint operator
We consider the self-adjoint property of the differential operator in L?(G) defined by
Lw;j = (Ej(s)wjiss(5)) g = (Tj(s)wj,s(5)), +pi(s)wi(s), s€(0,1), je{l,2,---,n} (422)

For each a; € V, we set J*(a;) = {j1,72,,jp} and J~(a;) = {k1, ka2, -+, ks}. We define
the local matrices at a; by

T+(ai) = diag[le (1)7 sz(l)’ T ’ij(l)}v T_ (ai) = diag[T’ﬁ (0)7 Tkz (0)7 T 7qu (0)]’ (4'2'3)
E+(ai) = diag[Ejl (1)’ Ejz(l)’ T Ejp(l)]7 E_ (a'l) = diag[Elm (O)a Ekz (O)a R Ekq (0)]’ (424)
Ei&-(al) = diag[Eé‘l (1)7 E';'g (1)’ T 7E§‘p(1)}7 ]E/— (al) = diag[El/u (0)’ EI/CQ (0)’ Tty El/cq (0)] (4'2'5)

and the bond matrices

[0,  Tile) Ey(@) Ei@)
Qi (a;) = T+ (ai) Op “Ei(ai) Oy (4.2.6)
—E\ (a;) Ei(as) Op Op
L —E(ai) Op Op Op dapxap
I 0, ~T_(a;) E (a;) E_(a) ]
Q_(a;) = T—(a:) 04 “E(a) O (4.2.7)
_E/ (al) E+(ai) Oq Oq
I ~E_(a;) O, Oq Oy Jagxaq
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where O, denotes the p x p zero matrix.
For each w € H*(E), we define the column vectors at a; by

Wf(ai) = [wh (1)7 wh (1)’ T 7w§LP(1)]T’ Wﬁ(ai) = [wllcll (0)’ wlZLQ (0)7 T ’wlgq (0)]T

J1 J2
and set
W, (a;) W_(a;)
— Wi (ai) —~ W' (a;)
Wia)=| * Wo(e)=|
W+(az) W— (ai)
Wi (a:) 1x4p W (ai) 1x4q

Then, for any F,W € H*(E), we have

(LW, F) 2 — (W, LF) 2

= wg ss szj( ) ’(U(S)(E (S)f ,SS)SSdS
Z/ kzl/ek k k() fk

= J, =

_ i:l(E](S)w] ss(8))s 5 ()], — :(EJ(S)wJ ss(8))sFi(s)] g
_il(E”( o35 (N Ty + }:<Ej< e e
_ ir_pj (5)w;s(8) 5 (5)| _, + : T(s)wjs(5)£3(5)| =
_ilw]<s><EJ<s>fj,ss>s<s>|§_1+k:wk< B ro)s ()]
+ZE $)ws,s(8) fr.s8(8)] o filEg()wgs( $)F1.05(5)] 1o
+ZT (5)f7.s(5) ()] _, — Tk $)wi(s) fis (5)]

_ Z Jz( ) )W) o (8) + Bj(5)wj,ses(s) = Ty (s)wj,s()1f5(5)] ,_,
+§; JZ ) $)ws5(5) + Ty (s)w; (5)] f5,(5)] ,_,
+; GJ; ) (5) + Ej(s)wjs(5)) fiss(s)],_,

+Z > 1(5)) Fiosss(5)] o2y

i=1 jeJ (a)
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£ Y Baa9an(s) + Eygane(s) — Ti(s)usu(NF g
i= 1J€J (a;)
+Z Z $)Wj,s5(5 )+Tj(5)wj(3)]fj,8(3)’520
=1 jeJ (as)
P Y (Buan(s) + Bylo)wna(s) Folo
= 1JEJ (ai)
+Z >« k(8)) Fisss ()] g
i=1jeJ~ (a;)
= Y [-Tla)Wi(a) +E, (a) W (a;) + Ey (ai) W (a:)] - Fi(a;)
=1
+ Z[T+(az‘)W+(az‘) —Ey(a)W(a;)] - F (ai)
+Z —E (ai)Wo(ai) + Eq (a;)) W, (az)]-Fjr’(ai)+Z[—E+(ai)W+(ai)]-Fj’[’(a,»)
—|—Z _(a)W' (a;) +E (a;)W"(a;) + E_(a;))W" (a;)] - F_(a;)

+ Z[Manmw —E_(a)W(a;)] - F (@)

[~E_(a)W_(as)] - F'(a:)

Ir

+Z —E” (a:)W-(a;) + E—(ai) W/ (a;)] - F"(a;) +

=1

_ i[(% (@) T4 (a1), Fi00), ~ (2 (@) (a0),

i=1

)

_(ai))(ﬂq}

Therefore, we have
(EW, F)Lz — W EF i <<Q+ a; W+ (11) ﬁ-;-(az‘))@p - (Q—(ai)w (al) ﬁ (ai)>c4q)
i=1

(4.2.8)

THEOREM 4.2.1 Let the formal differential operator L be defined by (4.2.2), and let Q4 (a)
be defined by (4.2.6) and (4.2.7), respectively. Then the following statements are true:

1) For each node a € V, there are at most 2(p + q) = 24#J(a) many linearly independent
conditions, they are of the form

AW (a) + BaW_(a) =0 (4.2.9)

where Aq = Ag(pig)xap and Bq = Ba(piq)xaq and rank(Aq, B,) = 2(p+ q);
2) The operator L with nodal conditions (4.2.9) is nodal equilibrium, i.e.,

(- @Wi(@). (@) —(Q-(@W-(a).F-(a) , =0 (4.2.10)
if and only if A, and B, satisfy the condition
A,Q7'(a)A; = B,Q”"(a)B;. (4.2.11)
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If for each a € V the nodal conditions (4.2.11) hold, then L with restriction (4.2.9) is a self-
adjoint operator.

Proof For each a € V, there are (p 4+ ¢) many edges jointing it. The local vertex condition
can be regard as a star shape graph with fixed boundary conditions. Therefore, (p + ¢) many
Four-order differential equations, which have already 2(p + ¢) many boundary conditions, have
at most 2(p + ¢) number connection conditions at the common node a. So there are at most
2(p + ¢) linearly independent conditions at each a € V.
Suppose that the nodal conditions are given by (4.2.9), then for any X € C2(P+9) it holds
that
(AaW i (a), X) 20 + (BaW- (), X)cacria) = 0. (4.2.12)

If £ is the nodal equilibrium, i.e., for any W, F € H*(E) satisfying (4.2.9), it holds that

- (Q_(a)/W_(a),ﬁ_(a)) = 0. (4.2.13)

Cta

(2+ (@)W, (), Fy(a))

Comparing (4.2.12) to (4.2.13), we get the relation between F(a) and X

cor

~Q.(a)Fy(a) = A;X, Q_(a)F_(a) = B} X
where we have used equalities Q% (a) = —Q.(a), and hence
Fy(a) = -Q7 (a)A;X, F_(a)=Q'(a)B}X.
Thus,
0= AuFy(a) + ByF_(a) = —A4,07'(a) AL X + B,Q (@) B: X, VX € C2Pt9),

So (4.2.11) holds.
Conversely, suppose that A, and B, in (4.2.9) satisfy the condition (4.2.11), W € H*(E) is
a function satisfying the condition (4.2.9). By (4.2.11), there exists someone X € C2(P*+%) such
that
Wi (a) = Q7 (a)ALX, W_(a) = —Q ' (a)B;X.

Thus we have . R
Qi (a)Wi(a)=A"X, —-Q (a)F_(a)=B*X.

Let F € H*(E) satisfy the condition A,F, (a) 4+ B,F_(a) = 0. Then we have
(Q+@Ws (@), Fr(@) , —(Q-(@W-(a). F-(@))

- (A:X’ Zﬂ.(a))@p (B*X F.(a ))C4q
(X’ Aaﬁ+(a)>(:2(p+q) * (X BuF(a ))

(X7 AoFy(a) + BoF- (a)) —0

C2(pt+a)

C2(pt+a)

This shows the nodal equilibrium conditions.
When rank(A,, B,) = 2(p + q) and (4.2.11) hold for any a € V, a direct verification shows
that £ under restriction (4.2.9) is a self-adjoint operator in L*(G). O
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THEOREM 4.2.2 Let the formal differential operator L be defined as (4.2.2), and let Q4 (a)

be defined by (4.2.6) and (4.2.7) respectively. Suppose that for each a € V matrice
A (ptq)xap and By = Bagpyq)xaq satisfy the conditions (4.2.11) and rank(Aq, B,) = 2
Define an operator Ly by Lo = L with domain

D(Lo) = {W € HY(E) | AJW,(a) + B,W_(a) = 0,Ya € V}.
Then Ly is a positive operator if and only if A, and B, satisfy the condition
4,071(0)Q4 1(0) Q7 (a) A% = B,O~' (@) Q1 () Q= (@) B

where
O —Tyi(a) Ei(a) Ei(a)

@) @) —Ei(a 0)
Q. 1(a) = +(a)

@) @) @) @)

O O 0] 0]

Proof For any W € H*(E), we have

(LW, W) = Z / Nty (s = Y [ (T(5)5e(5)) 0551

' Z | oy as

n n

s A, =
(r+q).

(4.2.14)

(4.2.15)

= Z(EJ(S)wj,ss(S))sm\é—ZEj(S)wj,ss )wis (][ ZT $)w; o (s)w;(5)]

#3  BOmaOF  Ts  0s

Since

Z ((Ej(s)wj,ss (Q)aW — Ej(s)wj,ss(s))wj,s(s) — Tj(S)U)ﬁJS)W) |S:

JeIt(ai)

= 2 ((BrlDwrss(5)sw0i(5) — Bi(s)wns(8)wis(5) = Te()wrs (Jn(9)) | g

keJ~(a;)
O —Ti(a) Eyw) Ei(a) || Wita) | | Wila)
_ O O  —Eia) O W (a;) W (a;)
o o0 0 0 W) || W (a:)
e 0 9) W (a;) W (a;)
O —T (@) FE (a) E_(a) || W_(a) W_(a:) |
- 0] 0 ~E_(a;) O W (a;) W (a;)
O 0 o) 0 W) || W (a)
o 0 0 0 W (a;) W (a;) |
= (Qrala)Wi(a), W (@) = (Q-a(a)W-(a:), W-(ay)) ,
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we have

(Q+ (@)W (), W) ) = ( Q1 () W (@), W (a)

Ms

(LW, W)z =

5 [ B + T3l ) )y 4) .

i=1"7¢€i
For any W € D(Ly) given, there exists corresponding an X € C?(P+49) such that
Wi (a;) = Q7 (a) AL X, W_(a;) = —Q= (a;)BL X
and hence

(Qra(@)We@), Weta) = (Q-a(@)W-(a), W-(a) .
= (Qu(a) Q7 (ai) A% X, Q7 (@) A%, X) ey — (Q-1(as) Q7 (ai) B, X, @~ (ai) B, X) g
= (—A4,97(a:) Q4 1(ai) Q7 (ai) A, X + Ba, @~ (a:) Q- 1(a:) Q" (ai) By, X, X) capia)
where we have used equalities Q7' (a) = —Q3'(a).
we only need to prove that the matrix
AaQ7'(a)Q41(a) Q7 (a) AL — B,QZ"(a)Q— 1(a)Q”"(a)B;
is Hermitian. In fact, noting that Q4 (a) = Q4 1(a) — Q% ;(a)), we have

(4.9:"(2)Q11(0) Q3" ()4} — B,QZ'(a)Q - 1(a)Q="(a) B})"
= Au(Q7'(a)"(Q+.1(a))" (@11 (a))"A; — Ba(QZ'(a))*(Q-1(a))"(QZ"(a)) " B;
= A4,97(a)Q%1(a) Q7 (0)A; — BoQZ'(a)Q 1(a) Q7" (a)B;
= A4,97'(a)[Q+,1(a) — Q+(0)] Q7 (@)A; — B,QZ!(a)[Q-1(a) — Q- (a)]QZ"(a) B;
= A4.97'(a)Q41(a) Q7 ()4 — BoQ~'(a)Q-1(a) Q7" (a) B,
—[4.Q7"(a)A; — B,Q' (a) B;]
= A0 (0)Q4.1(a) Q7 () A7 — BaQ™ (a)Q-1(a) Q7" (0) B}
where we have used equality 4,97 " (a)A; = B,Q”"(a)B;. Therefore, Ly is positive if and only
if
AqQ71(a)Q4,1(0) Q7 () A = BaQ ™" (@) Q- 1(a) Q" (a) B;.
The desired result follows. O

4.2.2 The structural equilibrium condition

In this subsection we discuss the whole structure equilibrium conditions. For each W € L?(E),

we introduce a vector-valued function W (s) = [w1(s), wa(s), -, w,(s)]T.

Let £ be defined by (4.2.2), we shall rewrite £ into the matrix form. Setting
E(s) = diag[F1(s), E2(s), E5(s),- -, En(s)];
T(s) = diag[T1(s), To(s), T3(s), -+, Tn(s)];
P(s) = diag[pi1(s), p2(s),p3(s), -+, pu(s)];
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L= 5722 (E@)é@) _ dils (T(s)js) +P(s)

LW (s) = [Lw(s), Lwsy(s), -, Lwn(s)]T.

Forany W, F € Lz(E)’ W(S) = [w1(8)7w2(s)’ T 7w’ﬂ(3)]T and F(S) = [f1(5)7f2(5)a e '7fn(5)]T7
we have

and denote

(W, F)p2 = /W i/ s:A%waﬂmmw

For any W, F € H4(E),

(LW, F) g2 — (W, LF),»
1 1

= /(EW(S),F(S)) ndsf/ (W(s), LF(s))cnds
0 0

= (B@W"(s)), F(s))cn]y — ( YW (s), F'(5))cn o — (T(s)W'(5), F(s))en |
—(W(s), (B(s)F"(5)) ) [ + (W' (5), E()F"(5))cn | + (W (s), T(s)F'(5))en
= (=T(s)W'(s) + E'(s)W"(s) + ( YW (5), F(s))cn
+(T ()W () = E(s)W" (s), F'(s))ex |
(=E/(s)W(s) + E(@)W'(s), F"(5)))cn |y — (B(s)W (s), F"(s))cn
(

s | 0

(s)
(s)

0, -T(s) FE(s) E(s) W (s) F(s)
_ T(s)  On —E(s) On W'(s) F'(s) ‘1
~E'(s) E(s) O, O, W”(s) F''(s) 0
~E(s) O, 0O, O, W (s) F(s) | ) .,
= (ewwm.F) - (OW©).F©)_,
where
O, T(s) E'(s) E(s) W(s)
Q(s) = Ts) O —Els) On W(s) = Wts) (4.2.16)
(s) E(s) On Oy W”(s)
E(s) O, O. O, W (s)

THEOREM 4.2.3 Let G be a metric graph, and L be defined by (4.2.2). Suppose that the
connective conditions at all vertices are given by

AW(1)+ BW(0) =0, A,B€EMypxan, rank(4, B) = 4n. (4.2.17)
Then L is structural self-adjoint if only if A and B satisfy the condition

AQ'(1)A* = BQ1(0)B*. (4.2.18)
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Proof Let W € H*(E) satisfy the connective conditions
AW(1)+ BW(0) =0, A,B € Mynxan
where A and B satisfy the condition (4.2.18). Then there exists an X € C*" such that
W) =90 1 (1)A*X, W(0)=-Q '(1)B*X,

and hence for any F' € H*(E),

o~

(LW, F)se — (W.LF)2 = (QUW(1),F())

(X, AF(1) + Bﬁ(o))

Can

Therefore, £ is structural self-adjoint if and only if Aﬁ(l) + Bﬁ(O) = 0.
Conversely, if £ is structure self adjoint, i.e.,

93

(LW, F)2 — (W,LF)2 =0, YW,FeD(L)={W e HY(E) | AW(1) + BW(0) = 0}.

Then (LW, F)p2 = (W, LF) 2 implies
(oW, F) - (W), F() , =0
and the connection conditions lead to
(AW (1) + BW(0), X)gan = (W(1), A*X)can + (W(0), B* X)ean = 0,VX € C*"
Comparing both equalities above we get that
Q*(1)F(1) = A*X, Q*(0)F(0) = —B*X.
Note that @*(1) = —9Q(1) and Q*(0) = —9Q(0). Thus
AF(1) + BF(0) = —AQ '(1)A*X + BQ"'(0)B*X =0, VX eC*

The desired result (4.2.18) follows from above equality.

O

THEOREM 4.2.4 Let the formal differential operator L be defined as before, and let the
connective condition be given by (4.2.17). Then L is a structural positive operator if only if A

and B satisfy the condition

AQ 1 (1)Q1(1)Q 1 (1)A* = BQ™1(0)Q:1(0)Q 1 (0)B*
where
0, -T(s) E(s) E(s)
Qi(s) =
O, O, O, O,
O, O, O, On

(4.2.19)
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Proof Firstly we prove that (4.2.19) implies (4.2.18), i.e., AQ~!(1)A* = BQ~!(0)B*. Suppose
that A and B satisfy (4.2.19). Taking adjoint operation for (4.2.19) leads to

AQTH(1)QI(1)Q (A" = BQ™(0)Q7(0)Q~'(0)B”

where we have used (Q~!(s))* = —Q~!(s). By the definition of Q;(s), we have Q;(s)— Qj(s) =
Q(s). Hence

AQ~1(1)A* — BQ™(0)B*
= AQ ' (1)[Q:(1) - Qi(1)]Q” 1() - BQ71(0)[21(0) - 91(0)]Q'(0)B*
= AQ7'(1HQ:i(HQ (A" - BQ 1(0)2:1(0)Q 1 (0)B*

—AQ7 1 (1)Qj(1)Q” 1(1)A"‘ +BQ71(0)2:(0)27(0)B* = 0.

Next, for any W € H*(E), we have

(LW, W)L> —/O [(E(s)W"(5), W"(s))en + (T(s)W'(s), W' (s))cn + (P(s)W (s), W (s))cn]ds
= (B'W"(1) +BEMW"1 ) W(L)er — (E'(0)W"(0) + E0)W"(0), W(0))cn
—(EMW"(L),W'(1))cr + (EO)W"(0), W' (0))cn
—((TOW'(1), W (1)en + (T(0 ) ( ); W(0)cn
e

= (oW, W), - (@OW0.W(0
Therefore, L is structural positive if and only if
- (Ql(O)/VV(O)7W(O))C4n —0. (4.2.20)

(QmW. W)
When (4.2.20) holds, we have

C4an

1
(LW, W) L2 = /O [(E(s)W"(s), W"(s))en + (T(s)W'(s), W' (s))cn + (P(s)W (s), W (s))cn]ds

Finally, we prove that £ is structural positive if and only if the condition(4.2.19) holds. Let
L be the structural positive operator, and let A and B satisfy the condition (4.2.18). Then for
any X € C%", taking W € H*(E) satisfying W(l) = Q7 1(1)A*X and /V[7(0) =-071(0)B*X,
we have AW(l) + BW(O) = 0. Thus we have

(W), 7)) - (QOT©,F0)
(Q:1(1Q M (A, Q@ (A" X) . — (Q(0)QH(0)B™X, Q71 (0)B*X) .,
— — (A2 (QMQ (A - BQH(0)Qi(0)Q  (0)B X, X)..,

Using the Hermitian property of the matrix AQ~1(1)Q;(1)Q~1(1)A*~BQ~1(0)Q:(0)Q~*(0) B*,
we get

0

AQ7H (1)@ (A" = BQ™H(0)2:1(0)Q1(0)B*.
Conversely, we suppose that A and B satisfy the condition (4.2.19), which implies (4.2.18),

and the connection condition is given by (4.2.17). For any W € H*(E) satisfying AW (1) +
BW (0) = 0, according to Theorem 4.2.3, there exists an X € C*" such that

W(1) =0 1 (1)A*X, W(0)=-Q '(0)B*X.
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Hence we have

(W, W),

C n

(W), W)
(Q1(1Q (A'X, 0 (1)A"X) .y, — (Q1(0)Q 7 (0)B"X, Q71 (0)B*X) .,
= ((4Q7'(1)Q(1)Q ' (1)A" + BQ(0)21(0)Q71(0)B)X, X) 1, =0

Therefore, L is structure positive. O

REMARK 4.2.1 In the case of structure equilibrium, the connection conditions are not obvi-

ously dependent upon the structure of the graph.

4.2.3 Some classical vertex conditions

In this subsection we discuss some classical local vertex conditions. Here we shall employ the
notions of mechanics for a beam: w(x) denotes the displacement of beam depart from the
equilibrium state; w, () denotes the rotation angle of beam; E(x)w,,(z) denotes the bending
moment and (E(z)ws, ), denotes the shearing force.

Let G = (V, E) be a metric graph and W € H*(FE). At an interior vertex a € V, we have
equality

(Qea(@W(0). Wi (0) = (Q-2(@W-(a), W-(a))
= Y (Bile)wis(5)sw () = By (8)ws00(3))w505) = Ty()ws ()5 (3)) |,

jeJt(a)
= Y ((Bu)w000(3))s008 () — Br(5)wp,ss(5)000(5) = T() ()0 (5) ) | g
keJ~(a)
= Y ((Bi(s)w)ss(8)s — Ti(s)w;ls) wy(s)]
jeJt(a)
= Y (B s (9)s = Tuls)wes () wn3)]
keJ~(a)
= Y B )Gy + D B ()wes ()] -
je€Jt(a) keJ (a)

81. )-type vertex conditions

At each vertex a € V, we impose the geometry and the moment continuity conditions: the
displacements of all edges jointed are continuous, and the bending moments also are continuous.
Using (4.2.11), we deduce the local vertex conditions at a € V:
w;(1) = wg(0) = w(a),Vk € J~(a),j € J*(a)
E;(1)wj,ss(1) = Ex(0)wy,s5(0) = U(a),Vk € J (a),j € JT(a)

> wis()— X wes(0)=0

jeT*(a) keJ—(a) (4.2.21)
'erﬂ )[(Ej(s)wj7ss(8))s(s) = Tj(s)wj,s(5)]s=1

- Z (Ek(s)wk,ss<s)>s(8) - Tk(S)wk,s(S)]s:o =0.
keJ—(a)
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The third condition is a geometrical condition and the last is the dynamic equilibrium condition.

82. )-type vertex conditions

At each a € V we impose the geometric constraints: the displacement of all edges jointed are
continuous, and the rotation angles of the structure are continuous. Then the local vertex

conditions are given by

w;j(1) = wg(0) = W(a),Vk € J~(a),j € J*(a)

wj (1) = wy,s(0) = U(a),Vk € J~(a),j € J*(a)
> Ei(s)wjss(1) — > Ep(0)wg,ss(0) =0

J€I*(a) keJ~(a) (4.2.22)
E;( )[(Ej(S)wj,ss(S))s(S) = Tj(s)wj,s(s)]s=1

— > (Er(s)wg,ss(9))s(s) — T(s)wk,s(s)]s=0 = 0.
ke (a)

83. §-type vertex conditions

At each a € V we assume that the dynamic continuity conditions: the bending moments and
the shearing forces of the structure are continuous. Then the local vertex conditions are given
by

(Ej(s)wjss(5))s(1) = Tj(Dw;,s(1) = = (Er(s)wh,ss(5))s(0) + Ti(0)w;,s(0) = F(a),
Vk e J (a),j € J"(a)
E;(Nwjss(1) = Ex(0)wy,55(0) = Ula),Vk € J~(a),j € J*(a)

S ow+ Y w(0) =0

jet(a) ke (a)
> wis(l) = > wes(0)=0.
jeJt(a) ke~ (a)

(4.2.23)

4.2.4 FEuler-Bernoulli beam equation on graphs

Here we consider the Euler-Bernoulli beam equation on a metric graph G. Let u(z,t) be a
function defined on G x Ry, u;(s,t) be its normalized realization on e; x Ry. Suppose that
uj(s,t),j € {1,2,---,n} satisfy the partial differential equation

2U' S 2 2U‘ S Ul s
my(o) ) = (B0 P90+ L (16?5 @)
(4.2.24)

where m;(s), E;(s) and Tj(s) are positive continuous function, and p;(s) are nonnegative
continuous functions.
We define a diagonal matrix

M(S) = diag[ml(s)> m2(8)7 T >mn(s)]
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then the equations (4.2.24) are equivalent to the vector-valued differential equations

M(s)% — _LW(s,t), se(0,1) (4.2.25)
where
LW (s,t) = % (]E(s)a Vg;j”) - % (T(s)aw/a(S’t)> +P(s)W (s, 1).

Let Q(z) be defined by (4.2.16) and A, B € My, x4, satisfy the conditions rank(A, B) = 4n
and (4.2.19), i.e

A9 (1)1 (1)Q7 1 (1)A™ = BQ™H(0)Q1(0)Q 71 (0)B™.
Then the differential operator £ with domain
D(L) ={W € HY(E) | AW(1),W’'(1), W" (1), W"” (1)]"+B[W (0), W' (0), W"(0), W (0)]" = 0}
is a positive operator in L?(E) according to Theorem 4.2.4.

THEOREM 4.2.5 Let G be a metric graph. Let W (s,t) be a solution to (4.2.25) satisfying
conditions

AW (1,t) + BW(0,8) =0, W(s,t) = [W(s,t), Wa(s, 1), Wes(5, 1), Wess(5,8)]7  (4.2.26)
The energy function of system (4.2.25) is defined as

&0 = 5 [ LBEWls.). Worlsse + (TEWi s.8), Wl ) s
+%/0 [(P(s)W (s,t), W(s,))rn + (M(s)Wi(s,t), Wi(s,t))re]dz. (4.2.27)

Then the energy of the system is conservation.
Proof Let the energy function is defined by (4.2.27). Then we have

dE(t)
Cdt

/0 [(E(8)Wes (2, 1), West (2, 8))rn + (T(8)Ws(s,t), Wt (s,t))rn]ds

+ /0 [(P(S)W(Sv t)a Wt(37 t))R” + (M(S)th(S, t), Wt(S, t))]]{n]ds
1

= /0 [(E(s)Wes(s,t), West(s,t))rn + (T(s)Ws(s,t), Wsi(s,t))rn]ds

—Aum@wa&mm—mumuammmwwmmS
= —[((E(s)Wis(5,1))s — T(s)Wi(s,1), Wels, ))rn |~
H(E(8) Was (3, 8), Wi (5, 6))rn |1~
= [=T(s)Ws(s,t) + E ()W (2, t) + E(s) Wiss(s, t), Wi(s, t))rn
H(E(s) Was (5, 8), Wi (s, 6))rn |1~

s=0

= ( (1) ( )7 Wt(lﬂt))R“" - (Ql(O)W(Qt)7Wt(07t))R4"~

s=1
s=0
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Using condition (4.2.19), there exist X (t) € C*" such that

W(1,t) = Q7 H1)A™X (1), W(0,t) =—-Q 1 (0)B*X(t),

and hence
L0~ QT 0, W1, )z — (QUOT (.0, (0, )
= (©()QT' (A" X(1), Q7 ()A™X'(t))ren —(Q1(0)Q(0)B* X (t), Q7 (0) B* X' ())zan
= (4271 (1)Q:1(1)Q7'(1)A" = BQ™H(0)Q1(0)Q7"(0)B*) X (t), X(¢))ran = 0.
Therefore, the system (4.2.25) is the energy conservation. O

4.3 Timoshenko beam equations on graphs

Let G be a metric graph with the vertex set V. = {aj,as, -+, a,,} and the edge set £ =
{e1,e2,-,en}. Let w(z,t) and ¢(z,t) be functions defined on G x Ry, w;(s,t) and ¢;(s,t)
be their normalized realization on e; x Ry, respectively. If the pair (w;(s,t), ,(s,t) satisfy the
partial differential equations

82w, (s ow; (s,
pi(s) gt = & (K‘(S) pot) <pj(87t)) ,
8? (s, dypj(x, Qw; (s,
Iﬁj (5) %t(z B — % (E](S) wa(x t)) + (Kj(s) 3(5 B _ <pj(s7t)) s

€(0,1), (4.3.1)

where p;(s),I,,(s), E;(s) and Kj;(s) are positive continuous differentiable function, then the
pair (w(z,t), p(x,t)) is called satisfying the Timoshenko beam equation on G.

The partial differential equations are defined on EF, we need some connective and boundary
conditions and the initial data to determine uniquely a pair functions.

4.3.1 Nodal condition for self-adjoint operator

We consider the self-adjoint property of the differential operator in L?(G) x L*(G), which is
defined on each edge e; by

(B (8) (wj,s(8) = ¢5(5)))s
(Ej(8)pjs(8))s + K (s)(wj,s(s) = #5(s))

) 86(0,1), j:172a"'7n'

(4.3.2)
For any F = [f,g] € H*(E) x H*(E), W = [w, ] € H*(E) x H*(E),

(zw F)pe — (W,LF)p2

Z / 3(5) = s (TN + 3 [ (E6) 050351

+ Z / )(154() = 2Ny (s = D |y (TG () (Fra() — g (3))udls
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~ 5(8) (B (5) (9.5 (5))sdls — j ) (f7.5(5) — 9;(5))ds
;A¢ © Z/w
= Y Kj(s)(wys(s) — |O+ZE $)95,s(8)95(5)|g
j=1
> w;(s)(K;(5) (Fr.5(5) Zsog )55
j=1

Set J*(a;) = {j1, 42, dp}s J(a;) = {k1, ko, -, kq}. We define the local matrices at a; by

K+(ai) = diag(Kh (1)v sz(l)v T 7ij(1))7

K (00) = diag (i, 0), K2, (0), K, (0), e
EJr(ai) = diag(EJd (1)’ Ej2(1)7 T Ejp(l))7

E_(a;) = diag(Ej, (0), Bk, (0),- -, Ej,(0))

and the bond matrices

0,  -Ki(a) Kila) O,
i E (a;
Q. (a;) = K (a;) Op Op +(a;) (4.3.4)
—K(ai) Op Op Op
Op —E4 (a;) Op p Apxdp
o —K_(a;) K_(a;) Oy
K i E_ T
Q (a;) = @) O © (a:) (4.3.5)
—K_(a;) Oq Oy Oy
Oq —E_ (az) 0] q sgxdg

For W = [w, ¢] € H'(E) x H'(E), set local column vectors
Wi (ai) = [wjy (1), wj, (1), -+, wy, W], Wo(a5) = [wi, (0), wiy (0), -+, wi, (0)]7,
and
. (a:) = [pj (1), 05 (1), 05, (D], @ (ai) = [0, (0), 0k, (0), -+ 01, ()]

For W = [w, |, F = [f,g] € H*(E) x H?*(E), we define vectors

Wi (a;) Fi(ay)

W:I:(ai) _ ij((az‘)) , ﬁ:l:(ai) _ j/i((ai))
+ a5 + (@

P’y (ai) Gy (az)
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Then we have

S (Ki()wis(s) = @5 () T505) + B ()95 ()9 (5)

jeJt(as) o=t
= Y (K wis) (50— ) + B ()i (995565))
Jje€Jt(as)
= Y (B wia(s) = 0N + Ei(s)pr()9,5))
keJ~ (aq)
+ Y (K@U — 966 + Ei(90(99.6)
je€J—(a;) o
= Y (K wra(s) =i (D) + 1K () (5) + Byls)ss()]s))
€J+(a)
> (K ()5a() + Es(9)05(9)954(5))
j€Jt(ai)
- X (K wats (8))fg(8)+[KJ(S)wj(s)+EJ(s)<pas(s)]gg(s))g_0
keJ— (a)
> (K + By(8)25()955(5))
JjEJ (as)
Op -Ky(a:)) Ky(a) Op W, (a;) Fy(a;)
_ Ki(ai)  Op Op E4 (a;) P4 (as) G (ai)
~Ky(a) O, Op O Wi(ar) || Fi(a)
L Op _E-‘r(a) Op OP (I)ii-(al) Gl—&-(al) C4p
Oy —K_(a;) K_(a;) Oy W_(a;) F_(a;)
B K_(ai) Oq Oq E_(ai) (I)_(ai) G_(ai)
“K_(a) O, 0, 0, W(a) | | F.(a)
0, ~E_(a;) O, 0, P'_(a;) G(a) | ).

— (QJr(ai)WJr(ai), F\+(ai))

Therefore, we have

— (Q-(a)W- (@), F-(a)))

C4p C4a ’

(LW, F)p2 = (W.LF)g2 = Y (Qe(a) Wi (@), Fi(ar) ) = (Q-(a)W-(a). F_(ar))  (4.36)
i=1
THEOREM 4.3.1 Let L be defined as (4.3.2), and let Q+(a) be defined by (4.3.4) and (4.3.5)
for each a € V', respectively. Then the following statements are true
1) At node a € V, there are 2(p+q) = 2#J(a) many linearly independent conditions, which
have the form

AW (a) + B,W_(a) =0, rank(A,, B,) = 2#J(a) (4.3.7)
where Ay = Ag(prq)xap and Ba = Bapyq)xaqs
2) L with nodal conditions (4.3.7) is nodal equilibrium at a, i.e.,

(Q@W (@), Fi(@) , = (2 (@W_(a),F-(a)) =0 (4.3.8)

ctr Cta
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if and only if A, and B, satisfy the condition

A, 07" (a)AL = B,Q"(a)B;. (4.3.9)
In this case, L with nodal conditions (4.3.7) for all a € V is a self-adjoint operator.

Proof Since there are 2(p+ ¢) many second-order differential equations in small neighborhood
of vertex a, they have at most 2(p 4+ ¢) number the connection conditions at a when we regard
the network as a star shape graph in this neighborhood. So there are 2(p 4+ ¢) many linearly
independent conditions at a.

Suppose that the nodal conditions are given by (4.3.7). Then for any X € C2(P+9) we have

(AW (a), X)c2mra + (BaW-(a), X)czia) =0 (4.3.10)

If £ is nodal equilibrium at a € V, i.e., for any W, F € H?(E) x H?(E) satisfying (4.3.7), it
holds that

(Q+@W(0). Fa(@) , — (Q-(@W-(a), F-(@) , =0, (4.3.11)
comparing (4.3.10) to (4.3.11) we can get equalities

—0,(@)Fy(a) = 42X, Q (@)F (a) = BLX
where we have used the equality Q% (a) = —Q4(a), that leads to
Fi(a) = -Q7' (a)ALX, F_(a)=Q '(a)B}X.
Thus,
0= A.Fy(a) + BoF_(a) = —A,Q7"(a)A;X + B,Q™'(a) B} X, VX € C2rta),

So (4.3.9) holds.

Conversely, suppose that A, and B, in (4.3.7) satisfy the condition (4.3.9), W € H?(E) x
H?(E) is a functions satisfying the condition (4.3.7). By assumption (4.3.9), there exists an
X € C?(P+9) such that

Wy (a) = Q74 (a) AL X, W_(a) = —Q'(a)B:X.

Thus we have

~

Qi (@)W, (a) = A;X, —Q (a)F (a) = B} X.
For any F € H2(E) x H2(E) satisfying A,F, (a) + B,F_(a) = 0, we have
(Q+@W. (@), Fr(@) , ~ (Q a).F-(@)) .,
- (X, Aaﬂ(a)) (X B.F_(a)

- (X,A Fi(a)+ B,F (a

C2(p+aq) C2(pt+a)

)CQ(erq)

this means the nodal equilibrium at a.
If for all @ € V, the conditions (4.3.9) hold, a straightforward check shows that £ under
restriction (4.3.7) is a self-adjoint operator in L*(G). O
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THEOREM 4.3.2 Let L be defined as (4.3.2) and Q4 (a) be defined by (4.3.4) and (4.5.5) re-
spectively. Suppose that Ay = Ag(piq)xap and By = Ba(piq)xaq satisfy the conditions rank(Aq, B,) =
2(p+q) and (4.3.9). Define operator Lo by Lo = —L with domain

D(Lo) = {W € H?(E) x H*(E) | AJW(a) + BJW-(a) = 0,Va € V} (4.3.12)

where W+(a) and W_ (a) for each W = [w,¢] € H*(E) x H?(E) are defined as before. Then
Ly is a nonnegative operator if and only if A, and B, satisfy the condition

A,074a)Q4 1(a) Q7 (a) AL = B,Q='(a) Q- 1(a) Q=" (a) B} (4.3.13)
where
0 —Ki(a) Ki(a) O
0 0 o) E
Qt1(a) = +(a) (4.3.14)
0O 0 O 0
0O 0 0 0

Proof Firstly we observe that the condition (4.3.13) implies (4.3.9). In fact, from (4.3.13) we
can get

Aa(Q7H(a))" Q% 1(a)(Q7(a))" A7 = Ba(Q7 ()" Q" 1(a)(Q=(a))" B,
The relation (Q1'(a))* = —Q3"(a) leads to

4,971 (a)Q3 1(a) Q7 (@) A} = B,Q”1(a) Q% 1(a) Q' (a) B

According definition of Q. ; in (4.3.14), we have Qi (a) = Q11 — Q% ;. This together with
above and (4.3.13) yield
A.97"(a)A; = B,Q~'(a)B;
Next, for any w, ¢ € H?(E), we have

n

(L(w,¢), (w, )2 = Z/O )(wj,s(5) = @i (s))s)w;(s)ds

n

+Z/O 8)¢js(8))s + Kj(s)(wj,s(s) = 9;(s))); ()] ds

m

= 3 > Ki(9)(wials) — 0i(9)wi(s) + Ej(s) s ()95 ()|

k=1jeJ*(ay)

=20 D Ei(9)wis(s) = @i(s))wi(s) + Es()es()25(5)] g
k=1jeJ~ (ak)
fZ 00 = 5 9+ Bl

Note that

D Ki(9)(wis(s) = i(s)wy(s) + Ej(s)pss()e ()],

JEJ T (ak)
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Op —Ky(ar) Ki(ar) Op W (ai) W, (ax)
_ Op Op Op E (ax) P (as) P4 (ax)
- 0, O, o} o} Wiar) || W (ax)
Op Op Op Op @', (ax) P’ (ak) Apxdp
> K(s)(w)s(s) — 0i(8)w;(s) + Ej(s)ps.s ()5 (s)|
J€J~ (ak)
Oy —K_(ar) K_(ar) Oq W_(a;) W_(ax)
_ 0, O, o E_(ag) D_(a;) D_(ag)
- 0, 0, 0, 0, W aw) || W (ar)
0, O, o, O, ' (ar) * w) ),

Then we have

o~ o~

(L, @), (w, )i = D (Qea(ar) W (ar), Wi (ar))ei — (Q- 1 (ax)W-(ax), W-(ax))caa

k=1
‘Z/ (0() = @5 (8)P” + ()]s ()]s,

Therefore, Ly is nonnegative if and only if for each a € V,

o~ o~ o~

(Q4.1(a) W4 (@), Wi (a))esn — (Q 1 ()W (a), W_(a))css = 0.

If Ly is nonnegative self-adjoint under the nodal equilibrium conditions (4.3.9), then for any
X € C?*9) there exist W = [w, ] satisfy (4.3.7), i.e

AW (a) + B,W_(a) =0,

such that
W, (a) = Q7 (a)ALX, W_(a) = —Q"'(a)B; X

and hence

0 = (@@, W) ~(Q-1(@W-(a) W_(a))
= (Q+1(0)Q7 (@) ALX, Q7M@) AL X) o, — (Q-1(a)Q 7 (a)BIX, Q™ (a) B X)

= (XaAa(erl( )" Q+,1( a)Qy (a)A )<c2<p+q>_ (X’Ba(Qil(a))*Qi,l(a)Qil(a)BéX)cﬂpﬂ)'

From above we can get
A.(Q71(0)) Q3 1(a) Q7 (0)A; = Bu(Q71(a))* Q% 1(a) Q=" (a) By,
which is equivalent to

Aa(Q71(a)Q4.1(a) Q7 (@) A2 = Bu(Q7(a)Q-1(a) Q=" (a) By
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The formula (4.3.13) follows.
Conversely, if A, and B, satisfy the conditions (4.3.13), as shown in the first step, we have

4,97"(a) Q% 1(0)Q7 () A = B.Q~'(a)) Q" 1(a)Q-'(a) B}

and
A,97'(a)A; = B,Q~'(a)B;
For W = [w,¢] € H*(E) x H*(E) satisfy Aa/V[Z_(a) + Ba/W_(a) = 0, there exists an
X € C2(P+9) guch that

Wi (o) = Q7 (a)A2X, W_(a) = Q-'(a))B;X.

Thus,
(Qr1(@We(@). Wi (@), — (Q-a(@W-(),W-(a)
— (21 (@Q (@ ALX, Q7 (@) A2 X)
— (Q-1(a)Q7"(@)) B X, Q71 (a)) BL X)
= (X, Au(Q71 ()" Q4 1(a) Q7 (@) AL X) gy
- (Xa Ba(Q— (a))* ( ) (a)) )([32(p+<1) =0.
Therefore, L( is a nonnegative operator. O

4.3.2 The structural equilibrium condition

In this subsection we discuss the structure equilibrium condition. Let G be the graph with edge
set £ = {e;}. For each W = (w, p) € L*(E) x L*(E), we always coincide with a vector-valued
function (W (s), ®(s))

W (s) = [wi(s), wa(s), - wa(s)]7, B(s) = [p1(s), pa(s), -+ pn(s)]T

In this way, the inner product in L?(G) x L?*(G) becomes
1 1
(W), (F.@)z = [ (W), F(s)eds + [ (@(5),G())ends.
0 0
Let £ be defined by (4.3.2). Setting
K(s) = diag[K1(s), Ka(s), - -, Kn(s)]

and
E(S) = diag[El(S)’ E2(S)> A En(5>]7

we rewrite £ into the matrix form

W) [ ®&0s) - @)y e
() (B()®'())' + K(s)(W(s) — 0(s)
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Thus we have

(ﬁ(VVv ‘I))7(F7 C;))L2 - ((VVa ?)7£(F7 GY))L2 .
= (K(s)(W'(s) = @(s)), F)cn |, + (E(s)®'(5), G(s))en

(
—(W (), K(s)(F'(s) = G(5)))en |y — (@(s), E(5)G(5))cn
(

0

0 —K(s) K(s) On W(s) F(s)
_ K(s)  On  On E(s) o(s) G(s) ‘1
~K(s) O, O, O, W'(s) F'(s) ’
O, —E(5) On. O, '(s) G'(s) ] ) can

where
0 -K(s) K(s) O, W(s)
o= | K& On On EG) om0 (4.3.15)
-K(s) O, 0, O, W'(s)
0, -E(s) O, O, d'(s)

Now let the connection condition of £ defined on graph G be given by
AW(1)+ BW(0) =0, A,B€EMynxan, rank(A, B)=4n (4.3.16)
where W(s) is defined as (4.3.15).

THEOREM 4.3.3 Let the formal differential operator £ on L?(E) x L*(E) be defined as
(4.3.2). Let A and B be elements in My, xan. Then L with the connective condition (4.3.16)
1s structural self-adjoint if only if A and B satisfy the condition

AQ™1(1)A* = BQ1(0)B*. (4.3.17)

Proof It is clear that £ is self adjoint if and only if (W, ®) and (F,G) satisfy (4.3.16) such
that

(e (), F() , - ()W (©),F(0) =0

(C471, (C4n

e W(s) = [W(s), (), W'(5), @' ()], F(s) = [F(s),G(s), F'(5), G (s)]""
Since (W, ®), (F,G) satisfy (4.3.16), i.e.,
AW (1) + BW(0) =0, AF(1)+ BF(0) =0,
for any X € C*", we have
(W(1), A*X)an + (W(0), B*X)can = 0.

Comparing above equality with
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we get R R
Q" (1)F(1) =A"X, Q*(0)F(0)=-B*X.
Note that Q*(s) = —Q(s) and Q™ !(s) exist, and hence
F(1)=—-Q '(1)A*X, F(0)=Q '(0)B*X.
Thus we have
0=AF(1)+ BF(0) = —AQ ' (1)A*X + BQ ' (0)B*X, VX e C*"

Therefore, AQ~}(1)A*X = BQ~1(0)B
Conversely, if A and B satisfy condition (4.3.17), then for any W and F satisfy

W(1) =0 Y(1)A*X, W(0)=-Q (0)B*X,

and
F(1)=Q7'(1)AY, F(0)=-Q ' (0)B"Y.

we have AW(I)—&—BW( )—OandA F(1) + BF(0) = 0, and
(Q<1>W<1> F) - (oW (©),F©)

C4n ([:4n
= (A*X Q7 1(1)A Y)Un — (B*X, Q7' (0)B*Y ) .
= (X, '(1)A* = BQ N (0)B*)Y) o = 0.
The desired result follows. O

THEOREM 4.3.4 Let £ on L?(G) x L?(G) be defined as (4.3.2). Let A and B be the elements
in Mypxan. Then —L with connection condition (4.3.16) is a structural positive operator if only
if A and B satisfy the condition

AQ (1o (e 1(1)A* = BQ1(0)Q,(0)Q7 1 (0)B* (4.3.18)
where
0, —-K(s) K(s) O,
O, O, O, [E(s)
Q1(s) = (4.3.19)
On OTL On O?L
O, O, O, O,

Proof For any W, ® € H?(E), we have
Z / )(wa(5) = 5(9) s ()

+Z / i (9))s + K (5) (w5,0(5) = 24(5))) i3 (3]s

(LW, @), (W, ®))>

= ZK )(wj,s(5) — ps()w;(5)|, + Ej(8)05.s(5)25(5)]

=S / [ (5)] (5.0(5) — 93 (5)I2 + B3 () 05,0 (5) s,

Jj=1
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Note that

0, -K(s) K(s) O, W(s) W (s)
B O, Op O, E(s) B(s) d(s)
- 0, O, O, O, wiis) || ws)
O, O, O, O, P'(s) P'(s) et
Then we have
(EW.9),(W.2)z2 = (@01 W (1), W(1))cr — (Q1(0)W(0), W(0))can
- / (@3a5) = 2 (5) + By (5)lo(s) P,

Obviously, —L is structure positive if and only if

(Q1 ()W (1), W (1))er — (Q1(0)W(0), W(0))can = 0.

If —L is structure positive, then it is self adjoint and hence

o~

W(1)=Q '()A'X, W(0)=-Q7 ' (0)B*X, XecC™
Thus we get

0 = (LMW, WD))er — (Q1(0)W(0), W (0))csn
= (21 '(MA* X, Q" H (1) A* X)cn — (©1(0)Q7H(0)B*X, Q71 (0)B* X) can
= —(A97'(1)Q;(1H)Q 1 (1)A*X — BQ1(0)Q:(0)Q 1 (0)B* X, X)can, VX

where we have used the equality (Q7'(s))* = —Q~!(s). Using relations AQ~1(1))A* =
BQ1(0)B* and Q(s) = Q1(s) — Q3 (s), we can prove that

A9 (1)@1(1)QH(1)A* = BQ1(0)Q:1(0)Q " (0)B*
is a Hermitian matrix. Therefore, we have
A9 (1)Q1(1)QH(1)A* = BQ™1(0)2:1(0)Q(0)B™.

The formula (4.3.18) is proven.
Conversely, we assume that A and B satisfy (4.3.18). Since the equality (4.3.18) implies

AQT (1)QI(HQ (A" = BQH(0)Q1(0)Q (0)B

Since Q(s) = Qi(s) — Qi(s), so we have AQ 1(1)A* = BQ~1(0)B*. Therefore, under the
condition (4.3.18), —L is a self adjoint operator. Then for any W, ® € H?(E) satisfy

AW (1) + BW(0) =
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there exists an X € C*" such that

W) =0 Y (1)A*X, W(0) = -0 (0)B*X,

and hence
(QUW (1), W(1))er — (Qi(0)W(0), W(0))con
= (')A X, Q1 (A" X)en — (Q1(0)Q7H(0)B*X, Q7 H(0) B* X)can
— (X, AQ7'(1)QI(1)Q (1) A X)en — (X, BQ(0)Q}(0)Q " (0)B* X)cun = 0.
So —L is a structure positive operator. O

In what follows, we shall calculate the condition (4.3.18). Firstly we calculate

Q7 1(5)Q1(5)Q ' (s)

0, -K(s) K(s) O, O, O, -K=1(s) 0O,
_ i | O O O EG) || On 0, O, _E-1(s)
O, O, O, O, K-'(s) O,  On _E-1(s)
O, O, O, O O, E-'(s) E-'(s) O,
(0. 0, -K-l(s) O, I, O, O, On
e 0, O, “E's) | | 00 I, I, O,
| kKYs) 0, O, “E's) | | 0, 0, On O,
| On E-1(s) E7Ys) O, O, O, O, O,
(0. 0., 0, O,
o lo. o 0. o,
| KYs) 0. O, O,
O, E-1(s) E~1(s) O,
Denote by
O, O, O, O,
O, 0., O, O,
Qi(s)
K-1(s) O, O, O,
Oy, E-1(s) E~'(s) O,

Then we have
Q7' (s) = Qi(s) — Qj(5)
Therefore we have the following result.
COROLLARY 4.3.1 Let £ on L*(E) x L*(E) be defined as (4.3.2). Let A and B be the ele-

ments in Mypxan. Then —L with connection condition (4.3.16) is a structural positive operator
if only if A and B satisfy the condition

AQ;(1)A* = BQ;(0)B* (4.3.20)
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4.3.3 Timoshenko beam equations on metric graphs

Now let us return to Timoshenko beam equation on metric graph G. Let w(z,t) and p(z,t) be
functions defined on G x Ry, w;(s,t) and ¢;(s,t) be their normalized realization on e; x R.
Suppose that the pair (w;(s,t),¢;(s,t)) satisfy the partial differential equations

82w, (s,t Ow;(s,t
pi ()5 = 2 (K (5) 252 — o (5,1) ).

8%, (s, dpj(x, ow; (s, 5€ (0’1)7
1, () 7550 = 2 (B;(s) 22420 ) + (6 () 2500 — oy(s,1))

where p;(s),1,,(s), E;(s) and Kj;(s) are positive continuous functions.
For the sake of simplicity, we introduce vector-valued function. Define matrices

M, (s) = diag[pi(s), p2(s), -+, Pn(5)]

and
I,(s) = diag[l,, (), Ly, (), -+, 15, ()]

Then the vector form of Timoshenko beam is

M, (5) 20 = 2 (K(s) 252 — 0(s,1))

2
L(s) 5t = 2 (E(s) 2520 ) + (K(s) 252 — a(s, 1))

s€(0,1),  (4.3.21)

The energy function of (4.3.21) is defined by

1
80 = 5 [ EOV.(50) = 5,1), (Wals.6) = 5.0z + (M (3) Wi ) Wals, )
%/0 (E(3)®s(s,t), @s(s,))rn + (Tp(5)Pe(s,t), Pe(s,t))rnds. (4.3.22)

THEOREM 4.3.5 Let partial differential equations on L*(E) x L*(E) be defined as (4.3.21).
Let A and B be the elements in Myyxan satisfy the condition (4.3.20). Then (4.3.21) with the
connective condition

AW (1,8), (1,), Wa(1,8), @51, )] + BIW(0,1), (0, 1), W4 (0, ), ®4(0,)]" =0
s well-posed and energy conservation under appropriate initial data.

The proof is a straightforward verification, the detail is omitted.

4.3.4 Some classical vertex conditions

In this subsection we give some classical local vertex conditions. Let w(z,t) and ¢(x,t) be
functions defined on G x Ry, w;(s,t) and ¢;(s,t) be their normalized realization on e; x R.
Suppose that the pair (w;(s,t),¢;(s,t) satisfy the differential equations

3w, (s, Ow; (s,
pi(s) et = 2 (K () 2550 — (s, )

A
Js
2 . I .
I, () 2582 = 5 (Bi(9) 25520 ) + (K ) 2502 = y(s:1)

where p;(s),1,,(s), E;(s) and K;(s) are positive continuous functions.

s€(0,1),
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81. )-type vertex conditions

At vertex a € V we have the geometric constraints: the displacements and rotation angle of all
jointing edges are continuous. Then the local vertex conditions at a € V' are given by

w;(1) = wi(0) = w(a),Vk € J~(a),j € J*(a)
0i(1) = ¢i(0) = p(a),Vk € J~(a),j € J*(a)
> Kj(wis(1) —¢;(1) = X Ki(we,s(0) = ¢x(0)) =0 (4.3.23)
jeJ*(a) keJ—(a)
> Ei(Wps() = X Er(0)pr,s(0) = 0.
jeJt(a) k€T~ (a)

The last two conditions are the dynamic equilibrium conditions.

82. §’-type vertex conditions

At node a € V we assume that forces and moments of the structure are continuous. Then the

local vertex conditions at a are given by

K;(1)(wj,s(1) = ¢;(1)) = Ki(0)(wr,s(0) — ¢r(0)) = F(a),

Vk e J (a),j € J(a)

Ej(l)(pjw?(l) = Ek‘(o)(pj}s(o) = M(a)7Vk € Jﬁ(a)’j S JJr(a) (4324)
> wi(l)— > wr(0)=0

je€Jt(a) keJ— (a)
> wi) = > ¢;(0)=0.

jeEJ T (a) keJ—(a)

§3. J)-type elastic support vertex conditions

At node a € V we impose the geometric constraints: the displacements and ration angles of all
jointing edges are continuous, and there is an elastic support at a with hooke’s constants T'(a)
and M (a). Then the local vertex conditions at a are given by

w;(1) = wg(0) = w(a),Vk € J~(a),j € J"(a)
¢i(1) = ¢1(0) = ¢(a),Vk € J=(a),j € J*(a)
> Ki((wss(1) —0i(1) = 32 Kr(0)(wr,s(0) = ¢x(0)) = T(a)w(a) = 0,
je€Jt(a) keJ(a)
> Ei(We;s(1) = > Erx(0)pr,s(0) — M(a)p(a) = 0.
Jj€JT(a) keJ—(a)



Chapter 5

Networks of Strings and Design

of Controllers

5.1 Networks of strings with elastic supports

Let G = (V, E) be a metric graph without isolated vertex, u(z,t) be a function defined on G.
Suppose that u(z,t) satisfies the wave equation on each e; € E, i.e.,

mii(s)uje(s,t) = (Tj(s)uj,s(s,1))s — gj(s)u;(s), s € (0,1) (5.1.1)

where Tj(s), m,;(s) are positive continuous functions and ¢;(s) are nonnegative functions (or
called potentials).

Assume that the structure is continuous at each vertex and there is an elastic support at
each vertex a € V. The energy function of the system is defined as

S

1
&) = 5 / [T (8)]gs (5, 1) + g5 () (s, 1) "] ds
j=17¢
1 n 1 m )
#320  m@lu0ds + 5 3 Kalutas 0P,
j=1v¢€ =
then we have
dE(t) =
= Z/@ T;(s)uj s (s, t)ujse(s, t)ds + qj(s)u;(s, t)u; (s, t)ds

m

+ Z mj ($)wj (s, )uj (s, t)ds + Z k(a;)u(aq, t)ug(a;, t)
j=1"¢ i=1

= ZTJ S)uj s(s,t)u st|0—|—Zka, (as, t)ug(ag,t)

=1

111
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- i S T (L ue (L) — S Tu(0)ur, (0, D)urs(0,8)

=1 \jeJ+*(a;) keJ=(ai)

+> klai)u(ai, tyug(ai, t).

=1

Using the continuity conditions at the vertices
u(ai t) = uk(0,t) = u;(1,t), Vke€ J (a;),j €T (ai), a; € Vi
and
u(ai, t) = uk(0,t), Vk € J (a;),a; € 0G; wla;t) =ui(1,t), je€J (), ai€dG
we get that

%ﬁt) = > Y w1 w1t = Y Tr(0)up,e(0, £)u e (0,1)

i=1 \jeJ+(a;) keJ—(a:)

= > > TWut)— > Th(0)urs(0.) + k(ai)ulas, t) | wiai,t)

i=1 \jeJt(a;) keJ—(a;)

Therefore, we derive the dynamic conditions of the elastic system at all vertices from the
geometric conditions:
1) Continuity conditions

u(aj, t) = uk(0,t) = u;(1,t), Vke€ J (aj),i€ J"(a;), (5.1.2)
2) Dynamical conditions

> TiMuo(1,t) = Y Tr(0)urs(0,8) + k(a)u(a,t) = f(a,t), a€V (5.1.3)

je€Jt(a) keJ— (a)

where f(a,t) is an exterior force acting on a. Such a network is said to be a continuous network.
If all k(a) = 0,Va € V, then there is no elastic support on the network.

5.1.1 Vectorization form of networks of strings

Let G be a directed graph without isolated vertex. Let function u(z,t) defined on G be nor-
malized and satisfy the wave equation on E.
Let
U(s,t) = (ui(s,t),uz(s,t), -, un(s,t)), se(0,1)

U(v,t) = (u(ag,t),u(as, t), -, u(am,t)),
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and define matrices
T(s) = diag(T1(s), T2(s), -, Tu(s)),
M(s) = diag(ma(s), ma(s),- -, mn(s)),
Q(s) = diag(qi(s), g2(2), -+, gn(s)),
K(v) = diag(k(a1), k(az), -, k(am))

Then the differential equations (5.1.1) on E can be rewritten into

(5.1.4)

M(s)U(s,t) = (T(s)Us(s,t))s — Q(s)U(s,t), s€(0,1)

and the connective and boundary conditions (5.1.2) are rewritten as
m o, UL
U (v,t) € C™, s.t. (5.1.5)

The vector form of the dynamic condition (5.1.3) is
OTT(1)Uy(1,t) — @ T(0)Us(0,1)) + K(v)U(v,t) = F(v,t) € C™. (5.1.6)
Thus the network of strings can be rewritten into

M(s)U(s,t) = (T(s)Us(s,t))s — Q(s)U(s,t), s€(0,1)

JU(v,t) € C™,5.t.U(1,t) = (@) TU(v,1),

U(0,t) = (7)TU (v, t); (5.1.7)
OHTT(1)Us(1,t) — @~ T(0)Us(0,¢) + K(v)U(v,t) = F(v,t) € C™,

U(s,0) = Up(s),Us(s,0) = Ui (s).

where Uy(s) and Ui (s) are the appropriate initial data.

5.1.2 Design of observers and feedback controllers

Since the energy function of the system (5.1.7) is given by

&0 = 5 [ (MU0, V(s ten + (@Qs)U(s,1). Us, )crlds
+%/O (M(s)Uy(s,t), Up(s,t))cnds + %(K('U)U(’U,t),U(’U,t))Cm
and
%gt) = /O(’]I‘(S)Us(x,t),Ust(x,t))cnder/O (Q(s)U(s,t),Us(s,1t))cnds

+/O (M(8)Uss(8,t),Us(s,t))cnds + (K(0)U (v, t), Us(v,t))cm
= (T, U1 e — (TO)T(0, 1), U0, ))er + (K@)U (v, ), Uu(o, 1))
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Using the continuity condition,U;(0,t) = (®7)TUy(v,t), Us(1,t) = (27)TU,(v,t), we get

dE(t)

= (T(1)Uq(1,1),Ue(1,8))cn — (T(0)Us(0,t), U (0,¢))cn + (K(v)U(v,t), U(v, t))cm
= (®TT(1)Us(1,t) — @ T(0)U,(0,t) + K(v)U(v,t), Us (v, t))cm

= (F(U, t)v Ut('U, t))C'/n

where F(v,t) is control input. Thus we have

E(t) = E£(0) + /Ot(F(v, t),Ui(v,t))cmdt.

By the duality principle of the system, we choose the observation (dual to its controllers) of

the system
Y(t) = SUi(v,t) e C™

where S is a vertex selection matrix of observation, which is a 0-1 diagonal matrix. Take the

feedback control law as
F(v,t) = -TY(t) = -T'SU,(v,t) € C™

where I' is a positive gain matrix from C™ to C™. Thus the closed loop system is

M(s)U(s,t) = (T(s)Us(s,t))s — Q(s)U(s,t), se€(0,1)

U (v,t) € V,s.t.U(1,t) = (@) TU(v, 1),

U0,t) = (7)TU(v,1), (5.1.8)
OTT(1)U,(1,¢t) — 2~ T(0)U,(0,t) + K(v)U (v, t) = —TSUy(v,t) € C™

U(s,0) = Uo(s),U(s,0) = Ui(s), se€(0,1).

Note that the vertex selection matrix of observation S is always a diagonal matrix, whose
diagonal entries are 0 or 1. Usually the feedback gain matrix I' is also a diagonal matrix.
Therefore I'S denotes the design of feedback controllers. With these feedback controllers, the
energy of the closed loop system satisfies equality

E(t) + /Ot(FSUt(v, 1), Up(v,t))emdt = E(0).

Obviously, £(t) < £(0). This means that the energy of the closed loop system is dissipative.

EXAMPLE 5.1.1 We consider a continuous network of strings with nodal supports, whose
structure is shown as Fig.5.1.1.
The directed edges are defined by

e1 = (a1,a5) ez = (az,as) e3 = (as,ar) eq = (a10,a4)
€5 = (a57a6) €6 = (06,08) €7 = (05,07) €s = (07,%)

€9 = (as,ag) €10 = (097010) €11 = (a87a10)

The boundary 0G = {a1, a2,as,a4}.
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Fig. 5.1.1. A continuous network of strings with circuits

Assume that the parameter increasing coincides with the direction of G. Let y,(s,t) be the
displacement of the string on e; and satisfy equation

mj(s)yj,tt(svt) = (Tj(s)yj,s(87t))s - qj(s)yj(s>t)7 s € (07 1)

The boundaries and all interior nodes have the velocity feedback controllers with gain a; =
ala;) > 0,5 € {1,2,---,10}.
The motion of the closed loop system is governed by the partial differential equations

m;(8)yjee(s,t) = (T(s)ys,s(s,1)s — qi(s)y;(s, ), s€(0,1),j=1,2,---,11

—T1(0)y1,5(0,¢) + k(a1)y(a1,t) = —oayi(ar,t),  31(0,8) = y(a,1);
—T3(0)y2,5(0,t) + k(az2)y(az, t) = —azys(az,t), y2(0,t) = y(asz,t)
—T13(0)y3,5(0,¢) + k(as)y(as, t) = —asyi(as,t), ys(0,t) = y(as,t)

Ty(Dyas(1,t) + k(as)y(aq, t) = —ouyi(as, 1),  ya(1,t) = y(as, )

y1(1,t) = y5(0,t) = y7(0,t) = y(as, 1),

T 1)1/1 s(1,t) = T5(0)ys,5(0,t) — T7(0)y7,5(0, 1) + k(as)y(as, t) = —asy(as, t),

y2(1,t) = y5(1,t) = y6(0,t) = y(as, t),

13 1)3/2 s(L,t) + T5(1)ys,s(1, 1) — T6(0)ye,5 (0, ) + k(as)y(as, t) = —asys(as, 1),

T5(D)y1,s(1,8) + T7(1)y7.s(1,t) — Ts(0)ys s (0,t) + k(az)y(ar, t) = —azyi(ar,t),

yo(1,t) = ys(1,t) = yo(0, 1) = y11(0,1) = y(as, 1),

Dye,s(1,t) + Ts(1)ys,s (1, ) — To(0)yo,s (0, 1) — T11(0)y11,5(0, £) + k(as)y(as, t) = —asys(as, ),
yo(1,1) = 110(0, 1) = y(ao, 1),

(
(
(
(1,
(
y3(1,t) = y7(1,t) = ys(0,t) = y(ar, 1),
(
(1,
Ts(
(
(

T9(1)ye,1(1,t) — T10(0)y10,5(0, ) + k(ag)y(a — 9,t) = —agyt(ao,t),
y10(1,t) = y11(1,t) = y4(0,t) = y(a1o,1),
T1o(1)y10,s(1, 1) +T11(1)y11,s(1, 1) — T4(0)y4,.(0,t) + k(aio)y(aio, t) = —a1oys(ao, t)

(5.1.9)
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with appropriate initial data.
The incidence matrix ® is given by

€1 €2 €3 €4 €5 €6 €7 s €9 €10 €11
ai -1 0 0 0 0 0 0 0 0 0 0
az 0 -1 0 0 0 0 0 0 0 0 0
as 0 0 -1 0 0 0 0 0 0 0 0
a4 0 0 0 1 0 0 0 0 0 0 0
as 1 0 0 0 -1 0 -1 0 0 0 0
ae 0 1 0 0 1 -1 0 0 0 0 0
ar 0 0 1 0 0 0 1 -1 0 0 0
as 0 0 0 0 0 1 0 1 -1 0 -1
ag 0 0 0 0 0 0 0 0 1 -1 0
aio 0 0 0 -1 0 0 0 0 0 1 1

The vertices-valued space is C'°. The product of selection matrix of vertex observation and the
feedback gain matrix is given by

FS:diag(a17a27"';a10)a aj > 0.
and the elastic constant matrix is
K(v) = diag(k(a1), k(a — 2), -, k(a10)).

The state vector is
Y(‘T’t) = (yl(x7t)7y2(xat)a e 7y11($,t))

and the coefficients matrices
T(s) = diag(T1(s),T2(s),---,Th1(s)),

M(s) = diag(mi(s), ma(s), -+, m11(s))
and

Q(s) = diag(q1(s),q2(s), -+, q11(s))-

Thus we can rewrite (5.1.9) into a vector-valued differential equations in C"

M(s)Ye(s,t) = (T(s)Ys(s,8))s — Q(s)Y (s, 1),z € (0,1)

JY (v,t) € C0 s.t. Y(1,t) = (25)TY (v, 1),

Y(0,t) = (7)Y (v, 1), (5.1.10)
OTT(1)Ys(1,t) — @~T(0)Ys(0,t) + K(v)Y (v,t) = —I'SY;(v,t) € C10

Y (s,0) = Yo(s), Yi(s,0) = Yi(s)

where Yj(s) and Y7 (s) are appropriate initial data. O
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In the previous example, we have

T4(1)y4’5(17 t)

T1(Dy1,s(1,1)
T(1)yz,s(1,t) + T5(1)ys,s(1, 1)
T3(1)ys,s(1,t) + T7(1)y7,s(1, 1)
T5(1)ye,s(1,t) + Ts(1)ys,s(1, 1)

To(1)yo,s(1,1)
T1o(1)y10,s(1, 1) + T11(1)y11,s(1, 1)

(I)+T(1)Y9(17 t) =

—
—~ +
o~ -
=) 2
N =
@ -
I~ —
> >
~—~N /N )\'/)))
:.L?t7t7 /0\4L7t7/0\t\)
=== e = S
= Z N e N
I R évsaT wn
—- o4 o + © w S @
S D D S S+ 2 0
—~ o~ ~~ o~ > D>
o o o o o o 2 3
- & - S © % - = N
S = B 2 SN
1) @
S =
—
= e
[=2]
& <
Il
—
-~
=
S~—
P
b
=
=
S~—
=
I
KA

Obviously,

®+T(O)Ye(1v t) - (I)iT(O)Ye (07 t)

=T1(0)y1,5(0,t)

7T2 (0)y2,3(07 t)

—Tg(O)yg,s(O, t)
T4(1)y415(1, t)
Tl(l)yl,s(L t) - T5 (O)y5,s(07 t) - T?(O)y7,s(0a t)

TQ(l)yQ,s(la t) + T5(1)y5,s(1a t) - TG(O)yG,s(Oa t)

T3<1)y3,s(17 t) + T7(1)y7,s(17 t) - TS(O)y8,5(07 t)
Ts()ye,s(1,t) + Ts(1)ys,s(1,t) — To(0)yo,s(0,t) — T11(0)y11,5(0,t)

To(1)yo,x(1,t) — T10(0)y10,2(0, 1)

Tlo(l)ylo,m(]-a t) + Tll(]-)yll,a:(]-v t) - T4(0)y47$(07 t)
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is an element in C'°. This shows that the number of the dynamic conditions is not larger than
the number of vertices provided that the network is continuous.

EXAMPLE 5.1.2 Let G be a directed graph without boundary, whose structure is shown in
Fig. 5.1.2. We consider a continuous network of strings defined on the graph G with elastic
supports at all nodes.

Fig. 5.1.2 A continuous network without boundary

The displacement of string on e; is y;(x,t), the direction of parameter  coincides with that
of the edges, and satisfies

mjijtt(xﬂ t) - ijj7mr(x’ t)v T e (Oa 1)

The connective conditions are

Take I' = diag(a(a1), a(az), - a(as)) and K(v) = diag(k(a1),k(az),- - k(as)). The dynamic
conditions are

— T5ys5,2(0,t) + k(a1)y(as, t) = —a(a1)y(a1, )

(a3)y(as,t) = —a(as)y:(as, 1)

(1,) (0,2)
(1,1) (0,2)
T1y1,2(1,t) + Toye,«(1,t) — Toy2 »(0,t) + k(az)y(az, t) = —a(az)y:(az,t)
(1,) (0,8) +k
(L,7) (0,t) + k(aa)y(as, t) = —a(as)y:(aa,t)

11(0,1) 10000
y(alat)

y2(0, 1) 01000
y(a2’t>

y3(0, 1) 00100
= y(ag,t)

y4(0,1) 00010
y(a4at)

ys(0, 1) 10000
y(a5,t)

v6(0, 1) 0000 1
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o O = O O O
- o O o o =

The dynamic conditions are rewritten into

DTTY,(1,1)

&~ TY,(0,?)

o O o = O
o O = O O
o = O O O
oSO O O O =
= o o o o
o O o = O

Tyys.(1,t)
Tiy1,.(1,t) + Teys,o(1,1)
Toyo,.(1,t)
T3y3,2(1,t)
Tsys,.(1,1)

o o o o =
o O O

o O = O O
o = O O O
o o o o =
- o o o o

T1y1,2(0,t) + T5y5,2(0,7)
T5y2,2(0,t)

0,1)

0,1)

0,4)

T3Yy3,2

(
(
T4y (
R

3

o o o o o

o O o o o

o O O = O O

o = O O O ©o

o O O O

y(ai,t)
y(az, 1)
y(as, 1)
y(as, )
y(as,t)

0O 0 0
0 0 O
0 0 O
7 0 0
0 T5 O
0 0 Ts
0O 0 O
0O 0 O
0O 0 O
. 0 0
0 T;5

0 0 T
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The controllers and elastic supports are

alar) 0 0 0 0 yi(ar,t)
0 al(az) 0 0 0 yi(az,t)
I'SY;(v,t) = 0 0 a(as) 0 0 yi(as,t)
0 0 0 afa) O Yyi(ag,t)
0 0 0 0 a(as) yi(as,t)
k(a1) 0 0 0 0 y(a1,t)
0  k(a2) 0 0 0 y(az,t)
K(v)Y (v,t) = 0 0 k(az) O 0 y(as,t)
0 0 0  k(as) O y(a,1)
0 0 0 0 k(as) y(as,t)

5.2 Boundary and internal controllers

Here we distinguish the boundary controllers and interior controllers. Let the selection matrix
of vertex observation S be a 0-1 diagonal matrix of the form

S = diag(s(a1), s(az), -+, s(am)).

If s(a;) = 0,Va; € 0G and s(a) = 1,¥a € Vi, then S is said to be the interior observation
and T'S to be interior controllers; if s(a) = 0,Va € Vj,, then S is said to be the boundary
observation and I'S is called the boundary controllers.

Define the interior subspace and the boundary subspace respectively by

V1 = {(x17x2,~~~,17m) | l‘j = O,aj S 6G}, Vg = {($1,$2,"',1‘m) ’ JCj = O,Gj S Vint}

Obviously, V1 & Vy = C™. Define a projection matrix P from C™ to V;.
When the system has boundary controllers, we have

M(s)Up(s,t) = (T(s)Us(s,t))s — Q(s)U(s,t), s€(0,1)

JU(v,t) € V,s.t.U(1,t) = (N TU (v, 1),

U(0,t) = (7)TU(v, 1)

POTT(1)Us(1,t) — PO T(0)Us(0,t) + PK(v)U(v,t) =0 € Vy

(I —P)PTT(1)Us(1,t) — (I —P)P~T(0)Us(0,t) + (I — P)K(v)U(v,t) = —(I — P)L'SU¢(v, )
U(s,0) =Uy(s), Ui(s,0)="Ui(s).

(5.2.1)
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If the system has only internal controllers, then we have

M(s)Us(s, t) = (T(s)Us(s,1))s — Q(s)U(s,t), s€(0,1)

U (v,t) € V,s.t.U(1,t) = (@)U (v,1),

U0,t) = (@7)TU(v,t)

POTT(1)Uy(1,t) — PO~ T(0)Us(0,t) + PK(v)U(v,t) = —PTSU;(v,t) € Vy
(I —P)YPTT(1)Us(1,t) — (I — P)DP~T(0)Us(0,t) + (I — P)K(v)U(v,t) =0
U(s,0) = Up(s), Us(s,0) = Uq(s).

(5.2.2)

EXAMPLE 5.2.1 Let G be a directed graph whose structure is shown as Fig. 5.2.1. We set

up the boundary controllers at as, ag, ar and ag, without interior controller.

Fig. 5.2.1. Boundary controllers at as,ag,ar and ag, without interior controller.
In this example, the vertex selection matrix S and space V; are respectively
S = diag(O, O, 0, O, 1, 1, 1, 1), Vl = {(1‘1, To,T3,T4, O7 O7 0, 0) | .I?j S R}

EXAMPLE 5.2.2 Let G be a planar directed graph whose structure is shown as Fig. 5.2.2.
We impose the interior controllers, without boundary controller.

Fig. 5.2.2. All are internal controllers without boundary controller
In this example, the vertex selection matrix S and space Vi are respectively

S =diag(1,1,1,1,1,0), Vy = {(z1, 22,23, 24,25,0) | z; € R}

5.2.1 Mixed boundary conditions if G # ()

Let G # 0 and K(v) = 0. Let u(z,t) defined on G satisfy the wave equation on E. Assume
that u(z,t) € C(G). If there is at least one a € IG, u(a,t) = 0, which is called the Dirichlet
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boundary; and there is at least one a € 0G such that it is of Neumann boundary. Then the
network is said to be with mixed boundary.
Define a subspace V by

V = {(w(a1),w(az), -, wlam) | w(a) =0,a € Gp} C C™

where 0G p denotes the Dirichlet boundary. Let P be the orthogonal projection from C™ to V.
We design the feedback controllers for the networks with mixed boundary.
Take the feedback control law as

F(v,t) = -TSU(v,t) € V
where I'S is a nonnegative matrix. Thus the closed loop system is

M(s)Us(s,t) = (T(s)Us(s,t))s — Q(s)U(s,t), s€(0,1)

U (v,t) € V,s.t.U(1,t) = (N TU(v,1),

U0,t) = (@7)TU(v,1), (5.2.3)
PO+HT(1)U,(1,t) — PE-T(0)U,(0,t) = ~TSUy(v,t) € V

U(s,0) = Uy(s), Ui(s,0)=Ui(s).

Here we again distinguish the boundary controllers and interior controllers.

EXAMPLE 5.2.3 Let G be a planar directed graph, and the structure be shown in Fig. 5.2.3.
In this example we impose the interior controllers without boundary controller.

Fig. 5.2.3. Mixed boundary conditions: as is a Dirichlet boundary,
ag and a7 are Neumann boundary, others are interior controllers

5.3 Discontinuous networks of strings

5.3.1 Semi-continuous networks

Let G be a planar metric graph. We parameterize the graph satisfying condition that for
each a € Vj,;, there are at least one incoming edge and one outgoing edge. That is, J(a) =
JT(a) U J™(a) satisfy the condition that #.J7(a) > 1 and #J~ (a) > 1.

Assume that an elastic structure coincides with the graph when it is in equilibrium position.
The elastic structure undergoes the small vibration in a plane, whose motion on each edge e;
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is governed by the partial differential equation
my(8)wyaa(s, 1) = (T3 (8w (5.0)s — 43 ()wy(s,0), s € (0,1) (5.3.1)

We impose the network with the following the geometric and dynamic conditions:
1) if a € OG such that J(a) = J*(a), we have

lim w; (s, t) = w;(1,t) = w(a,t), j€ J(a), (5.3.2)

s—1

and the dynamic boundary conditions
T;(Mw; 5(1,t) = —a(a)w(a,t), je J(a). (5.3.3)
2) if @ € G with J(a) = J~ (a), then

lim w;(s,t) = w;(0,t) = w(a,t) =0, jeJ (a) (5.3.4)

s—0
which means that the components of the elastic structure are clamped at every a € 0Gp.
At the interior node a € Vj,;

lim w;(s,t) = w;(1,t), j€J(a), lmuw;(s,t)=w;(0,t), jeJ (a)

s—1 s5—

satisfy the connective conditions:

If #J%(a) > 1, one imposes the continuity condition of the moment in the incoming di-
rection. Accordingly, in the incoming direction of at this vertex, there exists a single-valued
moment such that

T,(VNwy,5(1,t) = Tj(Dw; s(1,¢), Vj,r e Jt(a). (5.3.5)

Corresponding geometric condition is

Z wi(1,t) = w(a,t); (5.3.6)

i€Jt(a)

For J~ (a), we impose the rigid connection condition in the outgoing direction, which transfers
the force. Then the geometric conditions are

w(a,t) =w;(0,t), VYjeJ (a) (5.3.7)
and the dynamic condition is
T, (1w, s(1,t) — Z T;(0)w,; s(0,t) = —a(a)wi(a,t) (5.3.8)
jeJ=(a)

where 7 € JT(a).
If #J7(a) =1, r € J™(a), then the above condition becomes the rigid connection. Hence
we have the geometric conditions

w(a,t) =w;(0,t) = w,(1,¢t), VjeJ (a) (5.3.9)
and the corresponding dynamic conditions (including damping) become

T,(Dw,s(1,8) = > Ti(0)w;+(0,) = —a(a)w(a,t). (5.3.10)
JEJ(a)
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Here a(a),a € V are the positive feedback gain constants. Thus the complete description of
the network is given by

m;(s)w; (s, t) = (Tj(s)wjs(s,t))s — qj(s)w;(s,t),s € (0,1),j=1,2---,n

w;(0,t)=0, a€dGp, jeJ(a)=J (a)

Y jeat Wil t) =w(a,t) = wi(0,t),i € J™(a),a € Vin (5.3.11)
Tr(Dwr,s(1,1) = 305 - (o) Ti(0)w;,5(0, ) = —a(a)wi(a, t),r € J*(a),

Ti(1)w; s(1,t) = —a(a)wi(a,t),a € G, J(a) = J T (a).

Set W (z,t) = (wi(s,t),wa(s,t), -, wy(s,t))T and
M(s) = diag(mi(s), ma(s), - -, mn(s)), T(s) = diag(T1(s), Ta(s), -, Tn(s))
W(v,t) = (w(ar, t),wlaz,t), -, wlam, )"
V = {(w(ar),w(az), -, w(am)) | w(a;) = 0,a; € IGp}.

Let U be the isomorphism from V to C?, where ¢ = m — #0Gp = dim V.
The conditions (5.3.2) and (5.3.6) say that the network is of incoming flow continuity, i.e.,

W(v,t) = (@T)W(1,1).
The conditions (5.3.4) and (5.3.7) indicate that the network is of outgoing continuity, i.e.,
W(0,t) = ()T W(v,1).

Since the incoming is flow continuous, the outgoing is continuous in usual, so the network is
said to be semi-continuous. In the case of semi-continuity, we have

W(0,t) = (&)1 (@M)W (1,1).
Thus the conditions (5.3.3) and (5.3.8) can be rewritten into
P@HTTQ)W,(1,t) — P(@)TT(0)W,(0,t) = —TSWy(v,t) € V
where P : C™ — V. Therefore, we have

M(s)Wi(s,t) = (T(s)Ws(s,t))s — Q(s)W (s, t), s€(0,1)
wW(0,t) = CW(1,t),

POHITT(1)W(1,t) — P(@)TT(0)W,(0,t) = —TSW;(v,t) € V
W(s,0) = Wpy(s), Wi(s,0)=TWi(s)

(5.3.12)

where C = (®7)T(®1), Wy(s) and Wi (s) are the initial state of the system.
The system (5.3.12) comes from design of feedback controllers for the semi-continuous net-
work. The energy function of the network is defined by

Z/ ()]0 (5, ) + i (8) e (5, 12 + 5 (5) ey (5, £)[2) s,
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1
/O (T (s)wy,s (s, )wj se(s,t) + my(s)wye(s, )wyee(s, 1)) + g5 (s)w; (s, t)w;e(s,t))ds

I
<N RS
=

S~—

|
INgE

<
Il
—

I
M:

[T (1) w;.o(1, )w;.(1,1) ZT Jw; «(0,t)w; (0, )

<.
Il
—

> Ti(Wwi(LHw (1) = > Ti(0)w; o(0,£)w; 4 (0, )

€T (ar) e (ax)

Tk(l)wk’s(l,t) Z wj,t(l,t) - wt(ak,t) Z Tj(o)w‘j’s<0’t)

jeJt(ar) je€J(ar)

Mz IM: I

we(ak,t) | Tp(Dwg,s(1,1) — Z T;(0)w;,s(0,t)

J€J~ (ak)
= Zwt(ak7t)f(akat)'
k=1

The feedback control law is

=~
Il
—

f(ak7t) = —a(ak)wt(ak,t), k= 172’...7m_
where a(ay) > 0. Hence we get the dynamic conditions

Ty ()wg,s(1, ) Z T;(0)w; s(0,t) = —a(ar)w(ag,t).

j€J (ak)
Thus we have
de(t %
% == alar)w(ax, )*.
k=1
In the design of controllers, we can take different form. Since w(a,t) = w;(0,t) = >  w;(1,t),
jE€T* (a)
we have
d&(t) “
= = 2| 2 TWuwaL (L) = Y0 Ti(0)wys(0, 1wy (0, 1)
k=1 [jeJ*(ar) JE€J~(ak)
m [
= Z Tj(l)wj7s(1,t)wj7t(1,t) - Z wj,t(l,t) Z Ti(O)w,-,s(O,t)
k=1 |jeJ* (ar) jeJ*(a) ieJ~ (ay)
= Z w;(1,8) | T;(Dw; o(1,t) — Z T;(0)w; (0, ¢)
k=1jeJt(a) i€J (ag)

If all w;(1,t) are observable (measurable), we take

Tjw;o(1,t) = > Tiw;(0,8)| = —ajw;.(1,1),
i€J (ak)
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this leads to

- Z Z aj|wj,t(1,t)|2.

k=1jeJ+(a)

In this case, the corresponding closed loop system is
Mi(s)Wi(s, ) = (T(s)Ws(s,t))s — Q(s)W(s,t), s€(0,1)
w(0,t) = CW(1,t),
T()W(L,t) = CTT(0)W,(0,1) = ~LSW;(1,t)
W (s,0) = Wo(s), Wi(s,0) = Wi(s).

The difference of both is that the above is the endpoints measurement of each string, while
(5.3.12) is the node measurement.

EXAMPLE 5.3.1 In this ezample we consider a discontinuous network of strings with multi-
ple circuits. Let G be a planar graph, whose structure is shown as Fig.5.3.1. The directed edges
are defined by

"= (01705) Y2 = (az,aﬁ) V3 = (ag,a7) Y4 = (a107a4)
v = (as,a6) Y6 = (as,a8) 7 = (as,ar)  v8 = (ar,ag)

Y9 = (as,a9) 10 = (ag,a10) 11 = (as,a1o)
And let y(x,t) be a function defined on G and satisfy the wave equation on each edge v;:
m;Yj,it (;E, t) = ijj,:cac ('T7 t)

Moreover, we assume that y(x,t) satisfies the semi-continuous condition at all interior nodes.

Fig. 5.3.1. A discontinuous network of strings with circuits
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According to (5.3.11), the motion of the network is governed by partial differential equations

m;yjee(,t) = Tjyj20(2, 1), © € (0,1),

y1(0,1) = y2(0,¢) = y3(0,2) = 0;  ya(0,7) = y10(1,8) + y11(1,);

y5(0,1) = y7(0,8) = 31 (1,8); 6(0,8) = y2(1, 1) + y5(1,1);

ys(0,8) = yr(1,t) + ys(1,8);  wo(0,1) = ye(1, 1) + ys(1,1);

Y10(0,2) = yo(1,1);  y11(0,¢) = ye(1,t) + ys(1,);
1,t)=T5y5,2(0,t) = T7y7 2(0, t) = —a(as)yi(as, ),

T1y1,2(1,1)

Toy2,2(1,t) + T5y5,2(1,t) — Toye,(0,t) = —alas)yi(as, t), (5.3.13)
T3y3,0(1,t) + Tryr,2(1,t) — Tsys«(0,1) = —a(ar)y(az, t),

Thyse(1,t) = —a(aa)yi(as, 1)

Toye,o(1,t) + Tsys o (1,1) —Toyo (0,t) =T11y11,2(0,1) = —(as)ye(as, t),

Toy9,(1,t) — Thoy10,2(0,t) = —alag)y:(ag, t),

Tioy10,2(1,t) + Tiiyi1,0(1,t) — Tyya,2(0,t) = —alaio)ys(aio, t),
yk(mv O) = yk,O(x)v yk(xvo) = yk,l(‘r); k= ]-7 27 Tty 11.

The connection matrix C = (®7)7 (&%) is given by

_OOOOOOOOOOO_
0 000O0OO0OO0OTO0OTUO0OO0OO0
0 000OO0OO0OO0OTO0DTU 0O OO0
0 000O0O0OO0OO0ODTO0T1T1
100 0 0 O0OOOOO
C=]101001000000
1000 0 0 O0OUOO0OO
001 00 01O0O0O0O
0 000O0O1TO0T1O0O0O0
0 000OO0OO0OO0OTO0DT1TTUO0O
_OOOOO 101 0 00

Note that the connective matrix gives the relation of the network, from which we can reconstruct
partly the graph.
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The relation between vertices and edges for the forces are given by

00 0 O0O0O0TO O
00 0 O0O0O0OTO 0
0 0 0 0 0

o
o

_ o O

(@H)TT()Yz(1,t) =

o o o o o = o o o

—_

0
0
0
0
0
0
0
0
1
0
1

o O O O = O = O

o O O o O = O O

o O O = O O o o

o o o o o o o o

o o o o o

_ o = O O o o o

o O O = O O o o

o

SO O O O O O O = o o o

oSO O O O O o o o o o o
3

4~ S+ S o

~

(é_)TT(O)Y:D(O’ t) =

~

S o o o oo oo o
~ ~
T2

o O O O o o o o o &=
SO O O O O O o o = O
S O o o o o o = o o
- o o o o o o o o o
o O O O O = O o o o
o =R, O O = O O O O O
o O O o o o o o o o
o O O =B O O O o o o
- 0o = O O O o o o o
o =B, O O O O o o o o
o O =B, O O O o o o o

)
- S T11(0)y11.0

Thus, the forces at all vertices are

(@) T(1)Y,(1,8) — (@) T(0)Yx(0, t)
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—T1(0)y1,2(0,1)

—T5(0)y2,2(0,1)

7T3 (O)yS,m (07 t)

— — — ~— ~— ~—

Tio(1)y10,2(1,t) + Ta1(1)y11,2(1, ) — Ta(0)ya (0, 1)

At all the controlled vertices, the dynamic conditions are

P(@NTT1)Y,(1,t) — P(®)TT(0)Y,(0,1)

~—~ A~ o~ ~~ —~

—_— — ~— ~— ~— ~—

Tio(Dy10,2(1,1) + T11(1)y11,.(1, 1) — T4(0)y4,.(0,1)

~—~ o~ o~ o~ —~

— — ~— ~— ~— ~— ~~—

The projection in the control space is
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UP(®T)TT(1)Y,(1,t) — UP(®)TT(0)Y,(0,1)
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T1o(1)y10,2(1,t) + T11()y11,0(1, ) — T4(0)ya,.(0,1)

Similarly we calculate T(1)Y,(1,t) — CTT(0)Y,(0,t)

T(1)Yx(1,t) — CTT(0)Y,(0,¢)
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T1(Dy1,(1,t) = T5(0)y5,2(0,t) — T7(0)y7,.(0,¢)
T2(1)y2,2(1,t) — T6(0)ys,2(0, 1)
T3(1)ys,2(1,1) — T3(0)ys,2(0,1)
Ty(1)ya,(1,1)
T5(1)ys,0(1,t) — T5(0)ys, (0, 1)
= Ts(1)ye,2(1,t) — To(0)y9,(0,%) — T11(0)y11,2(0,1)
T7(D)yr,2(1,t) — T3(0)ys,2(0,1)
Ts(1)ys,«(1,t) — To(0)yo,2(0,t) — T11(0)y11,2(0, )
T5(1)y9,(1,t) — T10(0)y10,2(0, 2)
Tio(1)y10,2(1,t) — T1(0)ya,2(0,2)
| Ti(Wy12(1,8) = Ta(0)ya,. (0, 2) |

EXAMPLE 5.3.2 In this example we consider a semi-continuous network of strings with
multiple circuits. Let G be a planar directed graph, whose structure be shown in Fig.5.3.2.

a4
Ya

a
a Y3 3

Y1 a Y2

Ye

as
Fig. 5.3.2. A complex network of strings without boundary

Let y;(x,t) be the displacement of the strings network on the edge ;. They satisfy the wave
equations
mjyj,tt<xv t) = ijj,xz(xv t)7 T € (Oa 1)7.7 = 1; 27 37 4.

Suppose that the displacements of the network of strings satisfy the Kirchhoff law at the nodes
as and continuity conditions at the other modes. The connective conditions of displacement
yj(z,t) at the nodes are given by
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Assume that all y;+(1,t) are measurable. The dynamic conditions are

Tiy1,2(1,t) — Toy2.2(0,t) = —ary1 +(1,1),
Toy2,2(1,t) — T3y3,4(0,t) = —aoy2,+(1,1),
T53y3,0(1,t) — T4y, (0, 1) = —azys(1,1),
Tyyax(1,t) = Thy1,2(0,t) — Tsys 2(0,1) = —auya(1,1),
T5ys5,2(1,t) — Toye,(0,t) = —asys (1, 1),
Tsys,o(1,t) — T2y2,2(0,1) = —agys,¢(1,1).

Setting Y (x,t) = [y1(x, 1), y2(x, t), - -, ys(x, )],
M:diag(ml,mz,-u,mﬁ), T:diag(Tl,T2,~~~,T6),

FS = diag(ah Qg, - ,QG)

and

o O =B O O O

o O O O = O
o O O = O O
o R O O O =
= O O o o O
o O O O = O

Thus we have
MYy (z,t) = TY 20 (2, ),z € (0,1)
Y (0,t) = CY(1,¢)
TY,(1,t) — CTTY,(0,t) = —TSY;(1,1).

5.3.2 Discontinuous networks

In previous subsection, we discuss the semi-continuous networks of strings, in which the matrix
C = (®7)T®* gives the connective condition between edge and edge in the network. In this
subsection we assume that the relation of edges C' is given. However, for given C, the structural
of the graph may be very complicated, that may include the loop and parallel edges. Whatever,
our discussion is based on the connection matrix.

Let Y (x,t) be a vector-valued function defined on the interval (0,1) and satisfy the wave
equation

M(z)Y(x,t) = (T(2)Ya(z, 1), — Q@)Y (x,t), =€ (0,1).

Assume that the connective condition is given by
Y(0,1) =CY(1,t), det(I—-C)#Q0.

Here we seek for the dynamic condition for this system.
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The energy function of the network is defined by

S<t) = %/O (T(x)Yx($7t>7Yw(x7t)>C" + (M(x)n<x7t)vyt(m’t))(c” + (Q($>Y(xvt)>y(x7t>)(€”d$-
Thus
%it) = /0 (T(z)Yye(x,t), Yo (z,t))cn + M(x)Yie(z,t), Ye(z,t))on + (Q(2)Y (2, 1), Yi(x,t))cndx
= (T(1)Yx(1,1),Yi(1,2))en — (T(0)Y,(0,%), Y2(0,))cn
= (T(l)yzr(17t)7)/;i(17t))€" - (T(O)Y;(O,t),CY;(Lt))Cn
= (T(Yx(1,1) — CTT(0)Ya(0,1), Yi(1, £))c

Let ' be a non-negative matrix. We take control law as
T(1)Y,(1,t) — CTT(0)Y,(0,t) = F(t) = ~T'SY;(1,1).
Then the closed loop system is
M(2)Yeu (2, 1) = (T(2)Ye(2,1))2 — Q)Y (2,1), € (0,1)
Y (0,t) = CY(1,¢),

T(1)Y,(1,¢) — CTT(0)Y,(0,t) = —T'SY;(1,1)
Y(z,0) =Yy(z), Yi(z,0)=Yi(x)

(5.3.14)

where det(I — C) # 0.
EXAMPLE 5.3.3 Let G be a planar directed graph, and the structure be shown as Fig.5.3.3.

Gy
Ya

a
a Y3 3

Y1 a Y2
Fig. 5.8.3. A discontinuous network without boundary

Let y;(z,t) be the displacement of the strings network on the edge ;. They satisfy the wave
equations
mjyj,tt(xat) = ijj,a:w(xat)v T € (Oa 1);] = 1; 27374-

Suppose that the displacements of the network of strings are continuous at the nodes as, ag
and ay, but at ay there is a jump at rate B, B # 1. The connective conditions of displacement
y;(z,t) at the nodes are given by

y1(0,t) = Bya(1,t)  y2(0,t) = y1(1,1)
y3(0,1) = y2(1,t)  ya(0,t) = ya(1,t)
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The dynamic conditions are

T1y1,0(1,t) — Toye 2 (0,t) = —a1y1 +(1,¢)
Toya,w(1,t) — T3ys,2(0,t) = —aay24(1,t)
T3ys,2(1,t) — Tyya »(0,t) = —asys ¢ (1,1)
Tyyax(1,t) = BT1y1,:(0,t) = —ayas(1,1).

Settlng Y({L‘7t) = [yl(%t%y2($at)>y3(337t);y4($7t)]T7
M = diag(ml,mg,mg,m4), T = diag(Tl,Tg,Tg,T4),

I' = diag(aq, g, a3, (g

and
0 0 0 p
1 0 0 0
C =
01 00
0 01 0

Thus we have
MYy (z,t) = TY o (2, t), 2 € (0,1)

Y(0,t) = CY(1,t)

TY,(1,t) — CTTY,(0,t) = —TY:(1,1).
EXAMPLE 5.3.4 Let G be a planar directed graph with the parallel edges, whose structure is
shown as Fig.5.3.4.

a9 Y3 as

Y2 1 Ys

aj a4
Yo

Fig. 5.3.4. A discontinuous network with parallel edges

Let y;(z,t) be the displacement of the strings network on the edge ~v;. They satisfy the wave
equations
m;y;(z,t) = Tjyjea(x,t), x€(0,1),j=1,2,34.

Suppose that the displacements of the network of strings satisfy the Kirchhoff law at nodes aq
as and ayq. y1 and yso, y4 and ys are the parallel edges. The connective conditions of displacement
y;(z,t) at the nodes are given by

y1(0,t) = Bys(1,1) y2(0,t) = (1 — B)ys(1,t)
y3(0,t) = y2(1,t) +y1(1,t)  wa(0,t) = arys(1,1)
y5(0,t) = a2y3(17t) y6(07t) = y4(]~vt) + y5(17t)
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where ay + ag # 1.

Obviously, the system have not a constant solution. One define the energy function

6 1
1
j=1
Using the energy function, we have

dE(t 6
W) Ty (1 (1 1) — Ty (0, )50, 1)

dt 2

= [T6ye,.(1,t)y6,e(1,t) — T1y1,2(0,1)y1,6(0, 1) — Toy2,2(0,1)y2,4(0,1)]

HTy1,2 (1, 0)y1,e(1, 1) + Toya o (1, 8)y2,:(1,1) — T3ys,2(0,1)y3,+(0,1)]

+[T5y3,0(1,)ys,6 (1, 1) — Taya,e(0,8)y4,4(0, 1) — T5y5,2(0,)ys5,4(0, 2)]
T4y, (1, )ya,e(1,t) + T5ys,0 (1, ) ys5,(1, ) — Toys,:(0,1)ye,(0, )]
= [Toys(1,t) = BT1y1,(0,1) = (1 = B)T2y2,2(0, )]y, (1, 1)
1,t) = T3y3.2(0,)]y1,e(1,t) + [T2y2,2(1,t) — T3y3 2 (0,1)]y2,¢(1, 1)
1,t) = aT4ys,5(0,t) — (1 — ) T5y5,5(0, 8)]ys e (1, 1)
1,t) = T6y6,2(0,8)]ya,e (1,8) + [T5y5,2(1,t) — Toye,2(0,1)]ys,(1, 1)

b

Ty, (
[T3y3 :v(
H[T4ya,.(

Assume that all y;,(1,t) are measurable, then the dynamic conditions are

Toys,(1,t) — BT1y1,2(0,t) — (1 — B)T2y2,2(0,t) = —v6ye6,¢(1, 1)
Tiyr,2(1,t) — T3ys,2(0,t)] = y1y1,6(1,t)

Toy2,(1,t) — T3y3,..(0,t) = —y2y2,:(1,1)

T3ys3,2(1,t) — a1T4ys 2(0,t) — a2T5y5..(0,t) = —v3y3.4(1,1)
Taya(1,t) — Toye,2(0,t) = —aaya(1,t)

T5y5,2(1,t) — Teye,x(0,1) = —abys (1, 1).

Setting Y(J),t) = [yl('rat)7yQ(xat)7y3(xvt)7y4(xvt)7y5(x7t)ay6(x7t)]T7

M = diag(ml,mg,mg,m% m5,m6), T = diag(Tl,Tg,Tg,T4,T5,T6),

I'= diag(71772a V3574575, ’76)

and _ -
00 0 00O Jé]
00 0 00 (1-7)
1 1 0 0 O 0
O =
0 0 az 0 O 0
0 0 ap 0 O 0
00 0 1 1 0




136 CHAPTER 5. NETWORKS OF STRINGS AND DESIGN OF CONTROLLERS

Thus we have
MYy (z,t) = TY p (2, ),z € (0,1)

Y(0,t) = CY (1,t)
TY,(1,t) — CTTY,(0,t) = —TSY;(1,1).

5.3.3 Twist curve

The discontinuous model given in (5.3.14) has more extensive applications. In this subsection,
we discuss a mathematical problem. Assume that there exist four curves twisting at one common

node, each curve at time ¢ satisfies the wave equation
mjw;(z,t) = Tjw;j 40 (x,t), x€(0,1).
Herein we give an example for this type curves.

EXAMPLE 5.3.5 Let G be a planar directed graph with parallel edges, whose structure is

shown as Fig.5.3.5.
Y2

U1
Ya

Y3

Fig. 5.3.5. A twisting curve
Suppose that the network of strings satisfy the following connective conditions:
y1(07t) :y3(17t)+y4(17t) y2(07t) =
y3(07 t) = y1(17 t) + y2(17 t) y4(07 t) =

The connective matrix is given by

Q

I
O = o= O
_ = O O

1
1
0
0

= o O

which satisfies det(I — C') # 0. The motion of twisting curves system with nodal damping is
governed by the partial equations

MY (z,t) = TY 2 (2, t), € (0,1)

Y(0,t) =CY(1,t), >0,

TY,(1,t) — CTTY,(0,t) = —T'Y;(1,1),

Y (2,0) = Yo(z), Yi(z,0)=Yi(x),z € (0,1).

(5.3.15)
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5.4 Nodal dynamic

In this section one will discuss the nodal dynamics. Omne only considers the interior node
a € Vipt. Here one assumes that for each a € V¢, there is at least one incoming edge and
one outgoing edge. For each j € J*(a), one regards the value w;(1,¢) as the input of the node
system, and for ¢ € J~(a), w;(0,t) as output of the node system.

w(a,t) denotes the behavior of the node system, the output of the system is defined as

wi(0,1) = wi(a) f(w(a,t))

where f is the output function, which is possible linear function. The nodal dynamic is described
as
dw(a,t)
dt

:—R(la)w(a,t)+ Y Bi@wi(Lt)— > yila)wi(0,t) + 2(a,t)  (5.4.1)

jE€Jt(a) i€J (a)

where ;(a) denotes the input rate and ;(a) denotes the output feedback gain constants, z(a, t)
denotes the potential.



Chapter 6

Abstract Second Order

Hyperbolic Systems

In this chapter we study an abstract second order hyperbolic system valued in C™ with appro-
priate boundary conditions. We prove that the system is well-posed and associates with a Cj
semigroup in a Hilbert state space. Further we show under certain conditions that the spectra
of the system operator are located in the vertical strip, and there is a sequence of the eigen-
vectors and generalized eigenvectors that forms a Riesz basis with parenthesis for the Hilbert
state space, and hence the system satisfies the spectrum determined growth assumption.

6.1 Introduction

Many mechanical systems, such as cable, spacecraft with flexible attachments or robots with
flexible links, contain certain parts whose dynamic behavior can be rigorous described by partial
differential equations

2 2
M@ Y (z,t) _ Ta Y (z,t) +P8Y($’t)

o2 %) 0z + QY (z,t) x€(0,1), t >0, (6.1.1)

with appropriate boundary conditions, where Y (x,t) is a function valued in C", M, T, P and Q
are n X n matrices, M and T are positive definite matrices.

For such systems, we study not only their dynamic behavior but also control problem in
actual problems. So many scientists have made effort in this aspect and have designed a lot
of passive and active controllers to achieve control aim. In recent years, boundary control of
the system governed by partial differential equations have become an important research area.
For many concrete systems, a lot of boundary feedback controllers are used to stabilize the
system, for example, [69], [16], [71], [22], [111] for one-dimensional wave system, [5][6] [34]
and the references therein for string network, [61], [81], [110], [113] for Timoshenko system,
[93] and [94] for one dimensional selling porous solid system. However, stability analysis of

138
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corresponding closed loop system is a difficult work. It becomes much more difficult when one
uses the spectral analysis method, this is because one asserts stability of system from its spectral
distribution only when the system satisfies the spectrum determined growth assumption, which
means that decay rate of the system is determined via spectrum of the system operator. For
a distributed parameter system, to prove that the system satisfies the spectrum determined
growth assumption itself is a tough problem. Note that if the system is a Riesz one, that is,
the multiplicities of eigenvalues are uniformly bounded, and there is a sequence of eigenvectors
and generalized eigenvectors that forms a Riesz basis for Hilbert state space, then the spectrum
determined growth assumption holds. So verification of Riesz basis property in many literatures
becomes an important component, (see, [22], [110], [113]). Recent, we find a method to verify
the Riesz basis property (see, [117],[119]). In the present chapter we shall use this method to
discuss Riesz basis property of the system (6.1.1) attached appropriate boundary conditions.
More precisely saying, we shall study the following system valued in C”

MY (z,t) = TY o (2, t), x € (0,1), t >0,

Y (0,t) =CY(1,t), t>0,

TY.(1,t) — CTTY,(0,t) = —TY;(1,t), t>0,
Y (z,0) =Yo(x), Yi(z,0)=Yi(z), ze€(0,1).

(6.1.2)

where M and T are positive definite n X n matrices, I is a nonnegative matrix, and C' is a real
n X n matrix satisfying det(I — C) # 0, and CT denotes the transpose of matrix C. We shall
prove that the system is well-posed, under certain conditions, the eigenvectors and generalized
eigenvectors of the system generate a Riesz basis for the Hilbert state space.

It is worth mentioned that system (6.1.2) is different from those systems in literature men-
tioned above; it has coupled equations and non-separable boundary conditions. Those proper-
ties cause some difficulty in mathematical treat. However, such a system has many important
applications.

6.2 Well-posed-ness of abstract differential equations

In this section we shall formulate system (6.1.2) into a Hilbert space, and then discuss the
well-posed-ness of the system.
Let abstract hyperbolic system valued in C™ be given by

MY (z,t) = TY (2, t), =€ (0,1), t >0,
Y(0,t) =CY(1,t), t>0,

TY.(1,t) — CTTY,(0,t) = —TY;(1,t), t>0,
Y (2,0) = Yo(z), Yi(z,0)=Yi(x), z€(0,1)

(6.2.1)

where M and T are positive definite matrices, I' is a nonnegative matrix, and C' is a real matrix
satisfying det(I — C) # 0.
Set
VE(0,1) = {f € H*([0,1],C") | f(0) = Cf(1)}
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where H"((0,1),C") is the Sobolev space of order k.
Let
H = Vg (0,1) x L*([0,1],C")

equipped inner product

1

((Fus f2) (91,92 = / (Tf(2), g, (x))dz + / (Mfa(2), g (2)) dz,

here and hereafter we always denote by (-,-) the inner product in C™ and by (-,-); the inner
product in H.
It is easy to see that

1 1 1/2
Il = ([ (T fitaNds + [ (afaa). falo)io)
is a norm on H, and H is a Hilbert space.
Define the operator A in H by
D(A) = {(f,9) € V5(0,1) x V5(0,1) | Tf'(1) = CTTf'(0) = —Tg(1)} (6.2.2)
A(f,9) = (9(z), MT'Tf"(x)), ¥(f,9) € D(A). (6.2.3)

With help of above notation we can rewrite (6.2.1) into an evolutionary equation in H

L7(t)=AZ(t), t>0,
Z(t) = (Y(z,t), Yi(2,1)), (6.2.4)

THEOREM 6.2.1 Let H and A be defined as before, then A is a dissipative operator, A~!
exists and is compact on H, and hence A generates a Cy semigroup of contraction on H.

Proof Let H and A be defined as before. For any (f, g) € D(A), we have
1 1
Ao L = [ (@@ @)+ [ 00T @), gla)da

1 1
= (Moo F @)~ [ o). @)de+ [ (07" @). @)

1 1
(F9) AU ) = / (Tf (2). ¢/ (2))d + / (Mg(z), (M T (2))dz

1

= (@) - [ @ @) g@)ds+ [ (To@). s @)
and hence

RIA(S.9). (F.90n = R(Tg(a), f'(@))
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R(TS' (1) = CTTf'(0), 9(1))
—(Tg(1),9(1)) <0 (6.2.5)

where we have used the conditions that g(0) = Cg(1), Tf'(1) — CTTf(0) = —T'g(1) and I is a
nonnegative matrix. So A is a dissipative operator.
Now we show that 0 € p(.A). For any given (u,v) € H, we consider solvability of equation

'A(fag) = (U,U), (fag) € D(A)a

ie.,
{ g(x) =u(z), z€][0,1], (6.2.6)
M~ITf"(z) = v(z), € (0,1).
For the second equation in (6.2.6), integrating from x to 1 leads to
1
Tf(1)—Tf (z) = / Muv(s)ds = € (0,1), (6.2.7)
and
(1 —2)Tf' (1) = Tf(1)+Tf(x / dr/ Mu(s z € (0,1). (6.2.8)
From (6.2.7) and (6.2.8) we get
1
Tf'(1) — Tf'(0) = / Mo(s)ds, (6.2.9)
Tf'(1) —Tf(1)+Tf(0 / dr/ Mu(s (6.2.10)

Acting C7 on both sides of (6.2.9), combining condition T f'(1)—CTTf’(0) = —T'g(1) = —Tu(1),
yields

(I-CHTf (1) = —Tu(l) — /01 CTMu(s)ds. (6.2.11)
Since det(I — CT) # 0, we have
Tf'(1) = —[I - CT)~ [ / CTMu(s } . (6.2.12)
Substituting £(0) = Cf(1) into (6.2.10) yields
TF(1) — TF(1) + TCF(1) / d'r/ Mou(s (6.2.13)
Thus we get from (6.2.12) and (6.2.13) that

f1) = —[[—C]'T [ - OT] ! [ 1)+ fi CTMv(s)ds]

(6.2.14)
—[I=cC)7 T~ 1f0drf Mu(s)ds.

Therefore,

flz) = f(l)—(l—m)f'(l)—i—'ﬂ‘_l/ dr/ Mu(s)ds
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1
= —[aI+(I-C)'C]T ' I-C")! [Fu(l) + / CTMv(s)ds]

—(I-o)y~ter! /01 dr/rl Mu(s)ds — T~ /OI Or/rl Mu(s)ds. (6.2.15)

Let f be given by (6.2.15) and g(z) = u(x), then (f,g9) € D(A), and A(f,g) = (u,v).
So the inverse operator theorem reads that 0 € p(A). Note that v € VA(0,1) and f has an
integral representation. The Sobolev’s Embedding Theorem asserts that A~! is compact on
‘H. Therefore, the Lumer-Philips theorem (cf. [92]) reads that A generates a Cy semigroup of

contraction on H. [l

COROLLARY 6.2.1 Let A be defined by (6.2.2) and (6.2.3) and S(t) be the semigroup gen-
erated by A. Then the following statements are true.

1) o(A) consists of all isolated eigenvalues of finite multiplicity;

2)IfT >0 and -1 ¢ o(C), theno(A) C { e C | RA < 0}, and hence S(t) is asymptotically
stable.

Proof The first assertion follows from A~! being a compact operator on H. Here we mainly
prove the second assertion.

Since we have assumed that det(I — C) # 0, which implies that 1 ¢ o(C), we prove that,
when —1 ¢ ¢(C), it holds that R\ < 0 for any A € o(A).

By the contradictory method, if it is not true then there is at least one A € o(A) with
RA = 0. Clearly, A # 0. Let (f,g9) € D(A) be corresponding an eigenvector. Then we have

g(x) = Mf(z) and
0 =RN|(f, 9|13, = RX(f. 9), (f:9)n = R(A(f. 9), (f, 9))n = —(Tg(1), (1)) <O0.

Since T is a positive definite matrix, it must be g(1) = 0, and hence f(1) = 0. So the vector-
valued function f(x) satisfies the following differential equation
MM f(z) = Tf"(z), =€ (0,1
J@) =T, we @) 6210
F(0)=0=f(1), Tf(1)-CTTS(0) =0,

Since M and T are positive definite matrices, so is matrix T~/2MT /2. Set B2 = T—1/2MT /2,
where B also is a positive definite matrix. Then the general solution of (6.2.16) has the form

f(z) = T~Y2sinh(zAB)v, v e C".
Substituting above into the boundary conditions in (6.2.16) lead to

T/2 sinh(AB)v = 0,

A (TY2B cosh(AB) — CTTY2B) v =0

From (sinh AB)v = 0 we get that sinh A\BBv = 0 or equivalently e*? Bv = e=*P B, this leads
to
[e*B — I)[e*® + I|Bv = 0.

So Bv € N(e*B + T) UN(e*B —I).
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On the other hands, since A # 0, multiply matrix T2 both sides of the second equation
and adding the both equations yield

[AF — T~ V20TTY By = 0.
We rewrite above into the following forms
[*B — I|Bv = [T~Y2CTTY2 — I|Bv
and
[*8 + I|Bv = [T~Y2CTTY? + I|Bu.

Notice that det(T~Y/2CTTY2-1) = det(CT—1I) # 0. If =1 ¢ (C), then det(T~/2CTTY/2+
I) = det(CT + 1) # 0. If Bv € N(e*? — 1), then the first equality leads to Bv = 0; if
Bv € N(e*B + I), then the second equation leads to Bv = 0. So v = 0, i.e., f(z) = 0, and
hence (f,g) = (0,0). This contradicts that (f,g) is an eigenvector of A. Therefore, it holds
that A < 0 for any A € o(A). The second assertion is proved. The asymptotical stability of
S(t) follows from Lyubich and Phéng’s theorem [70]. O

REMARK 6.2.1 In Corollary 6.2.1, T' > 0 is merely a sufficient condition for asymptotic
stability. If for T > 0 one can deduce f(1) = 0 from T'f(1) = 0, then the result is still
true. However, —1 & o(C) is a necessary condition for stability of the system. The condition
det(I — C) # 0 does not ensure that there is no eigenvalue on the imaginary axis. Here we
correct an error in [125].

EXAMPLE 6.2.1 In this example, we show that det(I — C') # 0 is insufficient for there being
no eigenvalue on the imaginary axis. Let us consider a network of strings.

as

Y. y2(35»t)

a2
ai y(x, t

Fig 6.2.1. A triangle circuit network

The string equations are

ijtt(x’t) = yj7ww($7t)7 S (07 1)7.7 = 172a3

and the connective conditions

91(0,8) = —ys(1,1),  92(0,1) =1 (1,1),  w3(0,1) = y2(1,1)
Y1,2(1,t) = y2.2(0,1) = —ary14(1,t)
Y2.0(1,1) — y3.2(0,1) = —aoya¢(1,1)
Y3,.2(1,t) + y1,2(0,1) = —azys «(1,1).
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Here
0 0 -1
C= 1 0 O
01 0

satisfies det(I — C) # 0. Direct calculation shows that A = i(2k + 1)7, k € N are eigenvalues of
the system.

6.3 Spectral analysis of A

In order to study property of the semigroup S(t) generated by A, we need to learn some spectral
properties of A. In this section, we shall study distribution of (.A), the completeness and Riesz
basis property of the eigenvector and generalized eigenvector of A.

We begin with the eigenvalue problem. Let A € C be an eigenvalue of A and (f,g) be
corresponding an eigenvector. Then we have

g(x):)\f(x), T € [Oa 1]7
N2Mf(z) = Tf"(z), =€ (0,1),

1(0) = Cf(1),
Tf/(1) — CTTf/(0) = ~ATf(1).

(6.3.1)

Set
f@) =T"?f(2), §z)=T"%g(z), B?=T "/*MT /2,

where B is a positive definite matrix. Then Eqs.(6.3.1) is equivalent to the following equation

~

lg\(‘r) = Af(x)’ IS [07 1]7
NB2f(x) = f"(x), x€(0,1),

. _ (6.3.2)
F(0) =TV2CT=12£(1),
F(1) =T~ Y20TTY2f(0) = —AT~V/2IT- /2 f(1).
Clearly, the general solution of the differential equation in (6.3.2) is of the form
f(:ﬂ) =By 4 e By, wu,veCn. (6.3.3)

Substituting this into the boundary conditions in (6.3.2) leads to

(B+ T 1/2TT1/2)erBy 4 (T-/2IT /2 — B)e Py
= T-1/20TTY2B(u — v), (6.3.4)
(u+v) = TYV2CT1/2(e*Bu + e~ *Bu).

Above algebraic equations has a pair (u, v) of nonzero solution, this implies that the determinant

of the coefficient matrix vanishes, i.e.,

I —Ce’B I—Ce B
D(\) = det . N N . =0, (6.3.5)
(B + F)eAB —CTB (T - B)e*)‘B +CTB
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where C = TV2CT-V/2,T = T-1/210T-1/2,
Conversely, if A € C such that D(\) = 0, then (6.3.4) has a non-zero solution (u,v). We
can define function f as same as (6.3.3). Obviously, fsatisﬁes equation

') = ¥*B*f(a),
Eqs.(6.3.4) implies that f satisfies the boundary conditions in (6.3.2). Consequently, functions
f@) =T *f(@), g(z)=2T""*(x)

satisfy the equation (6.3.1). Therefore, A is an eigenvalue of A.

Since
I— CerB I—Ce B
D(\) = det N R R R
(B + F)e’\B —-CTB (T - B)e_)‘B +CTB
e~ B _ (O I— Ce B erB 0
= det . N N N det
(B+T) - CTBe*B (T - B)e_)‘B +CTB 0 I
I — CerB B O 1 0
= det R . A . det 3
(B+T)e* —CTB (I — B) + CTBe*P 0 e B

when R\ — £oo, we have

D —C I . S
SR 21C,) B L = (-1)"det[T + B+ CTBC, (6.3.6)
RA—-+oo det(erB) (B+T) CTB
and
im 2N | o = det[l — B— CTBC]. (6.3.7)
RA——oo det(e=*B) ~CT"B (T -B)

Therefore, we have the following result.
THEOREM 6.3.1 Let A be defined as (6.2.2) and (6.2.3) and let
B2 =T Y2MT-Y2, C=TY2CcT %2, T =T"1/21rT"'/2 (6.3.8)
and D(X) be defined by (6.3.5). Then
o(A)={reC| D) =0} (6.3.9)
When det[f - B- (AI'TBa] £ 0, there is a positive constant h > 0 such that
o(A) c{AeC|—-h <R\ <0}, (6.3.10)

in this case, o(A) is a union of finite many separable sets.
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Proof Let A € C with A # 0. For any given (u,v) € H, we consider the resolvent equation
()‘I - A)(fa g) - (ua ’U), i'e'a

>‘f —g=1u,

Ag —MTITf" = .

f0)=Cf),

Tf'(1) - CTTf'(0) = ~Tg(1).

(6.3.11)

So, g = A\f —u and f satisfies the following differential equation

N f(z) = MTITf"(2) = du(z) + v(z), =€ (0,1),
f0)y=Cf), (6.3.12)
Tf'(1) — CTTf(0) + AL f(1) = Tu(1).

Set

~

flo) =T"2f(x), Glx) =T ?g(x), a(x)=T"?u(x), B(z)=T"%v(x).
Then Eqgs.(6.3.12) is changed into
AN2B2f(z) — f"(x) = AB%u(z) + B%0(z), z € (0,1),
F(0) = CF(1), (6.3.13)

F1(1) = CTF(0) + ALf(1) = Ta(1),

where B, C and T are defined as (6.3.8).
Clearly, the differential equation in (6.3.13) has the general solution

~

f(x) =By e By - /Om sinh(A(z — ) B)[Bi(s) + A\~ Bo(s)]ds (6.3.14)
where y, z € C". Substituting (6.3.14) into the boundary conditions in (6.3.13) yields

(I —Ce*Byy + (I —Ce *B)2

=-C /0 1 sinh(A\(1 — s)B)[Bii(s) + A~ Bo(s)]ds,

(T +B)e*® — CTB|y+ (T~ B)e® + CTB| 2 (6.3.15)

= /01 [B cosh(A(1 — s)B) + L'sinh(A(1 — S)B)} [Bii(s) + AL Bo(s)]ds

+A71Tu(1).

Since the coefficient matrix of above algebraic equations is

~ I—CeB I— Ce B
GN =1 . _ _ R : (6.3.16)
T+ B)e* —CTB (I'—B)e B +CTB

when D()) = det G(A) # 0, we have

é,l(A):adjé(A): 1 (

T RIEY (6.3.17)
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where adj(S) denotes the adjoint matric of S. We define functionals on H by
Fi(u,0,)) = =G1i(N)C [,y sinh(1 — 5)[Bi(s) + A\~ Bi(s)]ds
+G1a(\) fy [f sinh(A(1 — s) B) + B cosh(A(1 — s)B)} [Bii(s) + A"'Bo(s)|ds  (6.3.18)
+G12(M)AITa(1),

Fo(u,v,A) = —Ga1(M)C [ sinh(A((1 — ) B)[Bi(s) + A~ Bu(s)]ds
+Ga(N) [ [B cosh(A(1 — 8)B + Tsinh(A\(1 — s)B)} [Bu(s) + A" Bi(s)|ds  (6.3.19)
+Gaa(MATITE(1).

Obviously, F; and F» defined by (6.3.18) and (6.3.19) respectively are bounded linear functionals
on H, and the solution to (6.3.15) is given by

(y,2) = D™ ) (Fi(u, v, A), Fa(u, v, X))

Therefore, when A € C with D(\) # 0, we have

F@) = DY) [eBF(u,0,)) + e "By (u, 0, )]
@ R o (6.3.20)
7/0 sinh((x — $)AB)[Bu(s) + A\~ Buv(s)|ds.
Set R ~
fa)=T2f(x), g(z) = AT"V2f(2) - u(2). (6.3.21)

A straightforward calculation shows (f,g) € D(A) and

(AL = A)(f,9) = (u,0).

So we have A € p(A). The first assertion follows.

Now let D(A) be defined by (6.3.5), then D()) is an entire function of finite exponential type
on complex plane C. From (6.3.6) and (6.3.7) we can see that, when det[l' — B — CTBC] # 0,
there are positive constants ¢, co and h such that, as |RA| > h,

¢ det(eB) <|D(N)| < ¢y det(eNB), (6.3.22)

This means that D()\) is a sine type function on C (see, [9, Definition I1,1.27, pp-61]). The
Levin’s theorem (see, [9, Propostion I1.1.28]) asserts that set of zeros of D()) is a union of finite
separable sets. So is o(A). The proof is then complete. O

In what follows we shall discuss the completeness of eigenvectors and generalized eigenvectors
of A. For this purpose, we begin with the following proposition.

PROPOSITION 6.3.1 Let H be defined as before. Define an operator Ay in H by
D(Ao) = {(£,9) € V&(0,1) x Vg(0,1) | Tf'(1) - CTTf'(0) = 0},

Ao (f,9)) = (9(x),M™'Tf"(x)).
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Then Ag is a skew-adjoint operator in H, and for any (u,v) € H, A € R, the solution (fx,gx)
of the resolvent equation

)\(fa g) - Ao(fa g) = (’LL, U)

satisfies
Hgx(WI < M| (u, v)I,

where M > 0 is a constant.

Proof For any (f;,9:) € D(Ap),i = 1,2, it holds that

1 1
(Ao(fr, 1), (Far 23t = / (T4 (), fy(x))dx + / (MM T (2), ga(a))da
= (Tgi(x ’ —/ (Tg1(x), f3 (x))dx
HEFA @), 92| - / (TF{ (2 gh())d

= (Toi(2).f (x))] (LA @), 92(@))|, — {1 00), Ao 92))

O THD) O T + B - TR

—((f1,91), Ao(f2, 92))

= (). TR() ~ CTTF(0) + (TH() ~ CTTH0),92(1)) ~ (1, 91). Aol 2, 920
—((f1,91), Ao(f2: 92))n-

SO AO — AO
Now let (u,v) € H be given and A € R. Let (fy, gx) satisfy the resolvent equation

(e}

()\I - .AO)(fvg) = (u,v), (fvg) € D(AO)7

ie.,
Ma(@) = ga(z) = u(z), Aga(z) = MT'Tf(z) = v(z),
and
A0)=Cf1), TAQ)=CTTH0)=0
Since
D= [ f@dr 50 = [ fwe o,
so we have

=<I—C>—1/O S (2)de

(1) = (I - C)—l/o o (z)dz.

Similarly, we have

So,

gn(1) = AMa(1) —u(l) = (I — C)~*T~1/2 {A /01 T2 f (z)dx — /01 Tl/Qu'(aj)dax} .
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Consequently,

IN

ol < o= [ [ @, sende [ .o

| = o)1= AR, Ao) s 0) e + 11w, ) )

IN

Since Ay is a skew adjoint operator, [|[AR(A, Ag)|| < 1, A € R, we have
loa(I < 20 =)' T2l (w,0) I, YAER.
The desired result follows. 0

THEOREM 6.3.2 Let H and A be defined as before. If det(T' — B — CTBC) # 0, then the
system of eigenvectors and generalized eigenvectors of A is complete in H.

Proof Let H and A be defined as before, and Ay be defined as in proposition 6.3.1. Denote
by

Sp(A) = span {Z Yk Yk € BN, A)H, VA, € U(A)},

where E(Mg, A) is the Riesz projector corresponding to A\;. We shall prove Sp(A) = H.
Let (ug,v9) € H and (ug,v9)LSp(A). Then R*(A, A)(ug,vo) is an entire function on C
valued in H. For any (u,v) € H, we define a function on complex plane C by

F(XA) = ((u,v), R"(\, A)(ug,v0)) -
Clearly, F'()\) is an entire function of finite exponential type, and
[EO)] < (RN (w, 0) ¢l (wo, vo) [, RA >0,

and hence lim |F(X\)|=0.
RA—+o0

Now we consider the solution of equations

(A = A)(fix, 912) = (u,v), (A = Ao)(fax, 920) = (u,v), A€ p(A) N p(Ag) NR_.
Set
p(z) = fin(z) = fax(@), () = g1a(x) — gar ().
Then we have
R, A)(u,v) = (fix,910) = (fax, 920) + (0, ¥) = R(A, Ao) (u, v) + (9, ),
Y(x) = Ap(x), and ¢ satisfies differential equation
AN2Mp(x) = T (z), =€ (0,1),

©(0) = Cp(1),
T/ (1) = CTT¢'(0) + ATp(1) = Tgax(1).

Setting @(z) = T'/2p(x), using previous notation, we have

Blr) = Py + ez, g zeC,
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where y and z solve algebraic equations
(I—Ce*BYy + (I —Ce?B)z =0,
[T+ B)e*® — CTB|y+ ([ = B)e ™8 + OTB| 2 = A1 T/2Tgsx(1).
Thus R R R
y=(I—CerB) 1 (C —e*B)e By = (C — O1(\)e Bz,
{f ~B-CTBC - OQ(A)] e By = A\~1T1/2Dgy, (1),
where [|O;(\)]| = o(A7!),j = 1,2, as A — —oo. This means that
ez =A"YT =B —CTBC + 05(\)"'T"?I'gx(1).
Therefore, when || is sufficiently large, we have
P(1) = Myte = e)‘B(a —01(\)e Mz ey
(I+03(\)e Bz
= A I+ 03(\)T = B=CTBC + 05(\) ' TY?Tgyx(1).
So there is a constant M7 > 0 such that

1PN < My A llg2a (D)]I-

Thus,

1 1

[0 @) ¢ @)io + / (M (z), $(z))de

(T (1), (1)) — (T (0), £(0))

~AT(1), (1) + (Tgar, (1)

SATG(L), E(1) + (T/2Tgan (1), 3(1))
MEIIBOI2 + 1T Y20 lgar 1)
AL M2 o (D)2 + [T~/ [lga (1) M3 A~ lgoa
Mo A lgn (1)

1, )13

+
+

IAIAIA

where M, is a positive constant. According to proposition 6.3.1, we have || gax(1)|| < M||(w, v)||#,
and hence there is a positive constant M3 such that

[0, ) lln < M/ [AH | (w, 0) |2
Therefore, we get that, for A € p(A) NR_ with |\| large enough,

FL = (R A)(u,v), (uo, vo))w| = [(R(A, Ao) (u, v), (w0, vo))w + (@, ), (w0, v0)) 2]
< I ) llrelluo, vo)llze + 1l (2 )l (w0, vo) [l
< NI, ) o, vo) llae + M /IA=H[I(w, 0) Il (uo, vo) [+

Note that F'(\) is an entire function of finite exponential type, the above inequality together
with Phragmén-Lindel6f theorem (cf. [127]) implies FI(A) = 0. So R*(\, A)(ug,vo) = 0, which
implies (ug, vg) = 0. So Sp(A) = H. The proof is then complete. O

In order to obtain the Riesz basis property of eigenvectors and generalized eigenvectors of
A, we need the following theorem, which comes from [119] and is an extension of the result in
[117].
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THEOREM 6.3.3 Let A be the generator of a Cy semigroup T(t) on a separable Hilbert space
‘H. Suppose that the following conditions are satisfied:
1). The spectrum of A has a decomposition

o(A) = 1 (A) U ga(A) (6.3.23)

where o2(A) consists of the isolated eigenvalues of A of finite multiplicity (repeated many times
according to its algebraic multiplicity).
2). There ezists a real number o € R such that

sup{RA\, A € 01(A)} < a < iInf{RA\, X € 02(A)} (6.3.24)

3). The set o3(A) is a union of finite many separable sets.

Then the following statements are true:

i). There exist two T (t)-invariant closed subspaces H1 and Ho with property that O'(A|,H1) =
o1(A), 0(A|H2) = 09(A), and there exists a finite combination, E(Q, A), of some {E(Ag, A)}32,

E(,A) = > E(\A) (6.3.25)

AEQrNo2 (.A)

such that {E(Qk, A)Ha}ren forms a Riesz basis of subspaces for Ha( the definition see [48,
pp,332]). Furthermore,
H ="H; © Ha.

ii). If sup || E(Ag, A)|| < oo, then
k>1

D(A) C H1 @ Ha C H. (6.3.26)

i11). H has a decomposition of the topological direct sum, H = Hi ® Ha, if and only if

sup
n>1

< o0. (6.3.27)

k=1

Combining Theorems 6.3.1, 6.3.2 and 6.3.3, we can get the following result.

THEOREM 6.3.4 Let A be defined by (6.2.2) and (6.2.3) and S(t) be the Cy semigroup
associated with A, and let B, T and C be defined as in Theorem 6.3.1. Ifdet(f—B—@TBCA') #0,
then there is a sequence of eigenvectors and generalized eigenvectors of A that forms a Riesz basis
with parentheses for H. Therefore, S(t) satisfies the spectrum determined growth assumption.
In addition, S(t) is in fact a Cy group on H.

Proof Let A be defined by (6.2.2) and (6.2.3) and S(¢) be the Cp semigroup associated
with A. Set 01(A) = {—o0}, 02(A) = o(A). Theorem 6.3.1 shows that all conditions in
Theorem 6.3.3 are fulfilled, so the results of Theorem 6.3.3 are true. Thus there is a sequence
of eigenvectors and generalized eigenvector of A that forms a Riesz basis with parentheses for
Hs. Theorem 6.3.2 says that the eigenvectors and generalized eigenvectors sequence is complete
in H, that is Ho = H. Therefore the sequence is also a Riesz basis with parentheses for H.
The basis property together with the uniform boundedness of the multiplicities of eigenvalues
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of A implies that S(t) satisfies the spectrum determined growth assumption. Also, the basis
property of eigenvectors and generalized eigenvectors together with distribution of spectrum of
A asserts that A generates a Cy group on H. The proof is then complete. O

As a consequence of Riesz basis property, we have the following stability result of the system.

THEOREM 6.3.5 Let H and A be defined as before, and B, T and C be defined as in Theorem
6.3.1. Let det(T — B — @TBG) # 0 and D(X) be defined as (6.3.5). Suppose that T' > 0 and
—1 ¢ o(C). Then the following statements are true:

1). If )\iélif]R |D(N)| # 0, then the system (6.2.4) is exponentially stable;

2). If )\igif]R |D(X)| = 0, then the system (6.2.4) is asymptotically stable but not exponentially

stable;

Proof Under above assumptions, Theorem 6.3.4 shows that the system (6.2.4) is a Riesz
system and satisfies the spectrum determined growth condition. Note that

o(A) = {\ e C| D) = 0}.

If )\iélif]R |D(N)| # 0, then the imaginary axis is not an asymptote of o(A), which implies the system
is exponentially stable. Since +1 ¢ o(C'), Corollary 6.2.1 shows that there is no eigenvalue of
A on the imaginary axis. If )\iélifR |D(M)| = 0, then the imaginary axis is an asymptote of o(A),
and hence the system is asymptotically stable but not exponential stable. The proof is then
complete. O

REMARK 6.3.1 In Theorem 6.3.5, The condition that T > 0 and £1 & o(C) is used to
ensure that there is no eigenvalue on imaginary axis. The restriction can be relaxed, indeed, if
I' > 0 such that there is no eigenvalue on the imaginary axis, then the results in Theorem 6.3.5
18 still right.

6.4 Applications

In this section we shall give two examples in actual problem. One is the tree-shaped network
of strings, another is n connected strings. We shall prove that these systems are exponentially
stable.

6.4.1 Tree-shaped network of 7-strings

In this subsection we discuss the tree-shaped network of strings whose configuration is a simple
and connected graph without circuit.

In past decade, the controllability and observability as well as stabilization of networks of
strings have been a hot topic, many authors have made effort and obtained some nice results,
for example, the authors of [33] [74][31] and [32] discussed the problems of observability and
controllability of tree-shaped network of strings, authors of [5] and [6] discussed the stabilization
problem of star-shaped and generic trees of strings. More general discussion for networks of
strings and a list of entire literatures in this aspect we refer to a book [34] recent published.
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Here, as an example, we give the Riesz basis property and exponential stability of this system

for n = 7 with shaped as below figure.

Ugq
U2
(5} [
root 5
Ue
us
ur
Fig 6.4.1

Firstly, we formulate the model into a normal form. We denote the strings by u;, j =

1,2,---,7. For these strings, we normalize the length into the unit, then the strings satisfy the

equation
mjuj,tt(xat) = Tjuj,mz(xat)a T € (0, 1)7] =1,2,---,7,

the root and the geometric connected condition are given by

<
s
—~
<o
~
~

I

0, ul(l,t) = U2(07t) = U3(0,t)
’u,g(l,t) = U4(0,t) = u5(0,t), Ug(l,t) = UG(O,t) = U7(O,t),

and the dynamic conditions at the nodes are

Tiui o(1,t) — [Toue £(0,t) + Tauz £(0,t)] = —arui+(1,t)
Toug 4(1,t) — [Tuta,(0,8) + Tsus (0,t)] = —asus (1, 1),
Tsus,(1,t) — [Toue,w(0,1) + Truz 2(0,1)] = —asus(1,1),
Tyua o(1,t) = —aaua(1,8), TsusL(1,t) = —asus(1,1),
Toue »(1,t) = —asue(1,t), Trur.(1,t) = —arure(1,1).

Set
Y (z,t) = [uy(z,t), us(z, t), us(z, t), us(z, 1), us(x, ), ug (z, t), ur (z, )] 7,

M:diag[m17m27"'7m7]a T:diag[TlvTQW"vTﬂv F:diag[alaa27"'va7]

and

Q
I
o o © © R R O

o O = = O O o
_ = O O O o o
o O O o o o o
o O o ©o o o o
o O O O o o O
o O O o o o O

(6.4.1)

(6.4.2)

(6.4.3)

(6.4.4)

(6.4.5)
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Then Eqgs.(6.4.1)—(6.4.3) can be rewritten into

MYy (z,t) = TY o (z,t), 2 € (0,1), > 0,

Y (0,t) = CY(1,t),t >0,

TY,(1,t) — CTTY,(0,t) = —TY,(1,t),t > 0,

Y (2,0) =Yo(x), Yi(z,0)=Yi(x)

(6.4.6)

where Yj(x) and Y7 (z) are given suitable initial value condition.

REMARK 6.4.1 The incidence matriz of graph G as shown Fig. 6.4.1 is given by

-1 0 o0 0 0 0 O
1 -1 -1 0 0 0 O
0 1 0 -1 -1 0 O
b= 0 0 1 o 0 -1 -1
0O 0 O 1 0o 0 0
o 0 0 O 1 0 0
o o0 o0 0 O 1 0
o o0 o o0 0 0 1

The continuity condition can write as
Y(0,t) = (®7)Td, d= (d(root),d(ar),d(as),---,d(az)) € C5.
The incidence matriz implies d = ®TY (1,t). Thus the matriz C just is C = (®7)T o+
Clearly, +1 € o(C). According to Corollary 6.2.1, we have the following result.
THEOREM 6.4.1 The system (6.4.6) is well posed and asymptotically stable.

To obtain exponential stability, we discuss the eigenvalue problem of the system.
Let A € C, Y(x,t) = MY (z), then we have

AN2MY () = TY,0(2), 2 € (0,1),
Y (0) = CY (1), (6.4.7)
TY,(1) — CTTY,(0) = —ATY (1).

Let B* = diag|[p?, p3, - -, p7] where p5 = %, then we have
AN2B?Y () = Yau(x), 2 € (0,1),

Y (0) = CY (1), (6.4.8)
TY, (1) — CTTY,(0) = =AY (1).

Thus Y (z) has the following form

Y (2) = sinh(2AB)u + cosh(zAB)v, u,v € C7.
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Substituting it into the boundary conditions leads to
v = C[sinh ABu + cosh ABv],
TB[cosh ABu + sinh ABv] — C*TBu = —T[sinh ABu + cosh ABv].

So A is an eigenvalue if and only if

I — Ccosh AB —C'sinh A\B
D(X) = det =0 (6.4.9)
TBsinhAB + T'coshAB TBcosh AB + I'sinh A\B — CTTB

When det[I' — TB — CTTBC] # 0, all eigenvalues are located in a strip. Note that

Tipr O 0 0 0 0 0
0 Typs O 0 0 0 0
0 0 Ty3 0 0 0 0
TB = 0 0 0 Tuyps O 0 0 , (6.4.10)
0 0 0 0 Tsp5 O 0
O 0 0 0 0 Tgps O
0 0 0 0 0 0 Tipr
T2p2 + T3p3 0 0 00 00
0 Typs + Tsps 0 000 0
0 0 T6p6 + T7p7 0 0 0 O
CTTBC = 0 0 0 0000 (6.4.11)
0 0 0 0 0 0O
0 0 0 00 0 0
0 0 0 0 0 0O
The condition det[l' — TB — CTTBC] # 0 means that
ay #Tipr +Tape + T3ps, 2 # Tapa + Tups + Tsps,
(6% #T3p3+T6p6+T7p7, Oéj #ijj, ] :4,576,7.
Set
w;i(A) =T;p; cosh Ap; + a;sinh A\p;,
i) =Ty, i Pir 51,234,567, (6.4.12)
vj(A) = Tjp; sinh Ap; + a; cosh Ap;,
Fy(N) = 7557 [(wsv4Taps + wavsTsps) sinh A + wowsws) (6.4.13)
GQ(/\) = #ﬂz [(UJ51}4T4p4 + IU4’U5T5p5) cosh /\pQ + 1)210411)5] y
and
F3(\) = = [(wrvTsps + wevr T sinh Ap3 + wzwgwr]| ,
3(A) = 757 [(wrveTops + wevrTrpr) p3 + wawewr] (6.4.14)

G3(\) = %,,3 [(wrveT6pe + wev7T7p7) cosh A\ps + vswewr] .
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A complicated calculation shows that
D(A) = [T2p2G2(A) F3(A) + T3p3Gs(A) F2(A)] sinh Apy 4 w1 (A) F2(A) F3(A). (6.4.15)

We are now in a position to calculate in% |D(ic)|. Note that
[4S]

;rel%|wj(za)| #0, ;2%‘”3'(’”)' #0, 7=1,2,3,4,5,6,7,

vi(io)  wv;(io)w;(io)  a;Tjp; +iw sin 20p;
w;(i0) lw;(ic)|? T]?p? cos?op; + a? sin® op;
and .
isinop; isinop;(Tjpjcosop; —iajsinop;) o sin® op; + i~ sin 20p;
w;(io) lw; (i0)|? B T?p? cos? opj + af sin® op;’
where j =1,2,3. From (6.4.13)—(6.4.14) we can get
inf |F5(i inf |F3(7
;IEIR| a(io)| >0, ;2R| 3(io)| > 0,
R(Ga(io)Fa(io)) = [|lws(io)|*as(Tapa)® + [walio) *as(Tsps)*| Tapa
+(12T2[)2|U)4(Z'0)|2|U)5(i0)|2 >0
and
R(Gs(io)Fs(io)) = [Jwr(io)as(Tsps)? + lwe(io)|*az(Trp7)*) Tsps

+asTsps|wg(io) |2 |wr (io) |2 > 0.

Consequently, we have

GQ(iO’)FQ(iO’) ) [Gg(iO’)Fg(iO’)
Falio)2 T P T Ry(io)2

R(Ga(io) Fa(io)) R(Gs(ioc)F3(io)) | aisin®op;
B0 T o) ] i (i)

isinopywy (io)

D(io)
wy (io) Fy(io) F3(io)

+1

T:
22 jwr (i) 2

Tapo +1

(G (io) Fa(io)
|Fa(io)]?

R(Ga(io) Fa(io)) R(Gs(io)F3(io)) | Tip1sin20p;
| Fa(io)[? |[F5(io)|? 2fw (io)|?

$(Ga(io) Falio)) %(Ggua)Fg(w))] asin® o

S(Gs(io)F3(io))
|F5(io)[?

Ty p1sin20py
2wy (io)|?

Topo + T3p3

+i |T2p2 + T3p3

+i | Top2 +T3p3 o (io)]2

| F2(io)[? | F3(io)|?

When sinop; — 0, we have D(io) /4 0. Now we assume that sinop; /4 0, then

%(GQ (ZO’)FQ (’LU)) §R(G3 (’LO’)Fg (’LU)) T1p1 sin 20p1
LR Gr TR RG@R | 2lwmio)P
(G2 (io)Fa(io)) I(G3(io)Fs(io)) | oy sin opy
TP Rar - TP RGR | JeGo)p
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if and only if

S(Ga(io) Fy(io)) S(Gs(io) F3(io))
“P T IRGoE T T RGP
- %(Gg (ZO')FQ (ZO’)) %(Gg (ZO’)Fg (ZO’)) T1p1 COsS 01 o
L= g ar TR T RGP arsinop, ToW)
From above we get
D(io) B R(G2(io)Fa(io)) . R(Gs(io) Fs(io)) oy sin® opy
n) B | BGE T Bio)P ] o)
R(G2(io) Fa(io)) R(G3(io)F3(ic)) | TEp? cos? opy
+ [T2p2 |F2(i0)‘2 + T3p3 |3F;3(Z'U)72 a1|w1(z’a)|2
+o(1) +io(1)
o %(GQ(@J)F2(ZO’)) ) %(Gs(ZJ)Fg(ZO')) i o io
_ szpz AV oy, REEDID | L1k o) i)
Therefore,

inf | D(io)| # 0.
According to Theorem 6.3.4 and 6.3.5, we have the following result.

THEOREM 6.4.2 Let ‘H be defined as in section 8 and let oy # Tipy + Taps + Tsps,a0 #
Topas+Tupa+Tsps,03 # T3p3+Tepe+Trpr,05 # Tipj,j =4,5,6,7. Then there is a sequence of
eigenvector and generalized eigenvectors of the system that forms a Riesz basis with parentheses
for the state space H. The system (6.4.6) is exponentially stable.

REMARK 6.4.2 As mentioned in Remark 6.3.1, T' being a positive definite matriz is only
a sufficient condition for the system (6.4.1-6.4.3) decays exponentially. Similar to proof of
Theorem 6.4.1, we can prove that T' = diag(0,0,0, ay, as, ag, a7) stabilizes exponentially the
system. Further, if we suppose that the network of strings satisfy T; = m; = 1, then we can use
three controllers to stabilize exponentially the network. The controllers are setup as follows:

1). aq #0, asar #0;

2). on =a1 =a3 =0, one of oj,j =4,5,6,7, is 0.

In above both cases, it always holds that 32§Q|D(w)| > 0. Here we omit the details of

calculation.

6.4.2 n-serially connected strings

In this subsection we discuss the n serially connected strings with internal node and boundary
controls. This problem was proposed and discussed for n = 2 in [16]. The exponential stability
was investigated in [71]. Here, we give the exponential decay rate of the system and Riesz basis
property. Let us recall the model.
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ar Y1 a2 Yz ag Ap  Yn  Anil

Fig. 6.4.2. A long chain graph G

Let y(x,t), the transverse displacement of n connected strings at location x at time ¢, satisfy

0%y(x,t 0%y(x,t
m; ya(ti’)—Ti ggﬁ’)zo, i—l<x<i, 1=12,---,n, t>0 (6.4.16)

on the span [0, n]. We assume Dirichlet condition at the left hand = 0 and Neumann boundary
condition at the right hand = n where a control force w,(t) is applied, i.e.,

dy(n,t)
ox

At the i-th intermediate node x = i, we assume the continuity of displacement

y(0,t) =0, =u,(t), t>0. (6.4.17)
g ) =yl t), i=1,2,--n—1, t>0, (6.4.18)

and discontinuity of vertical force component

Ay(i~,t) 13y(i+7t)

Y Y ), =12, n—1, >0, 6.4.19
AL L L n (6.4.19)
where u;(t),j =1,2,---,n — 1, are applied external forces.

An important task in engineering is to design controllers U = (uq(t), ua(t), -, un(t)) such

that the system comes back to its equilibrium. The authors of [16] designed the following
feedback controllers at the intermediated point x = i and the right end z = n,

Ay(i,t
ui(t) = —a; ygt ), >0, i=1,2---,n. (6.4.20)

Then the equation (6.4.16) together with (6.4.17)—( 6.4.20) forms a closed loop system. In what
following, we shall prove that this closed loop system is a Riesz system and decays exponentially.
Let y;(z,t) =y(i — 1+ x,¢t),z € (0,1), and

Y(iE,t) = (yl(x’t)7y2(xat)7 o 'ayn(xvt))a T € (07 1)’ t>0.

Then Egs. (6.4.16) is equivalent to an equation in C"

0%Y (z,t) %Y (z,t)
M= =T=— 5=, 2c(01), t>0 (6.4.21)

where
M = diag(mlam27"'7mn)a T= diag(TlvTZa'"'aTn)' (6422)

The continuity conditions at intermediate nodes together with the condition at the left hand

endpoint can be written into

Y(0,t) = CY(1,1), (6.4.23)
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where

=1 ) o (6.4.24)

00 0 0O 1 0

The discontinuity condition of vertical force at the intermediate nodes together with the con-
dition at the right hand endpoint can be written as

Ay (1,1) aY (0, 1)

T— - cr'T oy~ U =-T—5—, (6.4.25)
here CT denotes the transpose matrix of C' and
I = diag(aq, ag, -+, ap) (6.4.26)
is a n X n positive definite matrix. Thus the closed loop system is written into
MY (z,t) = TY 2 (2, t), x€(0,1), t >0,
Y (0,t) =CY(1,t), ¢>0, (6.4.27)

TY.(1,t) — CTTY,(0,t) = —TY;(1,t), t>0,
Y (z,0) =Yo(x), Yi(z,0)=Yi(z), z€(0,1).

where Yy(z) and Y7 (z) are given suitable initial data.
In this case, we can take matrix

B? = diag | 2, 22 ... Dl
then the condition (6.3.5) in previous section is equivalent to

(I —C)erB (I —C)e B

D(\) = det
(T +TB)e* —CTTB (I'+TB)e * +CTTB

and the condition det[f — B — éTBa] # 0 is equivalent to det[l' — TB — CTTBC] # 0.
Now let us determine D(X). Let A € C be an eigenvalue, Y = (y1, 42, -, Yn) be correspond-
ing an eigenfunction, then
miNy;(x) = Tjyjen
Y1 (0) = O7 yj(l) = yj+1(0), _] = 1, 2, e, n. (6428)
Tiyj,(1) = Tj419j+1,:(0) = —ajAy;(1),5 =1,2,-- - ,n—1, Thyna(l) = —anAy,(1). (6.4.29)

Set p? = %’ and

yi(x) = arsinh Apy, y;(z) = a;sinh Apj + b coshAp;, j=2,3,---,n.
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From (6.4.28) and (6.4.29) we get

[Ty, pr cosh Apy, + au, sinh Apylay, + [T, pn sinh Ap, + av, cosh Ap,]b, = 0,
[Tjpj cosh Ap; + o sinh Apjla; + [Tjp; sinh Ap; + o cosh Ap;lb; = T 1105410541,
j:27"'an_17

(6.4.30)
sinh Apja; + cosh Apjb; =bj11 j=2,---,n—1,
[Tlpl cosh )\pl + oy sinh )\pl]al = T2p2a2
[sinh Apq]a; = bs.
Set Ty+1pn+1 =1 and
1 .
w;(A) = =—[Tp; cosh Ap; + a; sinh Ap;],
Tj1pj+1
vj(A) = = [Tjp; sinh Ap; + «j cosh Ap;]. (6.4.31)
Tjv1pjt1
We can rewrite (6.4.30) into
Wy (A Un (A an
wo O .
sinh A\p,, cosh Ap, b,
’LU](/\) ’Uj(/\) aj _ G541
sinhAp; cosh Ap; b; biv1 |
a9 . ’U.)l()\) ’Ul()\) aq (6 4 32)
bo sinh Ap;  cosh Ap;y 0
Therefore, for 1 < k < n — 1, we have
k-1
a1 | _ wr—i(A)  vk—j(A) a1 (6.4.33)
br+1 j=0 \ sinhApgp_; coshApy_; 0
Note that for j = 1,2,---,n, the matrices
Tip; 27 . X
w;(A) v;(A) _ Tj+iZj+1 Trioran cosh Ap; sinh Ap;
sinh Ap; cosh Ap; 0 1 sinh A\p; cosh Ap;
are invertible. So A € C is an eigenvalue if and only if
n—1
Wy—i (A Up—i(A 1
D) =(1,0) | T i3 i3 =0, (6.4.34)
j=o0 \ sinhAp,_; coshAp,_; 0
or
n w;(\)  sinh Ap; 1
D) =D =(1,0) T] i Pi —0. (6.4.35)
j=1 \ v;(A) coshAp; 0
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Similar to previous subsection, a complicated calculation shows that
;Ié%‘D(iO’ﬂ > 0.
The condition det[l' — TB — CTTBC] # 0 becomes
aj #Tipj +Tjr1pjvr, 7=1,2,--,n—1, an# Thpn. (6.4.36)
Combining Theorem 6.3.4, we have the following result.

THEOREM 6.4.3 Let (6.4.36) hold, then system (6.4.27) is exponentially stable. There is a
sequence of eigenvector and generalized eigenvectors of the system that forms a Riesz basis with
parentheses for the space H.

REMARK 6.4.3 In the long chains case, if it has continuous displacement, then we have
Y(0,t) = (®7)TY (v,t) and Y(1,t) = (®T)TY (v,t). At same time, it also satisfies the flow
continuous condition,

Y(v,t) =®7Y(0,t), Y(v,t)=®TY(1,1).

So Y (0) = (@)T®TY(1). Denote C = (®7)Td+. We get Y(0) = CY(1).

i} oo o o oo
10 0 0 00 0
10 0 -~ 00
01 0 0 000
01 0 0 0
00 0 0 0 0
(@ )Tet = 00 0 00
00 0 00 0
00 0 0 0
00 0 0 100
00 0 0 10
00 0 0 010
- “loo o o0 0 1]
[0 0 o 00 0]
10 0 00 0
01 0 0 0 0
= |0 o0 00 0
00 0 00 0
00 0 100
(00 0 -~ 01 0|
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The dynamic condition

00 0 0 0 0], / B}
T11/1(1)
10 0 0 0 O D)
Y
01 0 0 00 202
OTTY,(1)=1| 0 0 0 0 0
00 0 0 0 T (D
nflyn—
00 0 0 10 !
(000 0 0 0 1|
and ) )
10 0 0 0 0], A
Yy
01 0 0 00 o
Toy5(0)
0 0 0 0 0
TY2(0)=109 0 o 0 0
00 0 0 1 0 Tos ()
n— ynf
00 0 0 01 S
Tnyn(o)
(000 0 0 0 0
Define the project operator P : C"t1 — C" by
P(U17U27"'7vn7vn+l) = (Ug,"',Un,Un+1)

which has matriz representation

010 0 0 00
00 1 0 0 0
00 0 0 0 0

P=1lo000 o0 00
000 0 0 10
000 0 0 01
(000 0 0 00|

The dynamic condition can write into
PO®YTTY,(1,t) — P& TY,(0,t) +TY(1,t) = 0.
A direct verification shows that P®t = I,, and P®~ = CT. Therefore, we have

TY,(1,t) — CTTY,(0,t) = —TY(1,¢).
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6.5 Conclusion remark

In this chapter, we discussed the abstract hyperbolic equation

MYy (2, t) = TY 0 (2,t), € (0,1), t >0,
Y(0,¢) = CY(1,t), >0,

TY,(1,t) — CTTY,(0,t) = —TY;(1,t), >0,
Y(x,0) = Yo(z), Yi(z,0)=Yi(z), € (0,1).

(6.5.1)

where M, T are positive definite n x n matrices, I' is a nonnegative matrix, and C is areal n x n
matrix, and CT denotes the transpose of matrix C. The obtained main results are as follows:

1) If C satisfies the condition det(I + C) # 0 and T is positive definite matrix, then the
system is asymptotically stable;

2) if I' > 0 satisfies the condition det [f—B—aTBa] = 0, spectra of the system is distributed
in a strip parallel to the imaginary axis, and the eigenvector and generalized eigenvectors form
a Riesz basis with parentheses for the Hilbert state space;

3) Suppose that det(I £ C) # 0. If inf,er |D(io)| > 0, then the system is exponentially
stable. If inf,cg |D(io)| = 0, the system is at most asymptotically stable. In particular, when
T > 0, we have simple test of asymptotic stability, i.e, —1 & o(C).

Note that in the system assumptions, we only require that M and T are positive definite
n X n matrices, they need not to be the diagonal matrices. So these results can be applied to
more complex systems, for instance, the system with coupling equations, i.e.,

1 Yi,tt _ 11 12 Y1, Cze (071)’ (6.5.2)

0 mo Yo, 1t To1 Too Y2,00

where Ty > 0 and 11175 — T127%1 > 0. Here we do not study such systems.



Chapter 7

Continuous Network of Strings

In this chapter, we shall discuss the continuous network of strings:

mj(s)ujee(s,t) = (Tj(s)ujs(s,))s — qj(s)us(s), s€(0,1)
u(aj,t) = ug(0,t) = u;(1,¢t) =0, Vke J (a;),(oriec Jt(a;)), a; €IGp,
u(aj, t) = ug(0,t) = wi(1,¢), VkeJ (aj),i€ JJ"(a;), a;j € V\OGp
> Ti(Mus(1,t) — > Tr(0)uks(0,t) + k(a)u(a, t) = —a(a)s(a)ua,t),a € VNIGp

J€JT(a) keJ—(a)
ui(8,0) = ujo(s), wuj(s,0) =uj(s), se(0,1)

where T)j(s) and m;(s) are positive and twice continuous differentiable functions and g;(s) are
nonnegative continuous functions (or called potentials), s(a) = 0 or 1 is the function of vertex
selection and a(a)s(a) > 0. Its vectorization form is

M(z)Uy(z,t) = (T(2)Usp(z,t))s — Qx)U(z,t), x € (0,1)

JU(v,t) €V, s.t. U(1,t) = (@H)TU(v,t), U(0,t) = (@7)TU(v,t)
POHT(1)U,(1,£) — PET(0)U,(0,¢) + K(v)U (v, 1) = —TSUy(v,t) € V
U(x,0) = Up(x), Uy(x,0)="U,.

(7.0.1)

where P : C™ — V = {(w(a1), w(az), -, w(am)) | wlar) = 0,ar € 0Gp}, We shall study the
asymptotic property of this network.

7.1 Well-posedness of the continuous network

Let Cy4(G) denote the set of all continuous functions on G with zero values at OGp. Then
u € C4(G) implies that there is d € V such that U(1) = (®7)Td, U(0) = (®7)Td. For
simplicity, we set

Hy(G)={f € Ca(G) | f' € H'(E)}.
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Let H be the state space defined by
H=HG) x L*(E)

equipped with inner product
((f29), (wo))w = / (T(@) f' (), () en i + / (M(2)g(z), v(z))ondac

+ [ Q@) @) ule)ends + (K@), )
0
Define the operator A in ‘H by
Alw, z) = (2, M~} (@) [(T(2)w'(2)) - Q(z)w(2)]), (w,2) € D(A)
with domain

D(A) = {(w,2) € H*(E) x H{(G) | w(v), 2(v) € V
POTT(1)w' (1) — PO~ T(0)w'(0) + K(v)w(v) = —I'Sz(v)}.

With this definition, we can rewrite (7.0.1) into an evolutionary equation in H

W — AW (1), >0
W(0) = W,

where W (t) = (U(x,t), U(z,t))T and W(0) = (Up(z), Uy (z))7.
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(7.1.1)

(7.1.2)

(7.1.3)

PROPOSITION 7.1.1 Let A be defined by (7.1.1) and (7.1.2). Then A is a densely defined

and closed linear operator in 'H.
Let us consider the dual operator of A, A*. We shall prove that
A(f,g) = —(g; M @)[(T() f'(2)) — Q) f@)]),  (f,g) € D(AY)
with domain

D(A") ={(f,9) € H*(E) x H}(G) | f(v),9(v) € V
POTT(0) /(1) = PE~T(1)f(0) + K(v) f(v) = TSg(v)}

(7.1.4)

(7.1.5)

Here we mainly find out the expression of A*. For any (w,z) € D(A), (f,g9) € D(A*), we

have

((A(wv Z), (f, g))H = ((w, Z)a A*(f, g))H
1
= /O [(T(2)z'(z), f'(@))en + ((T(2)w'(2))" — Q@)w(z), g(x))en]dz

+/ (Q()z(), f(z))endz + (K(v)2(v), f(v))v
0

= (2(1), T(1)f'(1))er = (2(0), T(0)£(0))cn —/0 (2(x), (T(x)f'())")end
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+H(TM)w'(1), g(1))en — (T(0)w'(0), 9(0))cr —/O (T(@)w'(x), §' (%)) endx

- [ @@ g@)eds+ [ (@)@ E)nds + (0).KE) )y
0
)

)
= ((@9)72(0), T (1))er — (@7 )TZ( ), T(0).f'(0))en + (2(v), K(v) f(v))v
HT()w' (1), (25) " g(v))er — (T(0)w'(0), (27)" g(v))en + (K(v)w(v), g(v))v
(

- [ @), @t [ 00T @) - )

0
1
*/0 Q@)w(z), 9(z))endr — (K(v)w(v), g(v))v
= (2(v), PO T(1)f'(1) - P2~ T(0

)f'(0 ) K(v)f(v))v
+HPOTT(1)w'(1) - PO~ ()w’( K)w(v), g(v))v
1
*/0 (T(z)w'(2), 9 (z))enda — ; ), M~ (2)(T(2)f"(2)) — Q@) f(2)))cnda

- / (Q@)w(e), g(2))endr — (K(v)w(v), g(v)y
= (2(). PET(L) (1) - PET(0)£(0) + K(w)f(v))y — (TS=(v), g(v))y
) (

)
1 1
*/0 (T(z)w'(z), g'(x))enda — A (M(2)2(2), M~ (2)((T(2) f'(2))" = Q@) f(2)))endx

—/0 (Q(z)w(z), g(2))endz — (K(v)w(v), g(v))v
where we have used the relations

g(1) = (@5)Tg(v), g(0)=(27)"g(v); 2(1) = (") "2(v), 2(0)=(27)"2(v).

Therefore, due to I'S being a diagonal matrix,

A*(f.9) = —(g; M7 ((T(2) f'(2))" — Q(x) f(x)))
and
f(v),g9(v) €V, .
PEHT(1)f(1) - PET(0)f(0) + K(v)g(v) = DSg(v)

THEOREM 7.1.1 A and A* are dissipative operators in H. Hence A generates a Cy semi-
group of contraction on H and hence (7.1.3) is well-posed.

D(A") = {(f,g) € H*(E) x H;(0,1) |

Proof For any (w, z) € D(A), it holds that
(A(w, 2), (w,2))n = /0 [(T(2)2' (z), w'(2))en + (T(2)'(2))" — Q@)w(2), 2())en Jda

+/O (Q(z)z(2), w(@))endz + (K(v)z(v), w(v))v
(2(v), POTT(1)w' (1) — P®~T(0)w’(0) + K(v)w(v))en
+/0 (T(z)2' (x), w(x))endx —/0 (T(z)w'(z), 2’ (x))endx
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- / (Q@)w(x), #(z))ondar + / (Q@) (), w(z))ende,
0 0

and hence
2R(A(w, ), (w, 2))n = (A(w, 2), (w, 2))n + (w, 2), A(w, 2))x
= (2(v), POTT(1)w'(1) = PO~ T(0)w'(0) + K(v)w(v))y
+(POTT(1)w' (1) — PO~ T(0)w'(0) + K(v)w(v), 2(v))v

+(
= —(2(v),TS8z(v))y — (ISz(v), 2(v))v.

The dissipatedness of A follows from the nonnegativity of T'S.
Similarly, for any (f,g) € D(A*),

1 1
(A(f,9), (f,9)n = —/0 (Tg’(x),f’(x))cndﬂﬂ—/o (Tf'()) — Q) f (x), g(x))en daz

- / (Q@)g(@), f(@))end — (K(v)gw), F(0))y
~((F.9). A*(f 9 — (9(0). TSg(w))y — (TSg(v),g(v))-

Therefore, we have

R(A™(w, 2), (w, 2))1 = =(Sg(v), g(v))v-

Also A* is dissipative. The Lumer-Phillips Theorem (e.g., see [92]) asserts that A generates a
Cp semigroup of contraction on H. Hence the system (7.1.3) is well-posed. O

REMARK 7.1.1 Define the energy function of (7.1.3) by

£6) = w0, 20

= %/0 (T($)wm($,t),ww(x,t))cn—|—(Q(x)w($7t)7w(x,t))c7ldm

+%/0 (M(z), 2(z,1), 2(2, 1)) endz + %(K(U)w(”vt)’w(v’t))v’

then we have

dE(t)
dt
Therefore, for any t > 0, it holds the equality

= —(I'Sz(v,t), z(v,t))y <0 (7.1.6)

0 +/Ot(FSz(v,t),z(v,t))vdt — £(0). (7.1.7)

7.2 Asymptotic stability of the system

In this section, we discuss the asymptotic stability of the system (7.1.3). According to Theorem
7.1.1, the system (7.1.3) is dissipative, which implies the spectrum of A are lying in the left-half
complex plane, i.e., 0(A) C {A € C | RA < 0}. Therefore, by the stability theorem in [70], we
need only to discuss whether or not there is a spectral point of A on the imaginary axis.
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7.21 A=0¢€p(A)

For any (f,g) € H, we consider the solvability of the equation: A(w,z) = (f, g), i.e.,

z=f

M~ (2)[(T(z)w' (2)) — Q(@)w(z)] = g

w(1) = (@) w(v), w(0) = (®7) w(v)

POTT(1)w' (1) — PE~T(0)w’(0) + K(v)w(v) = —I'Sz(v).

(7.2.1)

From the second equation in (7.2.1) we get

For any test function ¢(z) € Cy(G) N H2(E), it holds that

1

/0 (T (@), & (@))er + (Q@)w(@), $(a))erld — (T(@) (@), B())en |
1
- / (M(2)g(2), §(z))endz.

Note that ¢(v) € V and

1

(T(z)w'(x), p(x))en |o =

and hence
1
[ 1@ @), @) + (@), ola))er ke + (Rpu(w). o)
1
— ~(TSFW.00)y ~ [ Ma)gla).ofe)ds (7.22)

The bilinear form B(w, z) defined by, Yw, z € C4(G) N HY(E) = H!(G)

1
B(w, 2) :/O (T(2)w'(z)), 2’ (2))en + (Q@)w (@), 2())en]dz + (K(v)w(v), 2(v))v

is coercive and bounded, this is because B(w,w) = ||w||§{1(G) can define a norm on H!(G) and
|B(w, 2)| < [|[w|laz2 @) - |2]l#1 (@) The Lax-Milgram’s Theorem asserts that there exists unique a
w(z) € H2(G) satisfying (7.2.2) and hence satisfying (7.2.1). Therefore, (w, z) = (w, f) € D(A)
and A(w, z) = (f,g). So 0 € p(A).

Observe that D(A) C H2(E) x H'(E), the Sobolev Embedding Theorem ensures that A~!
is a compact operator on H. Therefore, we have the following result.

THEOREM 7.2.1 Let A be defined by (7.1.1) (7.1.2). Then 0 € p(A), and A~! is compact.
Hence the spectrum of A consists of all isolated eigenvalues of finite multiplicity.
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7.2.2 Eigenvalue problem

In this subsection, we concentrate our attention on the eigenvalue problem of A. It is easy to see
that the eigenvalue problem of A is equivalent to the following boundary eigenvalue problem:

NM(2)f(2) = (T(@) [ (@) — Q@) f(2), glx) = M(2), @€ (0,1)
W) €V s.t.f(1) = ()T f(0), F(0) = (@) f(v) (7.2.3)
POTT(1)f'(1) — PE~T(0)f/(0) + K(v) f(v) = =ATSf(v).

For each j € {1,2,---,n}, let sj(x,\) and ¢;(x, \) be the solutions to differential equation
Ny (z)w;(z) = (Tj(x)wj(2)) = ¢j(x)w;(z), € (0,1)

with 5;(0,\) = 0,57(0,A) = 1 and ¢;(0,\) = 1,¢;(0,\) = 0, respectively. Obviously they are
the entire functions of finite exponential type with respect to A (see, [85]).
Define the diagonal matrices by

(7.2.4)

Obviously, S(z,A) and C(x,\) satisfy the differential equation in (7.2.3). Thus the general
solution to the differential equation in (7.2.3) is of the form

f@) = Clz,A) £(0) + S(x, A) f'(0),

f/<.'L‘) = C/(x’ )\)f(O) + S/(x’ )\)f/(O).

Substituting them into the boundary conditions in (7.2.3) lead to f(0) = (&) f(v), f(v) € V
and

F(1) = (@5)Tf(v) = C(L,N) (@) f(v) + S(1,1)f'(0)
PETT(1)[C(1, ) (@) f(v) + S'(1,A)f'(0)] = PETT(0)[f'(0)] + K(v) f(v) = —ATS f(v)

ie.,

[CL,A)(@7)T = (@F)T]f(v) + S(1,A)f(0) = 0
P[OTT(1)C" (1, M) (27)T + K(v) + ATS]f(v) + P[@FT(1)S"(1,\) — @~T(0)] f/(0) = 0.
(7.2.5)
Let £ = dimV and U be isomorphic mapping between V and C*. Then there exists d € C*
such that Uf(v) = d. Hence

UP[®TT(1)C" (1, A)(@7)T +K(v) + ATS|U~Ld + UP[®TT(1)S(1,A) — ~T(0)]£'(0) = 0

{ [C(1,)(@)T = (@)U~ + S(1,\)f/(0) = 0
(7.2.'6)
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Obviously, the above algebraic equations has a nonzero solution if and only if the determinant
of the coefficients matrix vanishes, i.e., A(A) = 0, where A(\) is defined by

UP[®TT(1)C" (1, A)(®7)T +K(v) + ATS|U™L UP[®+T(1)S'(1,A) — ~T(0)]

A(N) = det
[C(@,N)(@7)" - (2%)T]U! S(1,)
(7.2.7)
Thus, one has the following result.

THEOREM 7.2.2 Let A be defined as (7.1.1) and (7.1.2). Then we have
o(A)={reC|A(N) =0}

where A(X) is defined by (7.2.7).

7.2.3 Criterion on asymptotic stability

In this subsection we analyze the asymptotic stability of the system (7.1.3). Firstly we introduce
an auxiliary operator Ag defined by

Ao(w, 2) = (M~ (@)[(T@)e' (@) - Qa)w(@)]), (w,2) € D) (7.2.8)

with domain
D(A) = {(w,2) € H*(E) x H}(G) | w(v),z(v) € V

(7.2.9)
POHTT(1)w' (1) — PO~ T(0)w'(0) + K(v)w(v) = 0}.
Obviously, A is a skew-adjoint operator in H.
Define the vertex observation operator S from H to V by
S(f,9) = Sg(v), V(f,9) € HI(G) x Ca(G). (7.2.10)

With these operators we can prove the following asymptotic stability result.

THEOREM 7.2.3 Let Ay be defined by (7.2.8) and (7.2.9) and S : D(S) — V be the obser-
vation operator defined by (7.2.10). Then the system (7.1.8) is asymptotically stable if and only

if

-~

NI = A NN(S) = {6}, VreC. (7.2.11)

Proof Since A is a dissipative operator, and Theorem 7.2.1 says that o(A) = o,(A), so the
system (7.1.3) is asymptotically stable if and only if there is no eigenvalue of A4 on the imaginary
axis according to the stability theorem [70].

We prove that there is an eigenvalue of A on the imaginary axis, i.e., o(A) NiR # @, if and
only if

NI — Ag) NN(S) # {6}.

In fact, suppose that there are a A = ik, k € R and a nonzero vector (w, z) € D(A) such that
A(w, z) = A(w, 2), then by the dissipation of A, we have

Rl (w, 2)[[* = R{A(w, 2), (w, 2))r = —(DSz(v), 2(v))y < 0
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which shows that Sz(v) = 0, i.e., (w,z) € N(S). By the definition of D(Ap) in (7.2.9), we see
that (w, z) € D(Ap) and Ag(w, z) = A(w, z). Therefore

(w,2) € N\ — Ag) N N(S) # {6}.

Conversely, if there is a A € C such that N(AI — Ag) N N(S) # {6}, then from (A —
Ao)(w,z) = 0 we get that A € iR, this together with S(w,z) = Sz(v) = 0 gives that (w,z) €
D(A) and (A — A)(w, z) = 0. Therefore A € o(A) NiR. The proof is then complete. O

7.3 Geometric method in analysis of asymptotic stability

In this section we explore a geometric approach in analysis of asymptotic stability of the system
(7.1.3). From the proof of Theorem 7.2.3 we can see that, in order to check the condition
(7.2.11), we only need to check it for A € o(Ap). It is equivalent to check whether or not
there exists a nonzero vector (w(z), Aw(x)) € D(Ap), where w(zx) is a solution of the following
second-order differential equations

N (z)w; (@) + qj(z)w; () = (Tj(x)wj())’

w;(1) = w;i(0) = w(a), Vje€J (a),i€J (a), a€V,

Yjert@ LiMwi(1) = Yie s (a) Ti(0)wi(0) + k(a)w(a) = 0,a € VAIGD
w;j(1) = w;(0) =w(a) =0, Vje€J(a),i€ J (a),a €0Gp
T,()w)(1) + k(ayw;(a) =0, j€J*(a), a€dG\IGp

w(a) =0, aecl,.

(7.3.1)

where V,, denotes the set of all observation vertices, which are also the controlled vertices.
Obviously if (7.3.1) has a nonzero solution, then there is at least an eigenvalue of A on the
imaginary axis; if (7.3.1) has uniquely an zero solution, then there is no eigenvalue of A on the
imaginary axis.

Observe that boundary eigenvalue problem (7.3.1) is defined on the graph G. We can reduce
it into a boundary eigenvalue problem on a subgraph G; C G. The subgraph G; is obtained
by cutting out all the controlled boundary edges and the resulted edges satisfying condition
w(a) = wj(1) = wi(0) = 0,5 € J*(a),i € J(a).

For the resulted subgraph G; = (FE1, V1), the Dirichlet vertex set Vi4 consists of all such
vertices a € V if @ € V is an endpoint of the cut off edge, or a € 0Gp UV,. The corresponding
boundary eigenvalue problem of the second-order differential equations on G is

Ny (z)w; (@) + ¢ (@)w;(2) = (Tj(x)wj(z))’, = €(0,1)

w;i(1) = w;(0) =w(a), VjeJ (a),i€ J (a), acVi,

Yjert@ LiMwi(1) = Xie - (@) Ti(0)w;(0) + k(a)w(a) = 0,a € Vi int (7.32)
T;()w)i(1) + k(a)wj(a) =0, j€ J(a), a€dG\IGq

w(a) =0, a € Vigq.

Clearly, (7.3.1) has a nonzero solution if and only if (7.3.2) has.
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Now we divide the resulted subgraph G into several simpler subgraph Gy, j =1,2,---,k
such that G1; N G1; C Vig, and then discuss the eigenvalue problem on each G4 .

Let the second-order differential operator on each subgraph G1; have eigenvalue set oy; for
the Dirichlet Problem. Here we emphasize that we only take the Dirichlet boundary at the
Dirichlet vertices.

Obviously if ﬂ?zlaj # (), then the system is unstable. However, ﬂ;?:laj = () is not a
sufficient condition for system stable. In this case, we process the subgraph G; according the
following procedure:

1) If there are two indices ¢ and j such that o1; N oy = (), then we divide the subgraph G
into subgraph pairs

G1\G1i ~ G1;, and (G1\Gij ~ Gij)

and take zero value of Neumann-Kirchhoff condition of G1; and G1\G1; respectively at the
intersection vertices (correspondingly, G1; and G1\G1;j ).

2) The resulted subgraph, for instance, G1\G1;, together with the Neumann-Kirchhoff con-
dition at the intersection vertices composes a new eigenvalue problem. If one can see obviously
that the eigenvalue problem has uniquely a zero solution, one can cut out this subgraph. If not,
we repeat the first step and compare reminder o1; and oyk.

3) If for any ¢ and j, it holds that o; N o; # 0, then we can divide the subgraph G
into subgraph sequence G1\G1;,j = 1,2,---,k since ﬁ?zlaj = (), and take the zero value of
Neumann-Kirchhoff condition of G1; at the intersection vertices.

4) If for some G1\G1x one can see obviously that the eigenvalue problem has no nonzero
solution, one can cut out this subgraph from the subgraph sequence. If not, we repeat the third
step for each subgraph G1\G1; or the first step.

In this manner, if all edges of G are cut out, then the system is asymptotically stable.
Otherwise, the system is unstable.

Based on previous analysis, we get an approach of analyzing stability-Geometric method,
this is achieved by deleting edge (or subgraph). This approach can be used to analyze more
complicated networks involving un-normalized networks.

To explain how to reduce a graph, we give two examples.

EXAMPLE 7.3.1 Let G be a tree-shaped graph, whose structure is shown in Fig. 7.3.1

T00t.

Fig 7.3.1. Tree shaped graph with controllers at a4, as and ag
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Consider a continuous network of strings on G

[(P)w; o (T,1))s

1,t) = wys(0,t) = w5(0,t) = w(as,t),
1)’[0271(1,0 — T4(O 417(0 t)
ws(1,t) = we(0,t) = w7(0,t) = w(as, t),

g
w
8
—~
—_
~
~— _
I
&3
—~
=]
\./
@
B
—~
=
~~
~

wj(z,0) = wjo(x), wj(z,0)=w;i(z).

Qj(ZE)’LUj(LZI,t),
, 1) = wa(0,t) = w3(0,t) = w(ay,t),
1)’11}1@(17 t) — TQ(O) ’m(O, If) — T3(0)’LU3’ZL,(O, t) =0

(0)11/57_%(0, t) =

( ) T7(0)’LU77;E(O,t) =0
(1)10]‘795( ,t) = —Oéjwj‘7t(1,t), Qo > 0, ] = 4,5,6
(1)

(

€(0,1)

(7.3.3)

Step 1. The asymptotic stability is equivalent to verification of the following differential

equations having no nonzero solution

Nmi(z)wj(2) = (Tj(2)w),e(2)e — ¢j(2)w; (),
w1(0) =0, wi(1) =wz(0) = w3(0) = w(al)
Ty(Dw: (1) — T2(0)w2,2(0) — T5(0)ws,«(0) =
wa(1) = we(0) = ws(0) = w(asg),

To(1)wa (1) — Ta(0)wy 4 (0) — T5(0)ws ,(0) =0
w3 (1) = we(0) = wr(0) = w(as),

T3(1)ws (1) — Ts(0)we (0) — T7(0)wr,(0) =0
T;(Dwj.(1) =0, w;i(l)=0, j=4,56
T7(Dwr (1) =0

€(0,1)

(7.3.4)

Step 2. Cut out the boundary edges w4, ws and wg from G. Since wsy (1) = wa(l) = 0

at ag, one can cut out we again. So the resulted subgraph is shown in Fig.7.3.2, in which

Vig = {root,a,as}

root

w3 a3

wr

Fig 7.3.2. Resulted subgraph with Dirichlet vertices: the root, a;, as
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Then the asymptotic stability is equivalent to verification of the following differential equations

having no nonzero solution

N (z)w;(x) = (Tj(2)w) o (z))e — gj(2)w;(z), =€ (0,1),5=1,3,7

w1(0) = wi(1) = ws(0) = ws(1) = wr(0) =0,

T1 (1w (1) — T3(0)ws (0) =0 (7.3.5)
T3(1)ws (1) — T7(0)wr 4(0) =0

T7(Dwr (1) = 0.

Step 8. Divide the graph (7 into three subgraph Gi1, G2 and Gi3, where G171, G12 and
(13 consist only one of wy,ws and wr, respectively.
Let s;(x, A) be unique a solution to equation

Nmj(z)w;(z) = (Tj(2)w; .o (2))a — gj(@)w;(2), = € (0,1),

w;(0) =0, w}(0)=1.

For G11, the eigenvalue problem is

N2my (2)wr (z) = (Th(@)w1,2(2))e — @1 (z)wr (z), =€ (0,1),
wl(O) = UJ1(1) =0.
The eigenvalues are gives by
o1 = {/\ eC | 81(1,)\) = O}

For G2, the eigenvalue problem is

Nmg(2)ws(x) = (T3(@)ws 2(2))e — g3(z)ws(z), =€ (0,1),
The eigenvalues are gives by
o2 ={A € C|s2(1,\) =0}.

For G13, the eigenvalue problem is

N2z (z)wr(x) = (Tr(2)wr 2 (7)) — q7(z)wr(z), € (0,1),
U)7(0) = O7 T7(1)w7ﬁz(1,t) =0.

The eigenvalues are gives by
o5 ={Ae C|st(1,\) =0}.

Obviously, if ﬁ?zlaj # ), then the system is unstable. If ﬂ?zlaj = (), we consider the
following cases.

1) If o1 Nog = 0, then one cut out edge w1, and takes wy (1) = 0. The boundary condition
in (7.3.5) yields ws ;(0) = 0. This together with w3(0) = 0 leads to ws(z) = 0, so one can cut
out edge wsz. For same reason one can cut out edge wy.
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2)If oy Noy #0, o1 Nog # 0 and o9 Nog # 0, we divide the graph G; into the subgraph
sequence

Gl\Glh Gl\G127 Gl\G13

and take the zero value of Neumann-Kirchhoff condition of G1; at the intersection vertices.

Obviously, the eigenvalue problem on each subgraph G71\G1,; has no nonzero solution. We
can cut out the subgraph G1\G11, G1\G12 and G1\G13 from the subgraph sequence. By now
we cut out all edges from G. Therefore we have achieved the following result.

3
THEOREM 7.3.1 If () o; =0, then the system (7.3.3) is asymptotically stable.
j=1

EXAMPLE 7.3.2 Let us consider a graph G with multi-circuit as shown in Fig. 7.3.3, with
boundary controller at as and interior controllers at a4, ag, ag, aip and aio

OG,Q

Fig. 7.5.3. A planar network with multi-circuit
The direct edges are defined by
er = (a1,a2), ex=(a1,a3), e3=(az,aq), e4=(ag,a1),
es = (a1,a5), es=(ag,a1), er=(ai,ar), es=(as,a1),
€9 = (a17a9), €10 = (a107a1)7 €11 = (al,an), €12 = (a12,a1)
e13 = (as,a6), e1s = (az,as), e15 = (ag,a10), e16 = (ai1,ai2)
their parameterization x have same direction.
Let w;(z,t) be defined on e; and satisfy the differential equations
mj(x)wj’tt(xi) = (Tj(x)wj’fr(xi))l - qj(x)wj($7t)7 x € (07 1)
and the boundary condition
T1(Dwy (1,¢) + krw(az, t) = —aywi(asg,t)
and the connection conditions: geometric conditions

w(a,t) = w;(0,t) = w;(1,t),j € J"(a),i € J (a),a # as.
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and dynamic conditions

Z T;(1)w,; (1,t) — Z T;(0)w; (0, t) = —a(a)w(a,t), a ¢ {as,as,ar,a9,a11}

jeJ*(a) i€J~ (a)

and

Z Tj(l)’wj’x(l,t) — Z Tz(O)wZ,x(O,t) = O, a <€ {ag,a5,a7,a9,a11}
je€J*(a) i€J~(a)

Similar to discussion in Example 7.3.1, firstly we can delete the boundary edge e; from G.
The resulted subgraph G; is shown as in Fig.7.3.4

Fig. 7.3.4. The resulted subgraph G'1 with multi-subgraphs G1;

Obviously, the Dirichlet vertex set is Vig = {a1,a4,as,as,a10,a12}. G has a subgraph
sequence {G'1;}%_;.

We are now in a position to solve the boundary eigenvalue problem on each subgraph G;.
Here we reemphasize that we only take the Dirichlet boundary at the Dirichlet vertices. For
example, G171, corresponding Dirichlet boundary eigenvalue problem is

>‘2mk(x) ({E) = Tk(l’)wk,x({ﬂ))z - qk(x)wk(x)? S (07 1)3 k= 273743
’UJQ(O) = (1) = 0, ’wg(l) = ’LU4(0) = 0, ’LUQ(l) = w3(0)

Wy (
Wy
Tg(l)w27w(1) — T3(0)w3,$(0) =0.
In fact, we can easily determine o;. We divide the subgraph G4; into two subgraph G 1,
G1j72, where
Glj,l = (al,a2j+2)7 Glj,Q = (alaa2j+1) U (a2j+17a2j+2)-

Let o1 be eigenvalue set of the Dirichlet Problem corresponding to G1;%. Then we have
0j = 051 M 0j2, which is called the Dirichlet spectrum.

Let o; be the Dirichlet spectrum corresponding to subgraph G1;, j = 1,2,3,4,5. If there is
some o, = ), we can remove this subgraph from G;. Further we compare the nonempty {c;}.
According to the structure of subgraph G, we discuss the stability as follows:

1) If there are ¢ and j such that o; N o; # (), then the system is unstable.
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For example, o1 N o5 # (). We prove this assertion by three steps.

Step 1. For G11 and A € o1 N o5, one constructs a function Wi(z, \) satisfies boundary
eigenvalue problem on G1; with Dirichlet boundary at a;.

Suppose that w(x, \) is a nonzero solution on (a1, az) U (as, ay) with Dirichlet boundary aq
and a4, wy(x, \) is a nonzero solution on (a4, a;) with Dirichlet boundary at both ends. Define
the function by

Wl(x, )\) _ w(xa /\)v HAS (a1>a3) U (a3>a4)
ywa(z, ), x € (ag,a1)
where v is a parameter. We can choose « such that Wi (z, A) satisfy the dynamic condition at
2
T3(1)ws (1, \) — Ty (0)w) (0, A) = 0.
For simplicity, we define

IEA) (1)t ~ To(0)uf0)

Similarly, for G15 one constructs the function Wy(z, A) and define ngz.

Step 2. Choose a parameter 3 such that

AW (z, \)
o

Step 3. For A € o1 Nos, one constructs a nonzero function W(x, A) defined on G; satisfying

W (z, )

o 0

+ 6

the boundary eigenvalue problem on Gj.
Set
0, r€G12UG13UGL

W(z,A\) =4 Wi(z,)), z€Gn
ﬂWQ(-’L‘,)\L MRS G15

then W (x, \) satisfies all conditions. Clearly, the system is unstable
2) If 0; No; = 0 for any ¢ and j, we have subgraph sequence G1;,j = 1,2,3,4,5. We solve

the boundary eigenvalue problem on G;.
2542

Glj

a2;5+1
ai

Fig 7.3.5. Resulted subgraph sequence with Dirichlet vertices a1, az;jt2
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For example, on G171, corresponding boundary eigenvalue problem is

we(0) =0, wy(1l) = ws(0)
T (1)ws,. (1) — T3(0)ws,(0) = 0,
T3(1)ws,2(1) — T4(0)ws,x(0) = 0,
Ty(1)ws 5 (1) — T2(0)wz £(0) =0

If for any ¢, the boundary eigenvalue problem on G;; has no nonzero solution, then the
system is asymptotically stable. Otherwise, the system is unstable.
by now we have proved the following result.

THEOREM 7.3.2 Ifo;No; =0,V # j € {,1,2,3,4,5} and each boundary eigenvalue prob-
lem on G1; has no nonzero solution, then the system is asymptotically stable. Otherwise, the
system is unstable.

REMARK 7.3.1 In example 7.3.2, we distinguish the boundary eigenvalue problem on Gi;
from the Dirichlet boundary eigenvalue problem. Denote G; the set of eigenvalue for the bound-
ary eigenvalue problem on Gyj. Obviously, ¢; C ;. Usually, 5; =0, but o; # 0.

Here we give an example to show that ; = 0, but o; # 0.

EXAMPLE 7.3.3 We consider the boundary eigenvalue problem on a triangle-circuit shown
as in Fig.7.3.6.

a3

az

a1 Y1
Fig 7.3.6. Triangle-circuit with Dirichlet vertices a1 and as
N2m2ys(z) = yi (z) — w2y(z), =z € (0,1),

y3(0) =y3(1) =0
N2y (x) = yl(z), =€ (0,1),k=1,2,

(7.3.6)
y1(0) =y2(1) =0, w1(1) = v2(0), w1(1) = y5(0),
y5(1) — y3(0) = 0,
ys(1) —31(0) =0

Firstly, we calculate the Dirichlet spectrum.
The Dirichlet spectrum determined by ys3 is

o3 ={Ay =+ivVn?2+1|neN}
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and the Dirichlet spectrum determined by y; and ys is

ikv/2

0'122{/\::|: B

| k e N}
Therefore, the Dirichlet spectrum of the system is

o3 Noe = {+V2}
and the functions corresponding A\ = £+/2 are

ys(x) = Bsinmz, yi(x) =y2(x) =sin2nrx, x € (0,1).
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But the boundary eigenvalue problem (7.3.6) has only zero solution. This is because the con-

dition y4(1) = y4(0) requires 8 = 2:

2w cos 2w = B
while y4(1) = y1(0) requires 8 = —2:

[ cosm = 2.

Therefore, 7 = 0.

7.4 Continuous networks and their equivalent forms

7.4.1 Variable coefficient equation and its equivalent form

Let us consider variable coefficients equation
m(z)wy(z,t) = (T(2)we(x,t))r — q(z)w(z,t), z€(0,1)

whose energy function is

1
()= /0 [T fwa (2, )2 + () [, £)[2 + m(a)w (z, )] da
Set,
I T P S
5—5@)-/0 T e_/o o
Then
, 7dxi T(x)
PO = % =\ i
nd
) dna'(§) _a"(§) _ 1 {T’(m) ) m'(x)} o
&7 2|Tw)  m

where x(§) is the inverse function of £(z).

(7.4.1)



180

CHAPTER 7. CONTINUOUS NETWORK OF STRINGS

We change the expression form of the energy function

1

2

e 2 Q(x) 9
5/0 [I\/T(w)wz(:c,tﬂ +m|\/T(x)w(x,t)| +

1
/O (7 () [ws (z, )]* + g(@) [w(a, t)* + m(z) [w(x, )] *)dz

m(x) 2
(@) [V T (x)we(x,t)|”| da.

Introduce a function /T (x)w(x,t) = y(x,t), then we have

VI ws(,t) = nt) = G Sy(a),
and
B@) = 3 [ [m0 - e 0f + B0l + F (e 0] do
Define a new function
v(g. 1) = xl,( SUEO.0, €€ 0.0
then
o 1) = — e (€,8) + + () DD ey )
’ ' (€) ’ 4'T(z) m(x)
and
1 1 T'@) w(), T C
B = 5 [ | g e+ G~ ey O]~ g VTOE 0 (€
I q(z) 7 5 m(z) 7 2| 1
+5 [ D@ 0f + JIVET@ule 0| < ©as
¢ "(x m'(x 2
= 5 [ Josten - i+ e @ote. | de
1 ‘ q(@) o2 2 M) oo 2
45 [ BB OPE 0P + J 6 O lne 0
¢ "(x m'(x T ’
= 5 [ o6t Gl + T [ et de
1 “Ta(x) v 2 |y 2
+3 [ [P + e, at
Set
pl6) = VTTam@). a6 = A2
Then we have
o _LT@) (), [T()
p<§)_4[T(x) +m(x)] m(z
and the energy function
L
B =5 [ Iocle.) = #(©0€ OF +TOW(EOF + e 0P de (.42
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Therefore, v(&,t) satisfies the following equation

2o(£,1) + @E) + 0(€) + (¢ (©)D)ul(&,1) = BRu(&, 1), €€ (0,0),1>0 (7.4.3)
the boundary conditions are of the form
o(6,8); vel& ) — P (1), £=0,L. (7.4.4)
The relation of both functions w(x, ) and v(&, ¢) is given by
v(&t) = p&w(@(©),t), € € (0,0). (7.4.5)

7.4.2 Continuous networks versus discontinuous networks

In this subsection, we consider the various forms of the continuous network of strings:
mj(s)wj (s, t) = (Tj(s)w;s(s,1)s —qj(s)w;(s), s€(0,1)

w(a,t) = wg(0,t) = w;(1,t) =0, Vke J (a),(ori€ J(a)), a€dGp,

w(a,t) = wg(0,t) = w;(1,t), Vke J (a),i€ J"(a), a€V\OGp

> Ti(Mwjs(L,t) — > Te(0)ws,s(0,t) + k(a)w(a,t) = —ala)s(a)w(a,t),a € VNOGp
j€Jt(a) keJ(a)

u;i(s,0) = ujo(s), uj(s,0) =uji(s), se€(0,1)

’I" ’/‘
7’ 7"

p;i (&) = i(s)m;(s),  q;(&) =

(7.4.6)
Let

mj (8) '
Under the transform

v (§5,t) = pi (& w;(s(§5),t), & € (0,45)

the differential equations in (7.4.6) become

v;e(&5,t) + (q5(&5) + P] (f]) + p (gj))vj (&, t) = vjee(§5:t), €€(0,45), (7.4.7)
the Dirichlet boundary vertices become

_v(0,8) _wvi(lit) A
wla,f) = pi(0) — pi(t:) =0, j€J (a)i€ J(a), a€dGp.

At the other vertices, a € V\OGp, the geometric continuity conditions become

wia :vk(O,t):vi(ﬂi,t) N
@)= = ity FET (@)ie T ), (7.4.8)

and corresponding dynamic conditions become
i () [vs.e(ly,t) — pf(L5)vi(€;,1)]
j€JT(a)

— Y pr(0)[vke(0,t) — pi(0)vk (0, )] (7.4.9)
keJ (a)

+k(a)w(a,t) = —a(a)s(a)wi(a,t), a€ V\IGp
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Using (7.4.8), we rewrite (7.4.9) into

> pi)vieli,t) = >0 pr(0)vk,e(0,¢)

jeJt(a) keJ—(a)

+ k() = X AL+ 3 pR(0)p(0)| w(ast) (7.4.10)
jeJt(a) keJ—(a)

= —a(a)w(a,t), a€V\IGp
Therefore, we get a new discontinuous network of strings

V(& t) + (@(&) + p1(&) + P T ENi (E5,1) = vjee(&5,t), & € (0,45),t>0
w(a,t) =% — vl o e j=(q),i € Jt(a), a€dCp

p;(0) pi(€:)
w(a,t) = 20 = 88D vk e J ()i € J*(a),a € V\IGp
> pill)vielyt) — 3> pr(0)vke(0,1)
jeIt(a) TR keJ~ (a) ¢ (7.4.11)
+ [k(a)— > o))+ X pr(0)p(0)] wa,t)
j€J*(a) keJ—(a)

= —a(a)s(a)w(a,t), a€V\IGp
0;(€,0) = p;j(&wjo(s(§5)),  v;e(&5,0) = pj(§)w;ia(s(§)), &€ (0,4)

Since the transform v;(&;,t) = p;(&;)w;(s(§;),t) is invertible, so system (7.4.11) is equivalent
to system (7.4.6).
Let E={e; =(0,¢;),7=1,2,---,n} and V = {a1, a2, - -, am }, we define a basic space by

N v; € HY0,4;], wv(a)=0,a € 0Gp,
13(B) = { (o) = (s &) e () | ST h v = hacite
wy(a) = J555 = iy ked (a),j € J*(a),a € V\OGp

equipped the inner product

m

n £ _
(f,9) s = Z/O (fi(s)=p"(5)f(s))(g}(s) — p’(S)g(S))dSﬂLqu(S)f(S)g(S)dS+Z k(a)wy(a)wg(a)

where wy(a) = gigg; = Zj 22; indicates that wy(a) depends on f. Clearly, HL(E) is a Hilbert

space.
Now let the state space corresponding to (7.4.11) be H = Hi x L?(E) with the norm

I1(f, o)l = /1 f113;,, + [lg]]3 2, which also is a Hilbert space. Define an operator in H by

A(f.9) = (g, f" + (0" + 02 +Df). (f.9) € D(A) (7.4.12)

with domain

f=Afi} e H*(E)nHg, g={g;} € Hy(E),
D(A) =< (f,g) eH| Ya€VNIGD, > pi(l)fi(t;) — X2 pe(0)f5(0) § (7.4.13)

je€Jt(a) keJ(a)
+[k(a) — pla)lwy(a) = —a(a)s(a)w,(a)
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where

pay= 3 2 — S p0)h(0). (7.4.14)

jeJt(a) keJ~(a)

Then the system (7.4.11) can be rewritten into an evolutionary equation in H

WO — AV(t), t >0

dt (7.4.15)
V(0) = Vo
where V(t) = (v(z,t),ve(z,t)) € H and Vo = ({v;(£,0)}, {v;:(£,0)}) €
Then the energy function of the system (7.4.11) is

(
awzémwm%:;|mwm@+QM@@ﬁz

in addition, it holds that
Z u t a t)
ev

Therefore, we have the following result.

THEOREM 7.4.1 The system (7.4.11) is asymptotically stable if and only if the system
(7.4.6) is.

7.5 Comparison of systems

In this section we shall discuss properties of the system (7.4.11)(or (7.4.15)). Since (7.4.11)
is still a system of variable coefficients, to treat it, we introduced a complex norm on Hx(E)
in preceding section. Note that the inner product on HL(E) is too complex to calculate in
practice. For simplicity, let M = max { max ¢;(s)}, we take an equivalent inner product in

1<5<n "s€[0,45]
HL(FE) defined by

Z/ ds+Mf] ds—i—Zk a)wy(a a), f.g € HL(E).

a€V

Then an equivalent norm on H is given by

1(£.9)II3

+MM=Z/\fP+MMWH% s + 3 k@l (@)

acV

In what follows, we shall discuss the system (7.4.15) in H under this norm.
To discuss system (7.4.15), we firstly consider the following system

uj,tt(fat) = uj7§§(£v ) - Muj('g?t)a g € (ngj)at >0
u; (0, wi (€4, . — .
wy(a,t) = ;J((oi) = pf([ ';) =0,j€J (a),i € J(a), ae€dGp
i(L; — :
wy(a,t) = “p’“k(?();) = upz((&g)’ Vk € J(a),i € JT(a),a € V\OGp

> pill)uje(l,t) = >0 pr(0)uke(0,1) + k(a)wu(a,t)

je€Jt(a) keJ~(a)
= —a(a)s(a)wy(a,t), a€V\OGp

u;i(§,0) = pj(§wio(s(&5)),  use(§5,0) = p;i(&)wja(s(€)), €€ (0,45)

(7.5.1)
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Define an operator in H by

Ap(f.9) = (g, /" = Mf), (f.9) € D(Ar) (7.5.2)

with domain

= {fj}H2( )N HE,g=1{g;} € HL(F), and for each a € V\OGp

Didr) =1 (1:9) E”‘ P = 3OS0 + kahwy(@) = ~a(@)s(a)u (@

J€J+(a) keJ-
(7.5.3)
Then the system (7.5.1) can be rewritten into an evolutionary equation in H
W — ApU(t), t>0
FU), (7.5.4)
U(0) =Up

where U(t) = (u(z,t),w(z,t)) € H and Uy = ({u;(£,0)}, {u;e(€,0)}) € H.

THEOREM 7.5.1 Let Ap be defined by (7.5.2) and (7.5.3). Then the following statements
are true.

1) Ap is a densely defined and closed liner operator in H;

2) Ap and A} are dissipative in H;

3) Ar generates a Cy semigroup of contraction on H;

4) The energy function of the system (7.5.1) (or (7.5.3) E(t) defined by E(t) = £||U(t)|[3,
satisfies

L~ =3 a@s(@)w (a1
aeVv

Proof Here we only prove that Ag is dissipative in H, the other verifications are directly, we
omit the detail.

For any real (f,g) € H, it holds that

Z/ GO F1E) + F1(©)g5©lde + 3 k(a)wy(a)wy(a)

a€cV

= Z Fi(65)g95(6) = >~ £3(0)g;(0) + Y k(a)wy(a)wy(a)

j=1 acV

= D wyla) [Z F@pse) = > ful0)pr(0) + k(a)wg (a)

acV jEJT(a) keJ~(a)
= - E a(a)s(a)w?
acV
So Ap is dissipative. O

Now we define an operator By : HL(E) — C by

Bif =Y plajuy(a), | € HE(E) (75.5)

acV
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where p(a) is defined by (7.4.14). Further we define an operator B : H — H by

B(f,g) = (0.[p" + > +3— M]f), ¥(f.g)€H. (7.5.6)
For these operators we have the following result.

THEOREM 7.5.2 Let By and B be defined by (7.5.5) and (7.5.6), respectively. Then the
following statements are true.
1) By is a bounded linear operator on HL(E), and so is its dual operator Bf : C — (HL(E))'.

2) B is a bounded and compact linear operator on H.

Proof Obviously, B; and B are linear operators in H. We at first prove the first assertion.
For any f € HL(E), f = {f;(€)}, it holds that

61 /ff d€+/ G

and
fjfjm):/o (€ 1)) ds+/ £(€
So we have
Ifj(fj)IQ,lfj(0)|2<2<€j+ ! ) /Zj[lff(£)|2+ij(§)l2]d£
= \3 "My ) Jy M

and hence

Zm(a)wf(a)‘Q < Z|PJ Hf] |2+Z|p3 Hf]( )2

acV

IN

, ; 2
mas {gen(lg?){pj( ) (; + Mg)} I171R..

Therefore, By is a bounded operator on Hx(E). By the duality, B is bounded from C to

(Hg(E))".
In order to obtain an expression of B, for any f € HL(E) and ¢ € C, we calculate the dual

product

(Bie, iy = (e,Bif)=c Y pla)wy(a)

acV

= CZ[ PRI OTAGCTOEESY Pk(O)pk(O)fk(O)]

a€V | jet*(a) ke~ (a)

= eI ~ 93 0550150

n 2
= CZ/O [p;(£)p}(€)d;(§ — £5) — pj(€)p;(£)0;(E)] f5(€)dE.

From above equality we get

[Bidl; () = [pi(©)p}(£)0;(§ — £;) — pi(€)P;(£)0;(&)le, & €[0,45].
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The first assertion is true.
Next, for any (f,g) € H,

1B(f: 9)lI7

n £
> [ 15+ w02 + a6~ o)

max max {|p](§) + ,0/2(5) + &)} +1

1<5<n £€(0,¢;) ’ 2
- .
< - ;/0 M 5(6) de
17 2 ~
, 1
@agxngg(lgz){lpj )+ () +al} + ,
< (91

M

So B is also bounded on H. Note that R(B) C H?(E) x H5(E), the Sobolev Embedding
Theorem asserts that B is compact. The proof is then complete. O

Now we regard the system (7.4.11)( or (7.4.15)) as the perturbation system (7.5.1)( or (7.5.4),
respectively). Then we can rewrite the operator A defined by (7.4.13) into the following form

A(f7g) :AF(fag)fBl(fag)*»B(fag)a Bl(fag) :(07BTB1f) (757)

Let T'(t) and S(t) be the Cy semigroup generated by A and Ap, respectively. Then the relation
between T'(t) and S(t) is given by

T(t) = S(t) — /Ot S(t—s)B1T(s)ds + /Ot S(t — s)BT(s)dt. (7.5.8)

The following theorem gives a comparison result.

THEOREM 7.5.3 Let T(t) and S(t) be the Cy semigroup generated by A and Ap, then
T(t) — S(t) are compact operators on H for all t > 0. Hence ress(T(t)) = 1ess(S(t)) for all

t > 0, where ress(T) denotes the essential spectrum radius of operator T.

Proof Thanks to the second assertion of Theorem 7.5.2, the third term at the right-hand side
of equality (7.5.8) are compact operators on H for V¢ > 0. So we only need to prove the term

¢
/ S(t—s)B1T(s)ds, ¥t>0
0

are compact operators.
For any (f,g) € H, denote (v(t), vi(t)) = T(t)(f. ), then

B.T(s)(f,9) = (0, B Biv(s)) = (0, By) B1v(s),

and
S(t - S)BIT(S)(fa g) = (Oaﬁ(’t - S)BIU(S))

where (0, 3(-,t)) = S(¢)(0, B}), B(-,t) € (H5(E))’ and is continuous in ¢, and Bjv(s) is a scalar
continuous function in s. Therefore, we have

/Ot S(t — 8)BT(s)(f, g)ds = (o,/otg(.,t_S)BMS)ds)’ w0
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Thus, by using the admissibility of Bj, for each ¢ > 0, there exists a constants K (¢) such that

‘ 2 n /[j
j=1"0

t ot [t - -
/0 /0 ;A ﬂj(fv t— T)ﬂj (&,t — s)d¢ | Brv(r)Biv(s)drds

t t 2
/ S(t—s)B1T(s)(f,g)ds / Bi(&,t — s)Biv(s)ds| d¢
0 0

IN

t
K?(t)/ | Byo(s)[2ds.
0
Let O be a bounded set in H, whose bound denotes M. Then for any (f,g) € O, we have

(w(®), ve(@)l2 < T OIS Dl < Mo, =0

due to T'(t) being contraction. So, for each fixed t > 0, {B1v(s), (f,g) € O} is a bounded set in
L?[0,t]. Note that v(t) is differentiable in t and v;(¢) is a square integrable function. Therefore,
{B1v(s), (f,g) € O} is a compact set in L2[0,t]. Therefore, for each ¢ > 0,

t
/ S(t—s)B1T(s)ds, Vt>0
0

is a compact operator on H. The desired result follows. O

REMARK 7.5.1 Let K(H) be the set consisting of all compact operator on Hilbert space H,
T be a bounded linear operator. The radius of essential spectrum of T is defined by

Tess(T) = nh~>rr<§o \ H[T]n”
where ||[T]|| = inf{[|T" — KI|, K € K(H)}
As a consequence of Theorem 7.5.3, we have the following corollary.

COROLLARY 7.5.1 Let A and Ap be defined as before. Then o(A) and o(Ar) have same
bound of the essential spectrum. Hence they have same the right-asymptote of the spectrum.

As a direct result of above corollary, we have the stability result of system (7.4.11).

COROLLARY 7.5.2 Let T(t) and S(t) be the Cy semigroups generated by A and Ap re-
spectively.  Suppose that T(t) and S(t) are asymptotically stable. Then system (7.4.11) is
exponentially stable if and only if the system (7.5.1) is.

7.6 Conclusion remark

In this chapter, we discussed the continuous network of strings:

m;(s)uje(s,t) = (T5(s)uss(s,1))s — qj(s)u;(s), s€(0,1)
u(aj,t) = ug(0,t) = u;(1,¢t) =0, Vke€ J (aj),(ori€ Jt(a;)), a; €IGp,
u(aj,t) = ug(0,t) = u;(1,¢), Vke J (aj),i € J (a;), a; € V\OGp

> Ti(Mujs(1,t) — > Tr(0)uks(0,t) + k(a)ula,t) = —a(a)s(a)ua,t),a € VNIGp
j€Jt(a) keJ(a)

u;i(s,0) = ujo(s), uj(s,0) =uji(s), se€(0,1)
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We presented the geometric approach for checking the asymptotic stability of the system. Fur-
ther, we translated the system into the following form

Ui, (&) + (@(€) + P () + 05 ()06, 1) = vjee(&1), €€ (0,4),¢>0
wy(a,t) = 23 = 2D — 0, je . (a),i€JH(a), a€dCGp
t

p;(0
wy(a,t) = v;:(()[’))) ”;i(f;;g), Vk e J (a),i € Jt(a),a € V\OGp

> pillvjellt) — X2 )pk(o)vk,g(Ovt)

JETT(a) keJ—(a

+ k()= X )R+ 3 pR(0)p}(0) | we(a,t)
je€Jt(a) keJ—(a)

= —(;y(a)s(a)wmt(a,15)7 a € V\OGp
vj (€,0) = p;(§)wjo(s(§)),  vie(&5,0) = p;(§)wsa(s(€)), & € (0,4;)

wherein the major terms are of the constants coefficient in the differential equations, although
they are still of variable coefficients.

By comparing with a system with constant coefficients, we got that the exponential stability
of the system can be determined via the following system

Uj,tt(fat) = uj,{{(g,t) - Muj(g’t)a 5 € (ngj)at >0
u; (0, wi(l;, . — .
wy(a,t) = ;j((o;) = pi((fj) =0,5€J (a),i € JT(a), a€dGp
(0, i(4i, — ;
wu(a,t)z%z%&g), Vk € J (a),i € J"(a),a € V\OGp

> pilluje(lyt) = 3 pe(0)urg(0,t) + k(a)wu(a,t)
jeT* (a) k€T~ (a)

= —a(a)s(a)wyi(a,t), acV\OGp
u;j(§,0) = pj(§)wio(s(&5)),  use(§5,0) = pi(§)w;a(s(§)), &€ (0,4).

Therefore, to assert the exponential stability of the continuous network of strings with variable
coefficients, we need only to discuss the exponential stability of above system of the constant
coefficients.



Chapter 8

Stabilization of Serially

Connected Strings

In this chapter we study the stabilization problem of serially connected vibrating strings via
joint feedback controls. Suppose that both ends of the strings are clamped, at the interior nodes,
the shearing forces are continuous, but their displacements are discontinuous. We observe the
shearing forces at interior nodes, and then design the compensators by the observation values.
Finally we stabilize the system by using the feedback controllers at the interior nodes. We
prove that the closed loop system is asymptotically stable under certain conditions. By a
detail spectral analysis, we show that under certain conditions there exists a sequence of the
generalized eigenvectors of the closed loop system that forms a Riesz basis with parentheses for
the Hilbert state space. Hence we obtain the spectrum determined growth property.

8.1 Model and design of controllers

The modern large flexible space structures are often made of serially connected elastic elements;
they are usually modeled as strings, beams, shell etc. Among them, the long chains flexible
structure is the simplest one, for instance, the railway or aerial cable system in our real-life.
Therefore, in the present chapter, we consider a network of strings defined on a long chains
graph G as shown in Fig. 8.1.1. For such elastic structure, we need to control its vibration in

practice.

ay wp a2 w2 ag an  Wp Gn41

Fig. 8.1.1. A long chain graph G

189
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Suppose that each string in the system is homogeneous and inextensible, and denote by
w;(x,t) the transversal deflection of the string departing from its equilibrium at position z
between a; and a;y; at time ¢. The motion of strings in the vibrating system are governed by
the partial differential equations

O*wj(z,t) _ TOij(x,t)

M ot? T 92

where m; >0, T; >0, j =1,2,---,n, are mass density and tension, respectively.

j=1,2,---n, xe€(0,1), t>0, (8.1.1)

Suppose that the system is clamped at both ends, i.e.
w1 (0,t) = wy(1,¢) =0, t>0. (8.1.2)
At the interior nodes, the shearing forces of strings are assumed to be continuous
Tjw;o(1,t) = Tjpqwjs1.(0,8), j=1,2---,n—1, t>0, (8.1.3)
but the displacements are discontinuous. We act the control at each interior node, i.e.,
w;(1,t) —w;11(0,t) = u;(t), j=1,2,---,n—1, t>0, (8.1.4)

where u;(t), j =1,2,---,n — 1, are external exciting forces.
We observe the shearing force Tjw; »(1,t) at interior node aj;1. For the system (8.1.1)—
(8.1.4), if we choose simple feedback control law

wj7t(1’t)_wj+17t(07t) = _ajTjwj,w(17t)7 .7: 1,2,---,;n—1, t>0,

then 0 is still an eigenvalue of system operator, in fact, its multiplicity is n — 1. With these
feedback control law, corresponding closed loop system can not come back to its equilibrium
position. Therefore, we design compensators as follows

4E; (1)
dt

:_djEj(t)+Tjwj,I(1at)7 j:1»27"'»n_1~ (815)

Here the aim of the compensators is to remove the 0 eigenvalue of the system and to improve
lower frequency of the system. Because 0 is an eigenvalue of multiplicity (n—1), we need (n—1)
compensators. Finally, we take the feedback control law as

u](t) = —ajEj(t), oy > 0, 5=12,---.;n—1. (816)
Thus the system (8.1.1)—(8.1.6) become a closed loop system:

mijw;u(z,t) = Tjwj go(x,t), j=1,2,---n, j—l<xz<j t>0,
wl(oat) = wn(Lt) = Oa > Oa

Tjwjo(1,t) = Tj1wj+1,.(0,1), j=1,2,---,n—=1, t>0, (8.1.7)
’wj(l,t)—ijrl(O,t):—OéjEj(t), j=1,2,-~-,n—1, t>0,
dEdjt(t) = —djEj(t) —|—Tj’LUj7$(1,t), j= 1,2,---.n—1,¢t>0.

here and hereafter we shall use abbreviations w; = % and w, = %.
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Set
W(l’,t) = (wl(xat)’U)?(wat)v Tt >wn(xat))T'

Define n x n diagonal matrices:
M:diag(mlam27"'7mn)7 T:diag(Tl7T27"'aTn)a

and
a = diag(ag, aa, -+, anq), &= diag(dy,da, -, an1).

We define operators P : C**! — C"~! by

P(vlarUQa o ,’Un,’Un+1)T = (7)27 T 7vn)T'

Let ®* be the incoming (outgoing) incidence matrix of the linear graph G. For simplification,
we introduce operators P®* = P,_; and P®~ = L,_;. It is easy to check that P,_; and
L,_1:C" — C" ! with properties

Pnfl(yl7y2ay37 T ayn)T = (ylay27y3a o '7yn71)Ta

Ln—l(y17y25y37 Ty yn)T = (927937y4a e ayn)T'

If we set matrix

; (8.1.8)

- - nXn
then we have
L, 1C= P, PnflcT =L, 1

where CT denotes the transpose of the matrix C. Moreover, we define operators F; and FE,
from C™ to C by

Er(y1,92, 93, un) . =y1s En(Y1, 92,93, Yn)" = Yn-

With the help of these notations, the differential equations in (8.1.7) can be rewritten into
an equation in C™:

MWy (2,t) = TWye(z,t), € (0,1), ¢ > 0. (8.1.9)

The boundary conditions of the system become
E,W(0) =E,W(1) =0; (8.1.10)
the dynamic continuous conditions at the interior nodes can be written into

Py 1 [TWy(1,8)] = Ly_1[TW,(0,1)] = 0; (8.1.11)
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the feedback control conditions at the interior nodes become
P, W(1,t) — L,_1W(0,t) = —aE(t); (8.1.12)

the compensators designed above become

%@ = —QE(t)+ Ly_1TW,(0,1). (8.1.13)

Therefore, the equations (8.1.7) are equivalent to the following differential equation in C™:

MWy (x,t) = TWyy(z,t), z€(0,1), t>0,

O — GB(t)+ Ly TW,(0,1), ¢ >0,

EYW(0,t) = E,W(1,t) =0, ¢ > 0, (8.1.14)
Pnfl[TWr(lat)] - Lnfl[TWm(O,t)} =0,t>0,

Py W(L,t) = Ly_1W(0,t) = —aE(t), t > 0

with appropriate initial data.

8.2 Well-posed-ness and asymptotic stability of the sys-

tem

In this section we study the well-posed-ness and asymptotic stability of the closed loop system
(8.1.7). To this end, we formulate the system into a Hilbert state space. Let us begin with
introducing some notations.
Set
WF = H*([0,1],C") x H*"1([0,1],C") x C"~ 1.

Let the state space be

Erf(0) = Enf(1) =0

H=1(fg.p) €W
Pn—lf(l)_Ln—lf(O) =—ap

endowed with the inner product, for (f;,g;,p;) € H,j =1,2,
1 1
((F190,90) (29220 = [ (Bia(@), o)) dot [ (Miga(2). (), do+ G0y,
’ ’ (8:2.1)
where (-, ). and (-, ). denote the inner product in C® and C"~!, respectively. Since T and M
are positive definite matrices, a direct verification shows that ||(f, g,p)| = /((f, 9, ), (f, 9,P))n
induces a norm on H and (H,|| - ||) is a Hilbert space.

We define an operator A in H by
W Z
Al 7 = M~1TW,, (8.2.2)
Q —aQ + L, TW,(0)
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and
D(A) = {(W,2,Q) e W | AW, Z,Q)" € H; Poy TW,(1) = Ly .1 TW,(0)} . (8.2.3)

Then, we can rewrite (8.1.14) into an evolutionary equation in H

{ dl{igt) = AU(t), t>0, (8.2.4)

U(0) = U,
where U(t) = (W (z,t), Wy(z,t), Q(t))T and U(0) = (W°(x), Z°%(z), Q)T € H is given.

THEOREM 8.2.1 Let H and A be defined as before. Then A is dissipative, A~ is compact,
and hence A generates a Cy semigroup of contraction on H.

Proof We prove firstly that A is a dissipative operator. For any (W, Z,Q) € D(A), A(W, Z,Q) €
H implies Z € H'([0,1],C") and

P,1Z(1) - L,—1Z(0) = —a(—aQ + L,,—1 TW,(0))
and P,_1W(1) — L,_1W(0) = —aQ. So we have
(AW, 2,Q)", (W, Z,Q)"),,

= /O(TZw(x),Wx(x))Cdx—F/o (MM ' TW,,(2), Z(2))edz + (Ga(-aQ+L,,—1 TW,(0)), Q)4

= /Ol(TZI(m), W, () edr + (TW,, Z) |6 — /Ol(TWx,Zm)cda:
+(aa Y Pp_12(1) = Ly_1Z(0)), PaetW (1) = Ly 1 W(0)) et

and
(W, Z2,Q)", AW, 2,Q)"),,

1 1
_ / (W (), TZs (2))edlz + / (Z(2), MM TW, o (2))edi + (60Q,~4Q+ Ly TW,(0)),
0 0
1 1
= / (Wa(2), TZy(2))edx + (Z, TW,)c|g — / (Zo, TW,) oda
0
+(aa™H (P W (1) = Ly aW(0)), (Pa1Z(1) = Ln-12(0))) -
Since T and M are positive definite matrices, and (W, Z, Q) € D(A), so we have

2R (W, Z,Q)", AW, Z,Q)"),,
= (TWa, Z)clo + (6™ (Paa1Z(1) = Lp-1Z(0)), Paei W (1) = L1 W(0)) 1
+(Z, TWa)elp + (o™ (PocaW (1) = Ly—1W(0)), Pue1Z(1) = Lp—1Z(0)) e
= (TW,(1),Z(1))c — (TW4(0), Z(0))c + (Z(1), TWx(1))e — (Z(0), TW,(0))e
+aa  (P-1Z(1) = Lp-12(0)), a1t W (1) = L1 W(0))
+(Ga (P aW (1) = Ly 1 W(0)), P 1 Z(1) = L 1Z(0)) e
= (CTTW,(0), Z(1))e — (TWx(0), Z(0))e + (Z(1), CTTW(0))e — (Z(0), TW,(0)).
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+(@a (P, 1Z(1) = Ln12(0)), PaaW (1) = Ly W (0)) e
+(Ga (P aW (1) = Ly 1 W(0)), Py 1 Z(1) = Ly 1Z(0)) e
(TW(0),CZ(1) — Z(0))c + (CZ(1) — Z(0), TW;(0)).
+(aa " (Pyr1Z(1) = Ln-12(0)), Py i W (1) = L1 W(0)) e

@0 (P AW (1) — L s W(O)), ParZ(1) — Lo 12(0))or

(L A TW,(0), L+ (CZ(1) — Z(0)))es + (L 1<CZ<1> 2(0)), L TW,(0)) o
+(aa T (Py1Z(1) = Ln-12(0)), Puoa W (1) = L1 W (0)) e
+(0A‘a_1(Pn71W(1) Ln-1W(0)), Pr—1Z(1 )_ n-12(0)) e

(Lrn—1TW,(0), P,—1Z(1) — Ln—1Z(0)) e + (Po—1Z(1) — Ly—1Z(0), Lpy—1 TW,(0)) e
+(@a " (Py,1Z(1) = Ln1Z(0)), Pyt W(1) = L1 W (0)
+Haa (Pt W(1) = LyaW(0)), a1 Z(1) = Ln—1Z(0))
— ((—6Q+Ln-1TW,(0)), a(—6Q+ Ly -1 TW;(0))) .y

— ((—AQ+ Ly 1 TW,(0)), (—4Q+ Loy 1 TW,(0)))._,
2

~— ~—
O
,_.

~2 o (—aQ+ Lo 1 TW,(0))

<0.

c—1

Therefore, A is dissipative in H.

Next, we prove that A~! exists and is compact. Clearly, A is densely defined and closed

operator in H. For any fixed F = (Fy, Fy, F3) € H, we consider the solvability of the equation
AY =F Y = (W, Z,Q) € D(A), i.e

Z(x) = Fi(z),
TWys(z) = MF5(x), (8.2.5)
—GQ + Ly TW,(0) = Fy

with boundary conditions

E\W(0) = E,W(1) =0,
Pn—l[TWx(l)] - Ln—l[TWx(O)] =0, (8'2'6)
P aW(1) = Ly W(0) = —aQ.

Solving the differential equation in (8.2.5), we get

TW, () / MFy(s

TW, (1) — TW,(0) = / MPF)(s)ds
0

So we have

1
P, 1(CT — )TW,(0) = P,_4 / MFy(s)ds
0
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ie.,

A direct calculation leads to

Tows 4, (0)

Tjw; (0)

Towp (0) =

—Tyw1 5(0) + Tows 4(0)
7T2w27m(0) + Tg’wg,m (O)
—Tgwgym(O) + T4w4,z (0)

- n—lwn—l,w(o) + ann,w(o)

n—1

Now we define the vectors I,,«x1 and Gy by

1
1
Inxl - 5 Gl =
1
nx1l
So we have
TW,(0) =
Thus
TW,(z) = TW,(0)+

1
:Pn—l/ MFQ(S)dS.
0

1
= / mngl(S)d$+T1w1,;E(o)a
0

Jj—1 /1
i=170

szgz(s)ds + lel,:r(o)v

ming(s)ds + lel,w (O)

T

MF,(s)ds
0

= lel,w(O)Inxl‘FGl—F/ MFQ(S)CZS.
0

From above we get

W(1) — W(0)

1 1 x
/ W, (s)ds = / 7! [lelw(o)f,,xﬁaﬁ / MFg(s)ds}
0 0 0

x S
T! {lel’w(O)Inxlx—i—Glx—i—/ ds/ MFg(r)dr} .
0 0

195

(8.2.7)
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From the third equation in (8.2.5), we get
Q = & '(Ln1TW,(0) — F3)

= & " (Thw1,2(0)(n-1yx1 + Ln—1G1 — F3).

P, W (1)
Because of wy, (1) = 0, we have W (1) = , and hence

0

T1w1,0(0) I (nayx1 + Ln—1G1 — F3
0

W) =CTw(0) —aa™!

Thus,
W (1) —w(0)

Trw1,0(0)(nayx1 + Ln—1G1 — F3
0

= CTW(0) —aa™! — W (0)

1 s
T*l |:T1’U)17I(O)In><1 +G1 +/ dS/ MFQ(?“)dT':| .
0 0
Therefore, we get

T1w1,2(0)(nayx1 + Ln—1G1 — F3
0

W) = (T -1"1t{aa!

1 s
+T71 |:T1w17x(0)ln><1 + G1 +/ dS/ MFQ(T)dT] } .
0 0

Since w1 (0) = 0 and
n—1 i 1
—w(0) = Z ;| Thws 1 (0) + Z/ m;Fyj(s)ds — F;
i=1 j=170

n 1 s

+ZTZ‘_1 <T1w17w(0)+/ dS/ ming(r)dr)
i=1 0 0
n i—1 1

+Zﬂilz/ ijdeS,
i=2 j=170

a direct calculation yields

n—1 7
_ Zl %z (Zl fol m; Fa;(s)ds — F3i> — Z %
i= ji=

|
3

= Ga.

So we have

Q = & '(a1Gal(p1yx1 + Ln—1G1 — F3),
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T1Gol(payx1 + Ln-1G1 — F3
0

W) = (C"-I""Saat

1 s
+T_1 l:TlGQInxl + G1 +/ dS/ MFQ(T)d?{l }
0 0

and hence

T! [lel’x(O)Inxlx—i—Glx—i—/ ds/ MFQ(r)dr} + W(0)
0 0

= T*l |:T1G21n><1$ + Glﬂj +/ dS/ MFQ(T)dT]
0 0

T1Goln1yx1 + Ln-1G1 — F3
0

+CT —n1t{aa™!

1 s
+T*1 |:T1G2In><1 + G1 +/ dS/ MFQ(T)dT:| } .
0 0

Let W(x) and @ be given by above, then (W, F},Q)) € D(A) and AW, F1,Q) = F. So A~}
exists and A~'F = (W, F1, Q). Note that

(W, F,Q) € D(A) C H* x H' xC" ' c H' x L* x C" 1.

The Sobolev’s Embedding Theorem asserts that A~! is compact on . Therefore, A generates
a Cy semigroup of contraction by the Lumer-Phillips Theorem (cf. [92]). O
As a consequence of Theorem 8.2.1, we have the following result.

COROLLARY 8.2.1 The spectrum of A consists of all isolated eigenvalue, i.e., o(A) =
op(A).

In order to get the asymptotic stability of the closed loop system (8.2.4), thank to a result
in [70], we only need to check that there is no eigenvalue on the imaginary axis.

THEOREM 8.2.2 Let H and A be defined as before, S(t) be the Cy semigroup generated by
A. If function equations in o

cos, /Mg =0, cos,/Proc=0, sin,/Z20c=0,

T, T, Ty (8.2.8)
sin /720 =0, cee -, sin, /Eels =0

3 n—1

have no solution on the real axis, then S(t) is asymptotically stable.

~

Proof We see from Theorem 8.2.1 that 0 ¢ o(A) . It only needs to check that A = io is not
an eigenvalue of A provided that 0 € R, 0 #0 .

By contradiction, if A = ic is an eigenvalue of A and (W, Z, Q) is corresponding an eigen-
vector, then we have

Z(x) = \W(z), TWy(z)=\MZ(z), x€(0,1), —aQ+ L,—1TW,(0) =A@,
and hence
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?R (A(VV? Za Q)v (W, Zv Q))H
Qa7 Q)er + N (—a7'Q, Q)

which implies that @@ = 0. Thus W satisfies the equations:

NMW (z) = TW,, (),

EW(0) = E,W(1) =

P 1 TW, (1) — Ly TW,(0) = 0, (8.2.9)
Py 1 W (1) — Ly_1W(0) = 0

L1 TW,(0) = 0.

Let us consider the first string. Due to £, W (0) = 0, we have

. mi . . mq
x) = cypsinh [ —Ax = icyysiny [ —ox.
Ty Ty

Since P,,_1TW, (1) = L,,_1TW,(0) = 0, we have

w5 (1 —0111/T1)\cosh,/T1 —011,/ )\COS1/T10'_0

Thus we have either ¢;; = 0 or cos \/77”:110 =0.

If ¢11 = 0, then wq(z) = 0. From this we can easily deduce that ws(z) = ws(z) = -+ =
wp(z) = 0, i.e, W(x) = 0, and hence (W, Z,Q) = 0, which contradicts that (W, Z,Q) is an
eigenvector of A. Therefore, cos \/'j’ijlla =0.

When cos
obtain that

%10 =0, from P, yTW,(1) = L,-1TW,(0) = 0 and E,W(1) = 0 we can
x) = ¢j cosh /%/\x:cjcos %am, j=2,3,---,n

U)j,a:(l):—Cj\/?O'Sin\/?O':O’ j=2,3,---,n—1.
J J

Therefore, o € R satisfies the following function equations:

ma — Mn — 1 ma —
COS,/TLIJ—O, cos1/TLna—0, sin TLQO‘—O,
i ms o i Mn-1 5 —
sm,/Tga—O, , sin, /7 =0 0.

This also contradicts the assumption. Therefore, there is no an eigenvalue of A on the imaginary

axis. The stability theorem [70] asserts that the closed loop system (8.2.4) is asymptotically
stable. d

8.3 Asymptotic analysis of spectrum of A

In this section we discuss the asymptotic distribution of the spectrum of A. Theorem 8.2.1
shows that o(A) = 0,(A), so we need only to discuss the eigenvalues of A.
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Let A € 0(A) and (W, Z,Q) € D(A) be a corresponding eigenvector. Then Z(z) = AW (z),
and W (x) satisfies the following differential equations
NMW () — TW,e () = 0,
E\W(0) = E,W(1) =0,
P 1 TW3(1) — Ly TW,(0) = 0, (8.3.1)
PraW(1) = L aW(0) = —aQ,
AQ = —aQ + L,_1TW,(0).

For the sake of convenience, we denote

B = diag (E @@) — VT VM. (8.3.2)

The general solution of the differential equations in (8.3.1) is of the form
W = eBArnl 4 e—B)\znz

where 1; and 72 are vectors in C™ that will be determined later. Using the boundary conditions
in (8.3.1), we get

Ey(m +mn2) =0,

E, (P + e Prpp) =0,

P, 1T(ABeP*p — ABe P ) — L, _1T(ABn; — ABn) = 0,

P, (eBAnl + e_Bkng) —Lp_1(m +n2) = —a(A+ &) Ly 1 T(ABm — ABng).

Since A\ # 0, we can write the above into the matrix form

S11(A) Sia(A
nl) Si2() 2o, (8.3.3)
Sa1(A)  Saa(N) N2
where
_ 5
S11(A) =
Pn—l V TM@BA — Ln—l V T™
- 5
S12(A) =
—P, 1VTMe 5> + L,,_1vV/TM
Po_1ePr — L, 1+ a(A+a&)" 'L, 1VTM
S21(>\) = )\
0 0 0---0 eVoan
Poie BA— L, 1 —da(A+ &)L, VTM
S22(>\) = Ty
0 0 0--0 e VTn

where we have used TB = vTM. Set matrices

10 0---0 0

S’\11 =
P,_1VTMeB» — L,,_1vTM

nxn
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3 1 0 0---0 0
12 =
—P,_1vV/TMe B* + L,,_1vVTM
L nxn
g P, 1ePX L, 1+ Xa(A+a&)" 'L, 1VTM
21 — Tn
00 0---0 eVt
L nxn
3 Po_1e B> —L,_1 —Xa(\+ &) L,_1VTM
22 = ey
00 0---0 e VA
L nxn
Set
S S
AN =det | 20 TP
Sa1 S22

Then, A € C is an eigenvalue of A if and only if A(X) = 0. Therefore we only need to discuss
the zeros of A(A).
When RA — +00, we have

AN
RA—too 35 [TA
o

0 0 0 0

vmiTi 0 0 0

0  VmaTs 0 0

0 0 VmsTs 0

B 0 0 Vmn—1Tn—1 0
- 1 0 0 0
0 1 0 0

0 0 1 0

0 0 1 0
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1 0 0 0
0 VmaTs 0 0
0 0 VmsTs 0
0 0 \/m 0
0 0 T
0 —1—aivmaTs 0 0
0 0 —1 —asv/msTy - 0

0 0 —-1- Oén72\/mn71Tn7]_ 0
0 0 _l_an—l mnTn

= (_1)712 {\/ T1m1(1 + al\/Tgmg) + \/Tng} X {\/ T2m2(1 + ag\/T3m3) + \/Tgmg}
X X { V Tn—2mn—2(1 + Qp—2 V Tn—lmn—l) + Tn—lmn—l}
X { V Tn—lmn—l(l + an—1 \/Tnmn) + \/Tnmn} 7é 0

and when R\ — —o0,

AN
RA——o00 e_é:l TEA

1 0 0 0

0 —maTs 0 0

0 0 —/msTs 0

0 0 —v/mp_1Th—1 0
|0 0 —m, T,
B 0 —14+a1vmods 0 0

0 0 —l+azvmsTs - 0

0 0 —1+an_2\/m 0

0 0 14+ ap_1vVmnT),

0 0 0 0
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0 0 0 0
—vmi Ty 0 0 0
0 —vm2Ty 0 0
0 0 —VmsTs 0
0 0 —/mn1Tn1 O
1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 1

= {\/Tlml(—l + a1 /Toms) — \/Tgmg} X {\/Tgmg(—l + ag\/Tyms) — \/Tgmg}
X e X {m(*l + an—2y/Tr1mn_1) — \/Tn—lmn—l}
x {mm + an_1V/Tymy,) — \/Tnmn}.

So we have

&>0

lim —
RA— —o00 _ Z /7;11 A
e i=1

provided that « satisfies

4 1 n 1
a; ,
T miT; Vmip1Tip

i=1,2,---,n—1.

When the above conditions are fulfilled, there exist positive constants dq, ds and h such that

ESXpES A S /o
die SV <|AQ) Sdge SV RA > by (8.3.4)

which implies that the zeros of A(X) lie in the strip of |RA| < h.
By now we have proved the following result.
THEOREM 8.3.1 Let A be defined as before. If the gain constants satisfy the conditions
1 1

«; + , 1=1,2,---;n—1, 8.3.5
a VMG \/Mip10i11 ( )

then there is a positive constant h such that
oAy ={xeC | AN =0}c{reC | |RA| < h}. (8.3.6)
Let us recall some notions before we proceed. A set o is said to be separable if

inf A—pu| >0.
/\,MGIE,A¢H| Ml
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An entire function f of exponential type is said to be of sine type if
(a). the zeros of f lie in a strip {A € C | |y| < h, A =y + iz} for some h > 0;
(b). there are positive constants c1, co and yo € R such that

crell < |f(y +iz)| < eyl = Jyol.
The following result for the sine type functions is due to Levin (cf. see [9]).

LEMMA 8.3.1 If f is an entire function of sine type, then the set of its zeros is a union of

finitely many separated sets.
As a direct consequence of Lemma 8.3.1 together (8.3.5), we have the following result.

COROLLARY 8.3.1 Let A be defined as before. Suppose that conditions in (8.3.5) are ful-
filled. Then o(A) is a union of finitely many separated sets.

8.4 Completeness and Riesz basis property of root vectors

of A

In this section we discuss the completeness and Riesz basis property of eigenvectors and general-
ized eigenvectors of A. Firstly, we establish the completeness of the eigenvectors and generalized
eigenvectors of A and then use the spectral distribution of A to obtain the Riesz basis property.

THEOREM 8.4.1 Suppose that the conditions in (8.3.5) are fulfilled, then the system of
eigenvectors and generalized eigenvectors of A is complete in H.

Proof We can assume that o(A) = {\;, k € N} due to Theorem 8.2.1. Set

Sp(A) = {Zykayk € E(AlmA)Ha)‘k € J(A)}
k

where E()\g, A) is the Riesz projection corresponding to Ag. Then the completeness of eigen-
vectors and generalized eigenvectors of A is equivalent to Sp(A) = H. We shall finish the proof
of completeness by showing that for any F' = (f1, fo, f3) L Sp(A) implies F' = 0.

Let F = (f1, f2, f3) L Sp(A), then R*(\, A)F is an H-valued entire function on C . For any
G = (g1, 92,93) € H, the scalar function

U = (G, RN A)F)y, VAeC (8.4.1)
also is an entire function. In particular, it holds that )\lirri U(M\) = 0 because A is the

generator of a Cy semigroup. For A € p(A), we have

U = (R AG, F)y.
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In what follows, we prove that U(\) is bounded on the negative real axis. To this end, denote

by Y1 =

RN A)G, X € p(A) NR™ where Y1 = (y1,21,Q1) € D(A). Then (M — A)Y; = G is

equivalent to the equations

Y1 — 21 = g1,

Az1 — M Ty 40 = go,

AQ1 + aQ1 — Ln—1Ty1 2(0) = g3,
P,_1Ty14(1) = Ly—1Ty1 .(0),
Ery1(0) = Epyn (1) =0,
Poo1y1(1) = Lp1y1(0) = —aQq.

(8.4.2)

We introduce Y2 = (y2, 22, @Q2) € H, which satisfies auxiliary equations:

Ay2 — 22 = g1,

Azg — M Ty 40 = go,

AQ2 + Q2 — Ln—1Ty2..(0) = g3,

P 1Ty2 (1) = Ly—1Ty2 2(0), (8.4.3)
Ery2(0) = Enya(1) =0,

Pp_1y2(1) — Ly—1y2(0) = 0,

&Q2 — Ly—1 Ty, »(0) = 0,

where A is the same as that in (8.4.2). Then we have

ie.,

HG|H|Y2|| > [R(G, Ya)|
R (/ (Tg1.2,Y2,2)c + (Mg, 22).] dz + (dags, Q2)c1> ‘

)\y2 - ZQ)Ia Y2, a:)c (M()\ZQ - M_lTyQ,a:a:)v 22)0]d$ + (é‘agfiv QQ)C—l) ‘

1

( ((ATy2.4,Y2,2)c da:—/ (Tz2,3,Y2,5)cdx + /\ (M2, 22).dx
0

/ Ty2 IwaZQ d$+(dag37Q2)c—1)‘

/\Tnyvaw d$+/ MMz, 22)cdx — (Ty2,2, 22) |t + (GAQ2, Q2) o )‘

( [ Conasmatete + [ ez, )t + (60G Qo)) = RTaas 2l
RAY2 |? + R (T 0 (1) z2(1)e — (Ty2.0(0) 22(0))e]
RA2l[? = Rel(Pa1 Ty (1), Pacr22(1)emt = (Luo To(0), L 122(0)) ]|
RAIVa 2 + RI(Ln-1Ty2,0(0), Pa122(1) = Ln-122(0)) -1
[RA[¥2]

IGHIY2]l > [RALY2]*.
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Therefore, we have

1
[RA|
Now set Y3(\) = Y1 — Y5 = (ys, 23, Q3), then the components of Y3(\) satisfy the following
equations

IVall € =[Gl A€ p(A)NR". (8.4.4)

AyS — 23 = 07
)‘23 - MilTyS,zz = 07
AQ3 + aQs — Ly,_1Tys3 ,(0) =0,

(8.4.5)
Ppo1Tys,.(1) = Ln—1Tys3,2(0),
Ery3(0) = Enys(1) =0,
Ppo1y3(1) = Lyp—1y3(0) = —a(Qs3 + Q2).
Clearly, ys(z) is of the form
ys3(z) = eProy + e BAT, (8.4.6)

where 71,72 are the vectors in C", they are determined later. Substituting (8.4.6) into the
boundary conditions in (8.4.5), we get

7 0
by | ™= (8.4.7)
2 Q2
where
S S
D(A) _ All A12
521 SQQ

According to a result in Kato’s book [66, Formula (4.12),pp. 28], there is a constant g > 0

such that )
D]~

detD ’
where D is a matrix and g > 0 is a constant independent of D. By a complicated calculation

1D~ <

we can show that there exists 1 > 0 such that

—1 -
P < s (8.4.8)
where p; = min /%%, j=1,2,---,n, || - | is the norm in C". So we have
J
ﬁ\l —1 0 —1
R < D) = 1D 1Ql-
72 Q2
Therefore, we have estimate
mn 1
R < 1@zl (8.4.9)
D @771| ‘

Since Q3 = (A + &)1 L,—1Tys .(0), a direct calculation leads to

Qs =\+a&) 'L, 1 VTMA(1 — 7).
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Consequently, we have

3
=

1Qs 'm' WM — 7] < ”VTM”'”'H( i )
72

= | IRAl = &l | | IRAl = &l |

Combining (8.4.9) we have

[RAl _ [IVTM|
en A IRA] — [l

Qs < v |||Q2||. (8.4.10)

From (8.4.5) we can get

/ (Ty?),a::ra y?»)cdx = / )‘Z(My?)(m)?y?)(x))cdm
0

0

1
= (Ty&my3)c|(1)7\/ (Ty3,zvy3,z)cdx~
0

Therefore, we can calculate the norm of ||Ys|| as follows

1 1
/ (Ty3,z, Y3,2)cdx +/ (Mzs, z3)cdx + (6aQs3, Q3)c—1

0 0
(Ty3,2,Y3)clo + (6aQs, Q3)c—1
(Tys,2(1),y3(1))e — (Ty3,2(0),y3(0))c + (GaQ3, Q3)c—1
(Poo1Tys 2(1), Po1y3(1))e—1 — (Ln—1Ty3,2(0), Ln—1y3(0))c—1 + (GaQ3, Q3)c—1
(Ln-1Ty3,2(0), Pa—1ys(1) = Ln-1y3(0))c—1 + (daQs, Q3)c—1
(Ln
(—

el

1Ty3.2(0), —(Q2 + Q3))c—1 + (GaQ3,Q3)c1
AQ3,0Q3)c—1 + (—AQ3 — &Q3,0Q2) 1
IRA[[ el Qs> + IR |ee[|[|Qs][[| Q2| + llda]l[|Qs]/]|Q2]]
(3| ReA P ||af[] TM| 4_Ul||a||||\/7|||§]?)\|2 +M1||0404H||\/"JTTW||\R€/\\ 102
e2mM(IRA[ — [lal)2  emP(IRA] = [|al)] — enP(IRA] - [|al)] ’

< RNl TM | willal [VARTIRAP ullldQIII\/mII?RM) Bl

IN

IN

mIN(IRA] = [lal)> — emM|(IRA[ = lalD] — emM[(IRA]  [[a])]

pERAPIANTM] palallIVIMIIRAP | pallaaflVIMIIRALY IGI2
PmIM(IRA — [lal))? — em(RAL = [lal)] -~ emM[(RAI = [lal)] ] [RA”

that is, for A € p(A) NR™,

1Yal|? < ( étﬂ%)\l?’llallll?rMH /~L1\\Ofllll\/qmlllgf)\l2 Ml”da””\/m”[%M) 1G>
e2nA(IRA] = [[al)2 ~ emA(RA] = [|lal)] — emM(IRA] = [lal)] ) [RA]?
(8.4.11)
We know from Theorem 8.3.1 that A € p(A) NR™ for |[RA| sufficiently large. (8.4.4) together
with (8.4.11) lead to

Jlim [ROVAG] = lim Y2 + V3| = 0. (8.4.12)

That leads to U(A) is bounded on the real axis.
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Since U(A) is an entire function of finite exponential type, U(A) is uniformly bounded on
the line R\ = a > 0, the Phragmén-Linder6f Theorem (cf. [127]) asserts that

[UN)| <M, V¥xeC.

The Liouville’s Theorem further says that U(A) = 0. Note that U(\) = (G, R*(\, A)F)y for
any given G € H. It must be R*(\, A)F = 0. This means that F = 0. Therefore Sp(A) = H,
the desired result follows. O

Next we discuss the generation of Riesz basis of the generalized eigenvectors of A. Firstly,
we introduce a result, which comes from [119] and is an extension of the result in [117].

THEOREM 8.4.2 Let A be the generator of a Cy semigroup T(t) on a separable Hilbert space
‘H. Suppose that the following conditions are satisfied:
1) The spectrum of A has a decomposition

o(A) = o1(A) U s (A) (8.4.13)

where 09(A) consists of the isolated eigenvalues of A of finite multiplicity (repeated many times
according to its algebraic multiplicity).
2) There ezists a real number o € R such that

sup{RA, A € 01(A)} < a <inf{RA, X € 02(A)} (8.4.14)

3) The set 02(A) is an union of finite many separated sets.

Then the following statements are true:

i). There exist two T (t)-invariant closed subspaces H1, Ho and Hi NHy = {0} such that
U(A’Hl) = 01(A) and U(A‘H2) = 02(A); and there exists a finite combination E(Qy, A) of
some {E(Ag, A) 52 -

E(,A) = > E(\A) (8.4.15)
AEQRNG2(A)

such that {E(Q, A)YHa}tren forms a Riesz basis of subspaces for Ha. Furthermore,
H = H1 © Hs.

ii). If sup ||[E(Ak, A)|| < oo, then
k>1

D(A) CHidHy CH. (8.4.16)

i11). H has a decomposition of the topological direct sum, H = Hy & Ha, if and only if

n

sup E
n>1 1

E(, A)| < . (8.4.17)

Now we can prove the following result.

THEOREM 8.4.3 Let H and A be defined as before. If conditions in (8.3.5) are fulfilled,
then there is a sequence of eigenvectors and generalized eigenvectors of A that forms a Riesz
basis with parentheses for H. Indeed, in this case, A generates a Cy group on H. In particular,
the system associated with A will satisfy the spectrum determined growth condition.
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Proof Set 01(A) = {—o0}, 02(A) = o(A). Theorem 8.3.1 shows that all conditions in
Theorem 8.4.2 are fulfilled. So the results of Theorem 8.4.2 are true. Hence there is a sequence
of eigenvectors and generalized eigenvectors of A that forms a Riesz basis with parentheses for
‘Ho. Theorem 8.4.1 says that the eigenvectors and generalized eigenvectors is complete in H,
that is Hy = H. Therefore the sequence is also a Riesz basis with parentheses for H. The
Riesz basis property of the eigenvectors and generalized eigenvectors together with distribution
of spectrum of A implies that A generates a Cy group on H. At the same time, the Riesz basis
property together with the uniform boundedness of multiplicities of eigenvalues of A ensure
that the system associated with A4 satisfies the spectrum determined growth condition. The
proof is then complete. O
We have the following remark about the exponential stability of this system.

REMARK 8.4.1 When both endpoints are clamped, if one applies the controllers only at the
interior nodes, the closed loop system usually is not exponentially stable, even though the system
of two-connected strings it also needs to satisfy much more strict conditions, see ([114])

8.5 Conclusion remark

In this chapter, we studied the property of serially connected strings with discontinuous dis-
placements. One wants to stabilize the system by the tension feedback of the interior nodes.
The main results are as follows:

1) Since 0 is an eigenvalue of geometrical multiplicity n — 1 for the uncontrolled system,
one needs at least n — 1 controllers (the number of controllers is not less than the geometrical
multiplicity of the eigenvalue);

2). If the function equations in o

fmi [mn o i /M2, —
cos /o = 0, cos ThO = 0, sin o0 = 0,
(8.5.1)
in . /mag — i M1,
sin | /720 = 0, , sin /=0 = 0

has no solution on the real axis, then the closed loop system is asymptotically stable. Otherwise,

the system is unstable;
3). If the feedback gains o satisfy conditions
1 1
+ )
VmiTi o \/miz1 T

oy # i=1,2,---,n—1, (8.5.2)
then the frequencies of the closed loop system are in a strip parallel to the imaginary axis. In
this case, there is a sequence of eigenvectors and generalized eigenvectors of the system that
forms a Riesz basis with parenthesis for the Hilbert state space.

4). The system satisfies the spectrum determined growth condition.
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Let us revisit the controlled system

2 i\ 2’[1],'[1/‘ .
mjaugt(z’t):Tja aé(z’t); 321727"'n7 ‘ZUG(O’I), t>07

w1(0,t) = w,(1,8) =0, t>0
Tjwj,w(Lt) = Tj+1wj+1,ac(07t)7 ] = 1a2a ceon—1, t> 07
wj(lvt)fwj-ﬁ-l(oat):uj(t)v j=12---n—-1, t>0,

(8.5.3)

where u;(t), j =1,2,---,n — 1, are external exciting forces.
The observable nodal values of the system are

W'(v) = (w'(a1,t),w' (a2, t),w (as, t), -, w (an,t),w (ant1,t)).
Set y;(z,t) = Tjwj.(x,t), then y;(x,t) is a continuous function on (0, 1) and satisfies
m;y;ee(2,1) = Tjyj.20 (2, 1).
With this transform, the first boundary condition in (8.5.3) becomes
Y16(0,t) =0, yna(1,t) =0.

the second is
yi(1,1) = y;41(0,1),
and the third becomes
1

s (1.1) —

Yjr1,2(0,) = uju(t) = u;(t), j=1,2,---,n—1

Thus we deduce the system satisfied displacement continuity,

2'1 2'_1: .
mjaygt(z’t)ZTjaygéz’t), ji=12-n, xz€(0,1), t>0,

yl,aj(ovt) = yn7z<1at) = 07 t>0
yj(17t):yj+1(oat)7 j:1727"'7n_la t>0;
mijyj,m(l»t)*ﬁyj—&-l,z(o,t) :aj(t)a j:].,Q,"',TL*l, t>0,

(8.5.4)

This is a system both ends free and is acted the controllers on all the interior nodes.

REMARK 8.5.1 Forn =1, the system of string with both ends free, literature [120] gives a
complete controller design and stability analysis. The authors in [79] presented the controller
design for serially connected strings.



Chapter 9

Network of Strings with A

Triangle-Shape Circuit

In this chapter we consider a continuous network of strings with a triangle-shaped circuit. Sup-
pose that the network of strings at all internal nodes are continuously joined, and its boundary
(the exterior vertices) are free. The velocity feedback controllers are placed on all vertices of the
network. This system is a particular case of the general continuous network of strings. For the
sake of completeness, we firstly discuss in section 2 the well-posed-ness of the closed loop system
by the semigroup theory. In section 3, by spectral analysis of the system operator, we show
that the spectra of the system are located in the left half complex plane and are distributed in a
strip parallel to the imaginary axis under certain conditions. Further we prove in section 4 that
there is a sequence of the generalized eigenvectors of the system that forms a Riesz basis with
parentheses for the Hilbert state space, and hence the spectrum determined growth condition
holds. In section 5, we analyze conditions of asymptotical stability of the network. The result
shows that if there is one of ratio of the wave speeds of strings in triangle-shape circuit being
a irrational number, then the system is asymptotically stable. Finally, in section 6, we give a

conclusion remark.

9.1 Introduction

Networks of vibrating strings are often used as models in large flexible space structures, satellite
antenna, and information transmission and so on. In last two decades, the control problem of
elastic networks had been one of hot topics in control engineering and mathematical control
field, involving controllability, observability and stabilization ([5], [6], [34], [72], [71]). Riesz
basis approach, as one of the powerful tools in control theory of distribute parameter system
([26],[43],[45],[79],[119], [111], [117]), was used successfully in study of control of vibration of
flexible system. In particular, Xu et al in [125] obtained Riesz basis property for a class of
abstract differential equations, which has applied to study of tree-shaped network of strings.

210
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But network systems with circuit were seldom studied. Here we consider a planar network of
elastic strings with a triangle circuit, whose structure is shown as Fig. 9.1.1. Suppose that
every string has unit length. The network is linked as follows (see, Fig 9.1.1)

aq as
Fig 9.1.1. A planar network of strings with a triangle circuit

where ey, represents the k-th string, and ax, k =1,2,...,6 represent the nodes of the network.
The parameterization directions of strings are as follows

e1 = (ai,a2), ey = (az,az), e3= (a3, a1)

€4 = (al,a4), €5 = ((1,2,(15)7 €3 = (CL3,CL6).

We place controllers on all vertices. Then the motion of the controlled network system is
governed by the partial differential equations

Py (z,t) _ Oy, (1)
T 922 = mg 9 z € (0, 1),t >0,
y1(07 t) = y3(1v t) = y4(07 t)’
yQ(Oa t) = yl(lv t) = y5(07 t)a
y3(03 t) = y2(]—7 t) = y6(07 t)a
Oy1(1, t Oy2(0, t 0ys(0, t
T, y1é§x ) T y2(;x ) T y55§$ ) _ u1(t), (9-1.1)
dya(1, 1) dy3(0, ?) dys(0, 1)
T2 dr I oz —Ts dr ua(t),
Ays(1, t A1 (0, t A4 (0, t
T4 ys;x )_T1 yl@(x )_T4 y4a(x ):ug(t)’
T478y4(1’ ) _ uy (), TSLJS(L f_ us(t), Tﬁia%(l’ ) _ ug(t),
ox ez O)&)x Ox
Ye(z, 0) = yr,0(2), L“at’ =yei(z), k=1,2,...,6.

where yg(z,t) describes the transversal displacement of the k-th string on position x at time ¢,
the constant coefficients my and T} are the mass density and the tension of the k-th string of
the network, respectively.

We design the feedback controllers ug(t), £k =1,2,...,6 as follows

Oyk (1, t)

ug(t) = — Bk 9

—myk(L,t), Bk, >0, (9.1.2)
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Let

Y(z,t) = [y1(x, 1), y2(x, ), y3(@, 1), ya(z, 1), ys(x, 1), ye (2, t)]T = [Ylp(xa t)Tv Yu(z, t)T]Tv
(9.1.3)
where Y, (z,t) = [y1(z,t), y2(2, 1), y3(x, t)]" denotes the part of interior circuit and Yy (z, t) =
[ya(z,t), y5(z,t),ys(x, )] denotes the exterior of the circuit, where the superscript T denotes
the transpose of matrix.
Define the diagonal matrices

M = diag{mh ma, M3, M4, M5, m6}7 T = diag{T17 T27 T33T4a T57 T6}

ﬁ:diag{ﬂlv"‘aﬁ6}7 ’Y:diag{’hw-w’%}

Then the closed loop system (9.1.1)—(9.1.2) can be rewritten as follows:

MYy (z,t) = TY,u(2,t), z € (0, 1), t >0,
Y(0,8) = CY(1,1),

TY,(1,t) — CTTY,(0,t) = —BY;(1,t) — vY (1,1),
Y (2,0) = Yo(x), Yi(z,0) = Yi(a),

(9.1.4)

where
0 0 1
Cyp O
C: 5 Clp: 1 0 0 )
Cyp O
0 1 0
and

Yo = [yro(@), .. ys0@)]”, Yi=[ya(@),. .. ye1 ()]
In this chapter, we mainly analyze the stability of the closed loop system (9.1.4).

9.2 Well-pose-ness of the system

To discuss the well-posed-ness of the system (9.1.4), firstly we formulated it into an appropriate
Hilbert state space.

Let H¥[(0,1),C%] (k = 1,2) be the usual vector-valued Sobolev space and L?[(0,1),C"] be
the usual vector-valued square integrable function space, which also a Hilbert space.

Set

VE(0,1) = {f € H"[(0,1),C%] | f(0) = Cf(1)},
and define the state space by

H = V;(0,1) x L*[(0,1),C]
equipped with an inner product, ¥(f,¢)”, (u,v)T € H

1
0

((f:9), (w, )2 = / [(Tf"(2), w'(2))co + (Myg(x), v(@))ce]da + (7f(1), u(1))cs
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where (-, -)ce denotes the inner product of the complex space C°. Clearly, H is a Hilbert space.
In the space H, we define an operator A by

Al 1) - 9(z) (9.2.1)
g MITf"(x)

with the domain

f € VE©,1), g € Vi(0,1),
DA = (fg)en| ~ — 20 070 F . (9.2.2)
Tf(1) = CTTf(0) = =Bg(1) =~7f(1)
Thus we can rewrite (9.1.4) into an abstract evolutionary equation in H
I = AZ(t), t>0
a ®) (9.2.3)
Z(0) = Zy.

where Z(t) = (Y (z,t), Yi(z,t))T, Zo = (Yo, Y1)7.

Firstly, we have the following conclusion.
THEOREM 9.2.1 Let H be defined as before and A be defined by in (9.2.1) and (9.2.2).
Then the following assertions hold

1) A is dissipative and A~' is compact on H;

2) the spectrum of A consists of all isolated eigenvalues of finite multiplicity, i.e. o(A) =
op(A);

3) A generates a Cy semigroup of contraction S(t) on H. Hence the closed loop system
(9.1.4) or the evolution system (9.2.3) is well-posed.

Proof Firstly, for any (f,g)T € D(A), we have
RAUL,9)T, (£.0 ) = R{(TS @), g@)es |y + (9(1), F(D)es |
)

R {(

= R{(TF (1), g(1))eo — (Tf <> 9(O)es + (19(1), F(1))eo}
R{(T'(1) = CTT(0), g(1)cs + (3(1), F(1))es}
g

where we have used the conditions ¢g(0) = Cg(1) and f(0) = Cf(1). Again using the condition
Tf'(1) = CTTf'(0) = —Bg(1) — 7f(1), we get that
RIAL 9", (£.9)" ) = —(Bg(1),9(1))es <0 (9.2.4)

i.e. A is a dissipative operator.
Next, we prove 0 € p(A), i.e. A~! exists and is bounded. For each fixed (¢,v)T € H, we
solve the resolvent equation

A(.f7 g)T = (Cv V)T’ (f?g)T € D(-A)v (925)
9(z) = ((x),

Tf"(z) = My(x).

f(0)=Cf(1),

Tf'(1) — CTTf'(0) = —Bg(1) —vf(1)
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Integrating the second equation from z to 1 leads to

Tf'(z) = ’]I‘f'(l)—/ My (x)dz. (9.2.6)

So,
1

Tf(z) = TF(1) — (1 — 2)TF(1) +/ o(s)ds, (9.2.7)

x

where o(z) = f; Muv(s)ds, f(1) and Tf’(1) are unknown.
From (9.2.6) we get that Tf'(1) = Tf’(0) + ¢(0). Substituting it into the dynamic boundary
condition yields

vf(Q) + (I = CT)TF (1) = —B¢(1) — CTo(0).
From (9.2.7) we get
Tf'(1) —T(I - C)f(1) = &, (9.2.8)

where Kk = fol o(s)ds. Therefore we get the following linear equations with unknown vectors

£(1) and TF'(1)

~ (I-C7) FO ) _ [ —8C1) = CTo(0) (9.2.9)

~T(I - C) I Tf'(1) K

Denote by i, = diag{y1,72,73}, v = diag{vs,7s,76}, Tip = diag{T1,72, T3} and T,y =
diag{T}y, T5,Ts}. A direct calculation of the determinant gives

ot v (I-CT) e 7T (I-CTTI-C) 0
—T(I - C) I ~T(I - C) I
= det(y+ (I - CHT(I - C))

= det (’Ylp + (I = CPYT1,(I = Cip) + CETiClp — CE Tt [ymr + Tot] " TnzClp)
dy =15 =T

= det| T, dy Ty #0
-Tn T3 ds

where dy = v1 + Ty + Tb + %fi’ dy = o +To +T5 + inTﬁ and d3 =3 + T + Ts + ﬁfﬁ
Thus, f(1) and Tf/(1) are uniquely solvable via (9.2.9). Hence f(z) and g(z) can be determined
by (,v uniquely, which implies that A~! exists. By the arbitrariness of (¢,v) € H, so A~! is
bounded, i.e., 0 € p(A). Note that D(A) C H? x H*', the Sobolev’s Embedding Theorem
asserts that A~ is compact on H.

As a result of resolvent compact operator, we know the assertion 2) holds. Finally, according

to Lumer-Phillips Theorem ([92]), A generates a Cj semigroup of contraction. O

REMARK 9.2.1 From the proof of Theorem 9.2.1 we see that A~' exists and is bounded
provided that v satisfies 22:1 2 # 0,7 > 0. So 22:1 72 # 0 is a sufficient and necessary
condition for 0 € p(A)
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9.3 Spectral analysis

In this section, we consider the eigenvalue problem of the system (9.2.3)(i.e., the closed loop
system (9.1.4)).

Let A € 0(A) and (f,g)” € D(A) be corresponding an eigenvector, then (A —A)(f,g)" =0,
ie.,

Tf"(x) = N°Mf(),

g(x) = Af(x), (9.3.1)
f(0)=Cf(1),
Tf'(1) = CTTf'(0) = —(AB +7)f(1).
Set n(z) = (f(x), \"'Tf'(x))T, then n(z) satisfies
-y [ 0 T ] 0 9.3.2)
dx M 0
with boundary condition
1 0 -C 0
( . n(0) + ( ~ n(1) =0, (9.3.3)
0 -C 8 I

where 5 = B+ A~1~. The theory of ordinary differential equations shows that the fundamental
matrix of (9.3.2) is given by

W(z,\) =Q exp(-ArE) 0 Q! (9.3.4)
0 exp(AzB)

@: _QI_VflT QJT/[lT @71:1 —Qur 1
I I ’ 2 Qur 1

where Qprr = MY/2TV? = diag{cy,...,c6}, B = MY2T~Y2 = diag{by,...,bg}, by = m,lc/le;lm,
ek = v/ (mgTy). Substituting it into boundary condition (9.3.3) leads to

where

D(A)n(0) =0,
where
I 0 -C 0
D(\) = + - W(1,N)| . (9.3.5)
0o —-CT 8 I

Therefore, the problem (9.3.2) and (9.3.3) have a nonzero solution if and only if
A(X) =det(D(X)) = 0. (9.3.6)

Since the eigenvalue problem (9.3.1) is equivalent to the problem (9.3.2) and (9.3.3), so the
zeros of A(\) are the eigenvalues of the operator A.
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~ B0 e B 0
)\ == — ’

Since

where

-1 -1
D_ = C?MT Qur , (9.3.7)
I-6Qyy —C7
N1 o —1
D, = @ur C?MT , (9.3.8)
~CT I+ BQyr

in addition,

= det(Qyyy) det (I + CTQurCQyr — BQr)

det(D_) = det( CQur QMT)

we conclude that

g AN
A-= §R)\1i>nloo det(exp(—AB))

= det (I +CTQurCQyr — BQuir)
= (I+(ca+ecs—B1)/cr)(1+ (e3+cg — B2)/c2)
(1+ (c1+ca—B3)/c3)(1 = Ba/ca)(1 = B5/c5)(1 = Bs/co)

and
= lim 7A()\)
fA—+oo det(exp(AB))
= det (I+ CTQuTCQuyp + 6QJ;11T)
= A+ (c2t+es+B)/c)(1+ (c3+ 6+ B2)/c2)
(1+ (c1+ca+B3)/ca)(1+ Ba/ea)(1+ Bs/c5)(1 + Bo/co)-

Ay

Therefore, when A _ #£ 0, i.e., § satisfies the following conditions

b1 # c1+ 2+ 5 = VmaTh + VmaTo + /msTs,
Ba # c2 + 3 + c6 = VmaTo + VmsTs + /meTs,

(9.3.9)
B3 # c1 + ez +ca = VmuTy + vVmaTs + vVmiTy,
ﬂk’ 7& C = \/kak,k = 4,5,6,
there exist positive constants ¢, ¢z and § such that for [R(A)| > 4,
crexp (R(\)tr(B)) < |AN)| < éexp (R(N)tr(B)), (9.3.10)

which shows that the zeros of A()) are located in the region {\ € C | |[RA| < 6}. By Theorem
9.2.1, we conclude
o(A)c{AeC|-6<RA<O0}. (9.3.11)



9.4. COMPLETENESS AND RIESZ BASIS OF ROOT VECTORS OF A 217

In addition, the inequality (9.3.10) shows that A(i)) is an entire function of sine type on C
(see, [9, Definition II, 1.27, pp61]). Levin theorem (see, [9, Proposition II, 1.28]) asserts that
the set of zeros of A()) is a union of finitely many separable sets. So is o(A).

By above analysis, we have achieved the following result.

THEOREM 9.3.1 Let A be defined by (9.2.1)-(9.2.2). Then we have
o(A)={reC|AN) =0}. (9.3.12)

In particular, when (3 satisfies (9.3.9), c(A) is a union of finite many separated sets, and there
exists a positive constant § such that (9.3.11) holds.

9.4 Completeness and Riesz basis of root vectors of A

In this section, we discuss the completeness and basis property of root vectors of A. We begin
with the following lemma.

LEMMA 9.4.1 Let H be defined as before, and Ag be the uncontrolled operator in H defined
by

Ao (f.9) = (9(x),M™'Tf"(2)), (9.4.1)
with
f € VE0,1),g € VA(0,1),

D(Ao)=q(f.9) eH| ~ — (9.4.2)
Tf (1) = CTTf(0) = —vf(1)
and 2221 'y,f #0,v, > 0. Then the following assertions hold
1) Ag is a skew-adjoint operator in H;
2) for any (¢,v)T € H and \ € R, the solution of the resolvent equation
(A = Ao) (£, 9)" = (¢,»)" (9.4.3)
satisfies
lg(M)lIgs < 2¢%I(¢, )" 1% (9.4.4)

where ¢ > 0 is a constant.
Proof It is easy to check that A is a skew-adjoint operator in H, which implies that
[AR(A, Ag)|l <1, VRX#O. (9.4.5)

Without loss of generality, we assume that v, # 0. The resolvent equation (9.4.3) implies that
g(x) = Af(z) — ¢(z) and g(1) = Af(1) — ¢(1). So, we have

o) = g(0)+ / J(@)dz = Cg(1) + / (A (@) — ' (2))dz

1
0

= (93(1), 02(1), g2(1). g3(1). gn (1), g2(1)) + / (Af'(z) — () de.



218 CHAPTER 9. NETWORK OF STRINGS WITH A TRIANGLE-SHAPE CIRCUIT

Note that the following two inequalities,

1
/0 (TF (), (@) esdz + 1l L (WP < 1, 9)T %

2

/l T2 (2)dx

0

< /O (Tf (@), f/(2))code,

Thus we have

2
+3

IA

1 2
/O ¢ (@)da|| + 6N + ]G D)

A2 (/Ol(Tf’(l‘), f'(@))codr + 71|f1(1)|2>

ol < 3] [ A ()

IA

+c? (/Ol(TC’($)7C'(x))Cde +V141(1)|2>

e (IR, Ao) (G ) I3 + 11(¢, ) T I13)
< 22)(¢v)T 1%

IA

where ¢ = max{3||T~'/2||2,6(y;)~'}. The proof is then complete. a
Using above lemma, we can prove the main result in this section.

THEOREM 9.4.1 Let A be defined by (9.2.1) —(9.2.2). If 3 satisfies (9.3.9), then the system
of eigenvectors and generalized eigenvectors of A is complete in H.

Proof Denote by

Sp(A) = span { > uk

k

Yk € E()\k,.A)H,V)\k € O’(.A) } ,

where E(\g,.A) is the Riesz projector corresponding to A. We shall prove Sp(A) = H.
Let (¢,7)T € H such that (¢,7)” LSp(A). For any (¢,v)T € H given, we define a function
on complex plane C by

FO) = ()", RO\ AT )ns (9.4.6)
Clearly, F'()\) is an entire function of finite exponential type and
FO) < ()G €9)

Hence lim |F(\)]=0.
RA—+o0

Now we consider the following equations

, for ®X > 0.

_ T = 14 T
{w A) (f,9)7 = (¢,v) (9.4.7)

where A € p(A) N p(Ag) and A < 0. Let u(z) = f(z) — f(xz), v(z) = g(x) — §(x), then

RN A) (Cv)T = R(A A (Gv)T + (u,0)T (9.4.8)
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and (u,v)” satisfies equation

Tu" (x) = N2Mu(z),

vie) = Aul), (9.4.9)
u(0) = Cu(1),
Tu/(1) — CTTw/(0) + (v + AB)u(1) = —53(1).
According to (9.4.6) and (9.4.8), it holds that
FO) = (R Ao) (G0)" (69) e+ ((,0)" (GD) e (9.4.10)
Set n(x) = (u(z), \"'T/(z))T. Similar to (9.3.2), the solution of (9.4.9) satisfies
n(x) = W(z, \)no (9.4.11)
and

where W (z, ) and D(\) are defined as (9.3.4) and (9.3.5), respectively.

Taking transform
_ e 0\ .
= ( Q o, (9.4.13)

0 I

then from (9.4.12) we deduce that

A0\ [ o
Dot 0 M By(1) )

where D_ and D are defined by (9.3.7) and (9.3.8), respectively. Obviously, ||77]] = O(A~1){|g(1)||
for sufficiently large —\ > 0. Therefore, from (9.4.13), (9.4.11) and (9.3.4) we obtain

N eA(lfz)A 0 B
n(z) =Q . e |

U(IE) _ _QX/[lTe)\(l—m)Aﬁl + QX/IlTe)\wA,;’VQ’

i=A

So, we have

and
u(l) = _QzT/leﬁl + QJT;TGAA%-

When —A is large enough, we have

la(1)I* = O(AI*) lg(VI. (9-4.14)

From (9.4.9) it follows that

[ 0)7[|* = = (u(1), BG(1))es — (u(1), ABu(1) )cs.
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The equality (9.4.10) combining with (9.4.4) in Lemma 9.4.1 yields that
[, < OUNT2) 1 2) -

Therefore, when —A > 0 is sufficiently large, we have

FOL < WE - [ €7+ o] - €],
< (W oA 1) e || €07
< O @)l E7) .

Since F(A) is an entire function of finite exponential type, the Phrédngmen-Lindelof theorem (see
[127]) and the above inequality show that F(\) = 0. From (9.4.6) we get that R*(\, A)(¢,7)T =
0, which leads to (C,7)T = 0. Therefore, Sp (A) = H, the desire result follows. O

Combining Theorem 9.2.1, Theorem 9.3.1 and the result in[125, Theorem 3.4], we have the
following basis property of root vectors of A.

THEOREM 9.4.2 Let H be defined as before and A be defined by (9.2.1)—(9.2.2). If B satisfies
9.8.9, then there is a sequence of eigenvectors and generalized eigenvectors of A that forms a
Riesz basis with parentheses for H. Hence the Cy semigroup S(t) generated by A satisfies the
spectrum determined growth assumption.

Proof Set o1(A) = {—o0}, g2(A) = o(A). Theorem 9.2.1 and Theorem 9.3.1 ensure all
the conditions in [125, Theorem 3.4] are fulfilled. Thus there is a sequence of eigenvectors
and generalized eigenvectors of A that forms a Riesz basis with parentheses for Hy = Sp(A).
Theorem 9.4.1 says that the root vectors are complete in H, the sequence is also a Riesz basis
with parentheses for H. The Riesz basis property together with the uniform boundedness of
the multiplicities of eigenvalues of A implies that S(t) satisfies the spectrum determined growth

assumption. The proof is then complete. O

9.5 Asymptotical stability of the closed loop system

In this section we analyze stability of the system (9.2.3). Firstly, as a consequence of the Riesz
basis property, we have the following stability result of the system.

THEOREM 9.5.1 Let A be defined by (9.2.1) and (9.2.2), and [ satisfy condition (9.3.9).
Then the following statements are true:
1) If )\in_f]R | A(X)| # 0, then the system is exponentially stable.
€1

2) If )\im‘f]R | A(X)| =0, then the system at most is asymptotically stable but not exponentially
S4
stable.

Proof Under assumption in proposition, Theorem 9.4.2 shows that the system (9.2.3) satisfies
the spectrum determined growth condition. Note that

o(A)={AeC|AN) =0} c{reC|Rr<O0}.
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If )\igz'fR |A(N)| # 0, then the imaginary axis is not an asymptote of o(.A), which implies the system
is exponentially stable. If there exists a A € iR such that A(X) = 0, then the system is unstable.
If the imaginary axis is an asymptote of o(A), then there exists a sequence A, = a, + i, such
that o, — 0 as n — co. Since A(N) is sine-type function, so is A’(X). Thus we have

sup |A'(\)| < .
[RA[<S
Note that
A(an + iﬂn) - A(Zﬂn) = A/(anon + iﬂn)aru 0, € (07 1)-

So we have AingR [A(N)] = 0. In this case, the system is asymptotically stable but not exponen-
€

tially stable. The proof is then complete. (]

REMARK 9.5.1 In the proof of Theorem 9.5.1, we only show if infye;r |A(N)] > 0, the
imaginary azis is not an asymptote of o(A). If the imaginary axis is an asymptote of o(A),
then infycr [AA)| = 0. A question is if infac,g |[A(X)| = 0, whether the imaginary axis is an
asymptote of o(A). In fact, using the property of sine-type function we can prove that if the
imaginary azxis is not an asymptote of o(A), then infyc;gx |A(N)] > 0.

According to Theorem 9.5.1 and the spectrum determined growth assumption, the closed
loop system (9.2.3) is asymptotically stable if and only if

o(A)C{AeC| —6 <R\ <0}. (9.5.1)

To guarantee the asymptotic stability, it is necessary that there is no spectral points of A on
the imaginary axis. The following theorem gives a sufficient and necessary condition for no
spectral point of A on the imaginary axis.

THEOREM 9.5.2 Let A be defined as (9.2.1) and (9.2.2). If By > 0,k =1,...,6 and at
Vmi/Ti /ma/Ts vms/T3
, and
Vma/Te /m3/Ts vmi /Ty

spectral points of A on the imaginary axis.

least one of all ratios 18 irrational number, then there is no

Proof Assume that A € 0,(A) and A = i0(0 # 0 € R), (f,9)T € D(A) is corresponding an
eigenvector, then (9.2.4) implies that

RX(f,9)", (f.9) )n = RAS 9T (£,9) )2 = —(B9(1), (1) es = 0 (9.5.2)
s0, g(1) = 0. This together with (9.3.1) yields that
Tf"(z) = —0°Mf(z), g(z)=0f(x)

f(0)=f(1)=0 (9.5.3)
T/ (1) — CTTf'(0) = 0.
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ie.,

T]f]//(.ﬁ) = —92mjfj(ac),j = 1, 2, 3,4, 5, 6
fj(o) = f](l) = 07: 17273a455767

T fi(1) = Taf3(0) = T5f5(0) = O

(9.5.4)
Taf5(1) = T £3(0) — Ts f5(0) = O
T3 f3(1) = Ty f1(0) — Ty f5(0) = 0
f1(1) = f5(1) = f5(1) = 0.
Set by, = \/m,k =1,...,6, the general solution to (9.5.4) are of the form
[i(x) = a; sin(0b,x), (9.5.5)

From the boundary conditions (9.5.4), one gets that a; = 0,5 = 4,5,6. If a; # 0,5 = 1,2,3,
then

f;(1) =0, ifandonlyif sinfb; =0, j=1,2,3. (9.5.6)
Since
sin&bj:Oc»ij:kjm ]{)jEN,j:LQ,?),
we have b i b &
e (9.5.7)
ba ke’ b3 ks
and hence % = Y™/Ti ;16 rational numbers. This contradicts to the assumption of Theorem

b T \/m/T;

9.5.1. Therefore, at least one of a;,j = 1,2, 3 vanishes. This together with (9.5.3) and (9.5.4)
leads to f(x) = g(x) = 0. Therefore there is no spectral point of A on the imaginary axis. 0O
As a consequence of Theorems 9.5.1 and 9.5.2, the following conclusion is immediately.

COROLLARY 9.5.1 Suppose that all conditions of Theorem 9.5.2 hold, then the closed loop
system (9.1.4) (or the system (9.2.3)) is asymptotically stable at least.

From above discussions we see that the stability of the system is closely relative to shape of
the graph. Note that the conditions in Theorem 9.5.2 are the necessary and sufficient conditions
for the system being asymptotically stable. If those conditions are fulfilled, whether or not the
system might achieve the exponential stability? This is an unsolve problem.

9.6 Conclusions

In this chapter we discussed the stability of a network of strings with a triangle circuit. In
particular, we obtained the Riesz basis property of the system. By the elasticity theory, the

wave speed of the constant coefficient string is /7. Using the ratio \/L“‘ﬁk of wave speeds of
myp/Lp

the p-th string and k-th string in Theorem 9.5.1, we give the sufficient and necessary condition

for the closed loop system (9.1.4) being asymptotically stable.
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If ¢ # 1, we can take a change of variable: = = {is, under which the system is changed
into we obtain that

?yi(s,t)
0s2

0?yi(s, 1)

T
k o2 ;

= (Zmy, 0<s<1,t>0, (9.6.1)
where yi(s,t) = yr(lrs,t). Therefore, the result can be applied to the general network of the
form (9.1.1).

In the system (9.1.1), all vertices are controlled. This control method is improvable. From
the stability analysis we see that if we setup only controllers on the exterior vertices, then the
corresponding system has same property. From this point of view, the interior controllers are
unavailing (relative to exterior controller). This motivates us to study the location problem of
controllers for more complex network.
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