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Abstract: The paper analyses the evolution of rockets used to extinguish fires developed in open space in conditions of
turbulent atmosphere. After the general definitions of the turbulent atmosphere and working hypotheses, the model of
uniform and linear turbulent atmosphere obtained from analytical relations is presented in detail. Starting from this
model, the components of velocity of turbulence as functions of time are deduced. Introducing the components of
velocity into the model of simulation of the rocket flight, a fascicle of the trajectories is obtained. The work novelty
consists in the new technique used to model the turbulent atmosphere influence on unguided rocket flight.

Key-Words: turbulent atmosphere, rocket trajectory, statistical function, dynamics of flight, turbulence models

1 Introduction

Fire-extinguishing rocket trajectory must be evaluated
in the early project design stage, when the extreme
atmospheric turbulences, the vertical air flows and the
no uniform wind must be considered as possible
perturbations. The effect of large scale perturbation is
important for establishing the average trajectory. A
supplementary task would be to determine the trajectory
dispersion due to perturbation gradients produced by
the atmospheric gusts. The importance of the study lies
in the results it provides: the probable trajectory, its
dispersion and the rocket response to dynamic loading.
This paper tries to provide an answer to the problem of
turbulent atmosphere influence on fire-extinguishing
rocket flight.

2 Definition of Atmospheric Turbulence.
Hypotheses

Since turbulence is a random process that cannot be
described by explicit functions of time, only a
statistical, probabilistic approach can be taken.

The velocity field, variable in time and space, may be
considered as result of an average value and a
perturbation around it. In the case of long time flights,
the average value may be modelled as referencing the
flight with respect to a mobile rectangular frame which
moves with the wind’s average velocity. In a point
located by 7(x;,x,,x;) the air average velocity is:

uF )=l uy us], (1)

It may be described properly by a correlation matrix

composed of elements like this:
Ri,j(gaf) =< Mi(F,t)uj(7+E,t+r) >,

)

which represents the temporal and spatial average of the
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product between a component u;located at a point
defined by 7 at the time ¢, and the component u; from

the point 7 +& at the time 7+7.

To this matrix we can associate a spectral function
matrix whose elements are defined by the Fourier
transform function:

0 00 00 0

(zflcy* J ] ] [rE0e @ ag dg;a8,4x3)

The inverse of these elements belong to the correlation
matrix:

0,;(Qw)=

—00 —00 —00 —00

R,ED=[ [ [ [0,@0 ™ d0d0,d0;do @)

Generally, the atmosphere turbulences are not Gaussian.
However, for practical purposes, the normal repartition
may be used, producing significant simplifications. On
the other hand, the statistical parameters R; ;and O, ; of

the turbulence are defined in each point in space,7 and
variable with time .

A particular aspect of the fire-extinguishing rocket is
that it flies a long time, with a slight change in velocity
magnitude, due to slow burning of rocket propellant.
This is a significant theoretical advantage because it
allows admitting the hypothesis that the turbulence is a
stationary process. Another hypothesis is that the
turbulence could be considered homogenous on small
intervals, which means that R, ;and @, ; do not depend

on 7, alongside of at least a trajectory segment. At high
altitude, the turbulence is identical in all points
belonging to the same layer, which means it might be
considered homogenous. Close to the ground often
changes with altitude occur. However, in the case of
small launch angles, homogenous turbulence might be
considered along the trajectories close to ground.
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R;; and @, ; usually depend on wind referenced frame

axes orlentatlon. If the statistical functions do not
depend on space, the turbulence is considered isotropic,
which makes the velocity components square means to
be equal:

62:1/[12:”%:1,{3?, (5)

where the standard deviation o will be called
turbulence intensity.

Due to the fact that rocket velocity is much higher than
their variation velocity, the turbulence may be regarded
to as ,,a frozen model”. This allows us to neglect time in
the functionu(r,7), which corresponds to Taylor’s

hypothesis. Consequently, the correlation and spectral
functions become:

R ;(& 1) >R, ;(8); 0, ,;(Qw)—>0,;(Q), (6)
Consequently, the simplest model is the one of
homogenous and isotropic turbulences, Gaussian and
»frozen”, a model which is used for the flight outside
the ground proximity layer. Inside of this layer is
necessary to consider anisotropic turbulence.

For the isotropic turbulence, using Batchelor’s relation:

ZS(E)) /(&) -g(©)] &;’ +8(8)9; (7)
where £ = |E ; 8; ;- Kroneker’s symbol;

The longitudinal correlation function f(&) represents

the correlation between velocity components along an
axis, given in two points of that axis (Figure 1.):

R l 1T
O i  Jueme s @)
Because of the hypothesis regardmg isotropy:
JED=1(E) =)= (O, 9)
and:
Ry (&) lim 1 T
fO=EE = T jxul(xl)ul(xl +£)dx (10)

Xy

up(x, + &)
Fig. 1 Longitudinal correlation of velocity components

The other function g(&), is the lateral correlation

function and represents the correlation between the
transversal velocity components with respect to an axis
(Figure 2), defined in two points:
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R li 1
g(i)zz—z@ Xinoo,ZX u3(x1)u3(xl+§)dxl (1)

Based on the hypothesis regardmg isotropy, it results:
<uz (e uz () +8&1) >=<u, (x)uy (X + &) >=

. (12
=<uz(xpuz(xy +&5)>=...
and:
_ Ry lim1 I
g@="230s T o qug(xl)ug(xw&)dxl (13)

us (x3 + &)

uz (x2) us(x2+ &)

Fig. 2 Transversal correlation of velocity
components

3 The Uniform Turbulence Model

For the characteristic correlation functions, the
following relations from work [1] may be used:

' ~ n2/3 s )
f(e‘)—r(lm)éy K, ;5(9)>
-1/3

r(1 /3)

g&) = f(&)- £ K,y 5(0) (14)

where: Z;:i, a=1339 and L representing the
a

characteristic length. I' is the second degree Euler
function and K, is the second degree Bessel modified

function. The Fourier transforms of the functions (&)
and g(&) are spectral one-dimensional functions:

2 o0
;@) =2 [ 1E)e M ag;
0

2% .
Ou@)="[g@e ™z (19
0

Figures 3 and 4 illustrate graphical representation of
functions defined by (14) and (15).

For these spectral functions, through experimental
measurements, several models have been established,
among which, the most commonly used are the von
Karman model:

&L 1 SL1+@3) (L)’
Pulen)=—- [1+(al€) ]5/6 Pal)=" [1+(aZ )17
and the Dryden model:
L 1 62L 14+3(L0)?
o) _ ——= Al 17
W)= S =S s (A7)
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Fig. 3 Characteristic correlation functions
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Fig. 4 Characteristic spectral functions

The established experimental relations [1] are in good
accordance with relations (15) and may be successfully
used in the case of the study models with uniform
turbulence. However, in the case of linear turbulence
method, due to necessity to define cross correlation
functions which show the mutual dependence between
velocity components, the characteristic functions
defined by (14) will be used.

In case of altitudes over 650m the boundary layer
influence is diminished and the atmosphere may be
considered, a unique value for the characteristic length
L being recommended, both to longitudinal and lateral
spectral functions. For the model considered, according
to [1] and [2] L=762m. The standard deviation is the
same along all the three directions, depending only on
the turbulence intensity: o=153[m/s] - low

turbulence; o©=3,05[m/s] - mean turbulence;

o = 6,4 [m/s] - height turbulence (storm).

The turbulence model obtained in this way is the simplest
possible, being known as the uniform field model, in which
only the linear components of velocity along the three axes,
reduced in the gravity centre of the rocket, are considered:

Ug, Vg, Wy .
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4 The Linear Turbulence Method

A higher order approximation is the one of a linear
field, the turbulence velocities being considered as
linear functions depending on position.

Authors of [1], [2] and [3] developed in case of airplane
linear turbulence models in four points. These models
also allow calculation of rotation velocity components
Pg> g -, due to turbulence. Starting from the method

proposed in [1], we developed for rockets a linear
model of turbulence in two points, which allow
deducing of angular velocity of pitch and yaw motion.
In the linear turbulence case, due to the slender axi-
symmetrical shape of the rocket, some gradients may be
neglected. We shall consider a model of the rocket in
two points as shown in Figure 5.

l P :
=

r_—\—.
,,,,,,,,,,,, ©Cm 4
= 0 i3)

Fig. 5 Model of the rocket in two points

The length /,, called aerodynamic length, represents the

distance from the mass centre to the focal point. Based
on this model, the pitch and yaw velocities, equivalent
to the velocity gradients, are:

1 1
qg:l_(Wl_Wo)Q ”gzl_("o_"l)a (18)

to which there are added the linear velocities due
translation for the uniform turbulence:
W, =Wy, U

s g ¢ = Vo (19)
To calculate the velocities produced by turbulence, we
expressed their correlation functions through the
characteristic functions f and g, proceeding as in the
case of uniform distribution, we calculated the spectral
functions corresponding to the correlation functions
and, from these, we found some possible forms of the
translation and rotation velocities generated by
turbulence. For the case of the pitch turbulence velocity
the following initial relation was used:

:uo; 14

Ry (1) =<q,()q,(t+1)>, (20)
obtaining:
@)’
2 qu(t)=2g(§1)—g(iz)—g(%3), (21)
where:
QIZVT; &2:§1+lv &3:§1_lv
E2=E1+],
£3=¢1-1,
:e/ } o F' fii::] =2 } [§ F ﬁlr‘]
- < <3
E1=Vt

Fig. 6 Correlation functions calculus schema
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Similarly the angular yaw velocity:
1
R, (0 =<r,(0)r, (t+7) >:7 <oV )>=
’ (22)

1
:kaov’o >+ >—<yV o > =<V >]
from which we obtained:
1

R, (1) = ——[2Ry, (1,0,0) = Ryy (V1 +1,0,0) = Ry, (V1 = 1,0,0)]
@)’
62 Rrr(T):2g(§l)_g(a2)_g(§3)a (23)

From the previous relations and (13), the correlation
functions for the rotation velocities were determined.
The two rotation velocity components are equal,
R, =R, , due to axial symmetry (Figure 7). The

qq9 rr o
spectral function for the rotation velocity is represented
in Figure 8. We compare the velocity components
calculated with the linear turbulence field theory to
those obtained using the uniform field theory. These
proved to be identical.

i
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Fig. 7 Correlation function for rotation velocities
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Fig. 8 Spectral function for the rotation velocity

Thus, for the longitudinal component we obtained:
R, () =<u, (Ou,(t +7) >=<ug'y>= R, (1.0,0) =’/ (§,) (24)

For the lateral component we obtained:

va (T) =< Vg (I)Vg (t + ‘E) >=< VOVVO >= R22 (VT,0,0) = ng(él) (25)
R, (1) =< w, ()w, (1 + 1) >=< wyw', >= R, (1,0,0) = c’¢(5,) (26)

ww

Relations (24)...(26) show that for linear model we
found the same characteristic f'and g from Figure 3 and
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the spectral functions shown in Figure 4. This means
that the translation velocities for the liner model are the
same with those from the uniform model and for these
we can use theoretical relation (14) or the experimental
relations (16) and (17).

Relations (23) for the angular velocities may be used
only in the case of the theoretical model defined by the
characteristic functions (14). In the case of axis-
symmetric rockets, the only supplementary term
specific to relations (23) is produced by the angular
pitch/yaw velocities. If the aerodynamic length is
comparable with respect to the characteristic length, the
influence of this term is small and can be neglected. In
the case of short rockets, like fire-extinguishing rocket,
the term is important as we will see from the numerical
comparison.

5 Simulation of Atmospheric

Turbulence

The simulation of an atmospheric turbulence is based
on the method of sinusoidal sum, using the spectral
function modulus of the turbulence velocity to obtain
the oscillation amplitude specific to a frequency
bandwidth. So, for the spectral functions values
presented in Figure 4, we determine by integration the
value of amplitude corresponding to a frequency
bandwidth, which can be approximated with the
frequency corresponding to the centre of the integrated
domain. To complete the model, to each frequency we
associated an initial arbitrary phase.

Using the notation S, for the portion of the area

obtained by integrating the modulus of a spectral
function from Figure 4 and considering that the
function has been represented only for the positive
values of the variable Q,, the amplitude has the value:

A=0,[25, (27),

Two of the translation velocities generated by
turbulence in a point & are given by:
ug (€)= 4, ) sin(Qig+91);

1

Wy (8) = 4, ) sin(QE+ ) ,
where the index “1” was given to amplitude, pulsation
and initial phase obtained from the modulus of the
longitudinal spectral function, and the index “2” — given
to the elements obtained from the modulus of the lateral
spectral function. The third component of the velocity is
the same as the second, excepting the initial phase:

vy (£)= 4y ) sin(QhE +¢})

Making the assumption that the rocket flies on a linear
trajectory with a constant velocity V-

(28)

(29)
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E=rt, (30) of trajectories was obtained. The results are presented in

Consequently, the velocities originated by turbulence the next tables. .
may be expressed as functions of time (Figure 9) In order to analyse trajectory parameters, we define four
check points: 1-Start point, 2-End of rocket motor burn,

wo 3-Trajectory apex, 4-Impact point

w/ o]

15 ;«\‘ \M\ w ‘, 4\
o V|
Ui Table 1. Nominal trajectory parameter, ¢ =0
osh | Stage of flight | 1 2 3 4
i T [s] 0 9.5] 26.1 58.
i

V [m/s] 40| 625.4] 209] 206
Y [deg] 45| 2921 0.20| -68.1

o
o
T

T

F W X [m] 0| 2654| 7882| 12210
.1_5:—”"|H"|HH|HH|H“\“\‘("\;“‘ Y[m] 1 1788 3677 0
10 20 30 40 50
t[s]
Fig. 9 The axial u, and normal w, velocities produced Table 2. Average and standard deviation trajectory
by turbulence parameters, low turbulence ¢ =1.53
Stage of 1 Uniform model Linear model
The modulus of the spectral functions presented in flight 2 3 4 2 3 4
Figure 8 was used to find the angular velocities. By T [s] 9.5 26'? 579 9.5 26'? 58.06
applying similar relations to (27) and (28) we obtained 2 622.2 20(1).8 2365 3 62(5).(6) 20(1)‘2 23'09;
a form of the angular velocities originated by V [s] : : ' : : :

0.3 09| 073 03 1.9 1.6

Y| 4] 284 0.28] -68.03 29.5 -1.| -68.7
[deg] 0.24| 0.19] 047 0.54] 039 1.24
26722 79079| 122077 26443| 78460| 12018

turbulence with respect to time. Because the spectral
functions are equal (Fig.8), the yaw and pitch velocities
will be approximately equal r, ~ ¢, , differing only by

initial phases. In this case, in Figure 10, we presented X [m] 79| 2.5 174 14.6] 19.5| 64.7
only the pitch velocity functiong, . Y [m] 17555 3980.1 ( 18010 3862.1 (
11.17) 30.8 0 17.7] 412 0
1'55_ §>7 §2°m’“ h In table 2 for each parameter are two rows: first for
1j’w V- 400 m/s ' average and the second for standard deviation values.
05 h h ' ‘ | ‘H‘ For a better analyse the main results are presented in a
o \ | “ | ‘ ‘\ comparative form.
. ‘\ ! \‘W b HW il \“ H il W\\ \\\ M“
| \u \w Mm va M| il
05F “ I \“
\
—S—— nominal
A ’ ' T e
- ‘1‘0““2‘0““30““40““50

t[s]
Fig. 10 The pitch velocity produced by turbulence

6 Fire-extinguishing Rocket Trajectory

Starting from papers [3] and [4], some details regarding (e
the procedure of building the simulation model for the Fig. 11 Velocity diagram average values, low
fire-extinguishing rocket are presented in this section. turbulence

For the turbulent atmosphere we used in order to make
a comparison, the uniform and the linear turbulence
model. The initial values of the sinusoidal sums phases
were obtained by generating random numbers, and the
amplitude and frequency were determined starting from
the spectral density functions using the procedure
described in the previous section. Because of the
sequential initial random input of the phases, a fascicle
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Fig. 12 Velocity diagram standard deviation values, low
turbulence

— nominal
=5

|||||

| leed
(=}

Fig. 13 Climb angle diagram, average values, low

turbulence
L
A + uniform
N\ —~—— linear
®
05} 7 \ %;77777775

Fig. 14 Climb angle diagram, standard deviation values,
low turbulence

Fig. 15 Trajectory diagram, average values, low

turbulence
The average parameters from nominal trajectory,
uniform model and linear model are relatively closed.
Different from these, the parameters dispersion
obtained with uniform model and linear model are
different, therefore the use of the linear model are
rightful.
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7 Conclusions

Two turbulence models were presented in the paper. In
the uniform turbulence model, only the translation
velocities of the mass centre are considered. In the
linear turbulence model, besides the linear velocities,
the angular velocities of pitch and yaw with respect to
mass centre are added.

In the case of axis-symmetric rockets, the term
depending on angular velocities is the only which
couples the equations. A further simplification could be
made in the case of short rockets to which the
aecrodynamic length is much smaller than the
characteristic length. In this situation, the coupling term
due to rotations is small and may be neglected, so that
the uniform turbulence model is an acceptable
approximation.

Considering the linear turbulence model developed in
our study, we have analysed in a simulation example
the flight dynamics of a rocket, in which the influence
of turbulence was evaluated in four characteristic stages
of the flight.

The work novelty consists in technique used in
modelling the turbulent atmosphere influence on
unguided rocket flight:

e two point model used for the linear turbulence

e the technique used to obtain the turbulence
velocity

e the comparison between linear and uniform
turbulence model
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