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Evaluation of Hurst exponent for precipitation time series
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Abstract: - A major issue in time series analysis and particularly in the study of meteorological time series behaviour is
the long range dependence (LRD). Various estimators of LRD have been proposed. Their accuracy have been generally
tested by using simulated time series since sometimes only their asymptotic property are known, or worse, no
asymptotic property have been proved. It is well – known that the Hurst exponent (H) is a statistical measure used to
classify time series. In this article we determine the Hurst exponent for precipitation time series collected in Dobrudja
region, for 41 years and we compare the results.
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1 Introduction

•

The study of time series with long-range dependence
have been extensively developed for applications in
nature sciences, as well as in DNA sequences, cardiac
dynamics, internet traffic [1] and finance [2].
The Hurst [3] exponent provides a measure for long
term memory and fractality [4] of a time series. For
details on the topics, see the volumes of Beran [5],
Embrechts and Maejima [6], and Palma [7] and the
collections of Doukhan et al. [8] and Robinson [9].
The values of the Hurst exponent range between 0
and 1. Based on the Hurst exponent value H, the
following classifications of time series can be realized:
• H = 0.5 indicates a random series;
• 0 < H < 0.5 indicates an anti - persistent series,
which means an up value is more likely followed
by a down value, and vice versa;
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0.5 < H < 1 indicates a persistent series, which
means the direction of the next value is more
likely the same as current value.

2 Measuring Hurst exponent
Let ( X t ) t∈N be a time series, shortly denoted by ( X t ) .
We say that ( X t ) it is weakly stationary if it has a
finite mean and the covariance depends only on the lag
between two points in the series.
Let ρ(k ) be the autocorrelation function (ACF) of
( X t ) . If the time series is weakly stationary, ACF is
given by:
ρ(k ) =

E[( X t − µ)( X t +k − µ)]
σ2

,

where E ( X t ) is the expectation of X t , µ is the mean and
σ 2 the variance.
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It is said that the time series ( X t ) has the long range

(R / S )t = c ⋅ t H .

∞

dependence (LRD) property if

∑ ρ(k)

In practice, in classical R/S analysis, H can be
estimated as the slope of log/log plot of ( R / S ) t versus t.
Although Mandelbrot [11] gave a formal
justification for the use of this test, Lo [12] showed that
this statistic was not robust to short memory dependence
and modified this statistic.

diverges.

k = −∞

LRD can be thought of in two ways: [10]
• In the time domain it manifests as a high degree
of correlation between distantly separated data
points.
• In the frequency domain it manifests as a
significant level of power at frequencies near
zero.
The following methods are used for LRD analysis:
• R/S and Lo’s modified R/S statistic;
• Aggregated Variance;
• Absolute Moments;
• Detrended fluctuation analysis (variance of
residuals);
• Ratio of variance of residuals;
• Periodogram;
• Whittle's approximate MLE and Local Whittle
estimators;
• Wavelets.
We shall discuss here the results obtained using
some of the methods described in the following.

Lo defined modified R/S statistic by:
• instead of considering multiple lags, only focus
on lag N, the length of the series:
After finding the overall mean
N

X =∑Xj ,
j =1

create the cumulative time series:
N

Yk = ∑ ( X k − X ) , k = 1, ... , N ;
j =1

and find the range
R ( N ) = max Yk − min Yk ;
k =1, N

•

The Hurst exponent can be calculated by rescaled range
analysis (R/S analysis) [3].
To study the LRD in a time series, the following
algorithm is used.
A time series ( X k ) k ∈1, N is divided into d sub-series



N



j =1

j =1

i= j +1



j
, q < N.
q +1

The Lo’s modified R/S statistic is defined by:
1
R( N ) / S q ( N ) .
N
Lo uses the interval [0.809, 1.862] as the 95%
asymptotic acceptance region for testing the null
hypothesis:
H0 : the absence of LRD,
against the alternative:
H1 : the presence of LRD.
As discussed in [13], the right choice of q in Lo’s
method is essential. For study, the following values are
used:
Vq ( N ) =

- Create a cumulative time series:
i

Yin = ∑ Z jn , i = 1, ... , m ;
j =1

- Find the range
Rn = max Y jn − min Y jn ;
j =1, m

- Rescale the range Rn / S n ;
- Calculate the mean value of the rescaled range for
all sub-series of length m:

 3 N 13  2ρˆ  23 


  , [14]
q = 
 
2 
2

  1 − ρˆ  



1 d
∑ Rn / S n .
d n =1

(*)

and
 N 14  2ρˆ  23 
 
  , [15]
q =   
 10   1 − ρˆ 2  



Hurst found that (R/S) scales by power - law as time
increases, which indicates
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q

ωi (q ) = 1 −

Z in = X in − En , i = 1, ..., m;

( R / S )m =

N

∑ ( X j − X ) 2 + 2∑ ω j (q) ∑ ( X j − X )( X i− j − X )

where

of length m. For each sub-series n = 1, … , d :
- Find the mean, En and the standard deviation, S n ;
- Normalize the data ( X in ) by subtracting the subseries mean:

j =1, m

instead of using the standard deviation to
normalize R (N ) , he uses the following sum:

Sq ( N ) =

2.1 R/S analysis

j =1, N

591

ISBN: 978-960-474-213-4

(**)

LATEST TRENDS on COMPUTERS (Volume II)

•

where:
- N is the length of the series,
- ρ̂ is the estimated first order correlation coefficient,
- [ ] is the greatest integer function.

Starting with a time series, ( X t ) with the length
N, it is integrated, obtaining:
k

Yk = ∑ ( X k − X ) .
i =1

•

2.2. Aggregated variance method [13]
•

A series of length N is divided into d sub-series of length
m. For each subseries, the aggregated series, formed by
the means
X m (k ) =

km
1
X i , k = 1, 2, ... , d
∑
m i = ( k −1) m +1

•

is calculated, as well as, its sample variance:
VarX ( m ) =

1 d
( X ( m) (k ) − X ) 2 .
∑
d k =1

•

For successive values of m, the sample variance is
plotted against m on a log-log plot. Fitting a least squares
line to the points of the plot, the Hurst coefficient is
calculated, knowing that the straight line slope is 2H-2.
In order to distinguish between the nonstationarity
and LRD, Teverovski and Taqqu [10] proposed to use
this method, together with the study of successive
differences of variances or fitting a function
C1 + C 2 m 2 H −2 to the VarX ( m ) .

The integrated series in divided into d sub-series
of equal length m.
In each sub-series, fit X t , using a polynomial
function of order l which represents the trend of
that sub-series. The ordinate of the fit line in
each box is denoted by ym (k ) .
The integrated series is detrended by subtracting
the local trend ym (k ) in each sub-series of length
m.
For a given sub-series length, m, the root meansquare fluctuation for the integrated and
detrended series is calculated:
F ( m) =

1
N

N

∑ [Yk − ym (k )]2 .
k =1

•

The above computation is repeated for a broad
range of scales (m) to provide a relationship
between F (m) and the box size m.
A power-law relation between the average rootmean-square fluctuation function F (m) and the box size
m indicates the presence of scaling: F (m) ∼ m 2 H .
Ratio of Variance of Residuals
This method estimates the parameter alpha
characterizing the intensity of heavy tails, instead of
estimating the long-range dependence parameter H. The
method is based on the Variance of Residuals method. It
calculates the Variance of Residuals in two ways, and
takes their ratio to obtain a statistic, and then fits a leastsquares line to the logarithm of that statistic. This
enables one to estimate alpha.[13]

2.3. Absolute Moments Method [13]
(m)

This method is analogous to 2.3, but instead of VarX ,
the nth absolute moments are calculated for the
aggregated series,
n
1 d
AM n( m ) = ∑ X k( m ) − X .
d k =1
For successive values of m, the sample absolute
moment is plotted versus m on a log-log plot. Fitting a
least squares line to the points of the plot, the Hurst
coefficient is calculated, knowing that the straight line
slope is n(H-1).

2.5. Periodogram
Geweke and Porter-Hudak [20] proposed a semiparametric approach to test for long-memory memory of
a fractionally integrated process. The fractional
difference parameter d can be estimated by regression
equations.
Let ( X k ) k ∈1, N be a time series, and

2.4. Detrended fluctuation analysis (DFA)
Detrended fluctuation analysis was originally proposed
as a technique for quantifying the nature of long-range
correlations by Peng et al. [16]. It was introduced in
order to permit the detection and quantification of longrange correlations in DNA sequences.
In recent years the DFA method has been applied in
analysis of different time series that appear in different
fields as DNA sequences [17], heart rate study [18],
human gait, meteorology, economics, and physics.
DFA method, involves the following steps [19]:
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1
I (λ ) =
2πN

N

∑ X je

2
ijλ

,

j =1

where λ is a frequency.
It was shown that a series with LRD should have a
1− 2 H

periodogram proportional to λ
in the origin
neighbourhood, so a log-log plot of a periodogram
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against the frequency should give the coefficient
1 − 2H = d .
Modified periodogram, as well cumulative
periodogram have also been used [13].

3. Results and discussions
In the following we present the results of the calculus of
Hurst coefficient, for ten annual precipitation time series
(Fig.1), collected between 1965 and 2005, in Dobrudja,
Romania and we discuss the results.

Fig. 3. The V - statistic associated to Adamclisi series
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Fig. 4. The R/S chart of Medgidia series
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Corugea
Mangalia

Fig.1. The series of annual mean precipitation in
Dobrudja region (1965 - 2010)
For R/S analysis, a part of results is given in [21].
and those obtained by using KaotiXL [22], in Table 1.
The R/S charts and the evolution of V - statistics
associated are exemplified in Figs. 2 – 7, where R2 is the
determination coefficient.

Fig. 5. The V - statistic associated to Medgidia series

Table 1. Hurst coefficients for annual series, calculated
by KaotiXL (rescaled method)

Fig. 6. The R/S chart of Sulina series

Fig. 2. The R/S chart of Adamclisi series
Fig. 7. The V - statistic associated to Sulina series
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The results are presented in Table 2 and those
obtained by periodogram method, in Table 3.
Table 2. Hurst coefficients for annual series, calculated
by Lo’s method

Table 3. Hurst coefficients for annual series, calculated
by periodogram method

It can be remarked that the results for each series are
very different and a correct conclusion on the long range
dependence property of these time series could not be
extract applying only one method.
Discussing, for example, about Adamclisi,
Cernavodă or Medgidia series, after the application of
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concluded that they are Gaussian white noises [21]. But
not all the values from the previous tables are in
concordance with these conclusions. In [21] a FARIMA
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4. Conclusion
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to use with circumspection different LRD analysis
methods, since sometimes the statistics attached to them
have properties that have been proved only for some
well established time series or their properties are not
known.
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