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Abstract: - A nonlinear control scheme using a Modified State–Dependent Riccati Equation MSDRE has been 
developed through a pseudo-linearization of spacecraft augmented dynamics and kinematics.  The full-state knowledge, 
required for the control loop is provided through a generalized algorithm for spacecraft three-axis attitude and rate 
estimation based on the utilization of magnetometer measurements and their time derivatives, while the control torque is 
generated via magnetorquers.  The resulted attitude determination and control system has shown the capability of 
estimating the attitude better than 5 deg and rate of order 0.03 deg/sec in addition to maintain the pointing accuracy 
within 5 deg in each axis with pointing stability of less than 0.05 deg/sec. 

 
Key-Words: - Attitude Control, Attitude Estimation, Magnetometer, Magnetorquers, Modified Riccati Equation, 
Nonlinear Control.  

 
1   Introduction 
The aim of this paper is to develop a low cost three-axis 
Attitude Determination and Control System ADCS to 
fulfill spacecraft mission requirements during low accuracy 
modes which are the most frequent modes during mission 
life time.  The current work introduces a generalized 
nonlinear control scheme using a Modified State–
Dependent Riccati Equation MSDRE. The system 
dynamics equation is represented by the spacecraft 
nonlinear dynamics with momentum bias including gravity 
gradient, aerodynamic, and magnetic residual torques.  
Then, the quaternion kinematics is augmented with 
spacecraft dynamics to represent the overall process 
dynamics. A pseudo-linear formulation of the augmented 
system is developed while a MSDRE controller derived to 
solve a trajectory tracking/model following problem. The 
derivatives of the state dependent matrix w.r.t the states are 
taken into account through the development of the final 
MSDRE controller such that an optimal control signal is 
obtained rather than producing a suboptimal controller 
when these derivates are ignored. To obtain the optimum 
control signal full-state knowledge is required, so attitude 
and rate filter is integrated to the control loop.  The 
proposed filter is previously developed by the authors for 
spacecraft three-axis attitude and rate estimation utilizing 
magnetometer measurements only [7]. The global 
asymptotic stability of the controller is investigated by 
applying Lyapunov theorem, and concluded by introducing 
stability regimes for the overall system which verify the 
stability conditions of the controller and the required 
accuracy of the filter. To test the developed ADCS, 
EgyptSat-1, launched in the last April, is used as a real test 

case. Basically, the ADCS has been tested to control the 
satellite and estimate the attitude and rates during 
detumbling and standby modes where the magnetometer 
measurements and magnetorquers only can fulfill the 
mission attitude and rate accuracy requirements for these 
two modes. The next section describes briefly the 
statement of the problem then the MSDRE controller is 
developed and adopted for tracking problem. Through the 
fourth section the pseudo-linear representation of the 
system is derived and the stability issues are introduced. 
Before the simulation section, the state estimator design 
appears and discussed. Finally, the paper is concluded by 
testing the proposed ADCS via simulations.   
 
2   Statement of the Problem 
Consider the nonlinear system  

𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡) + 𝜈𝜈𝑥𝑥(𝑡𝑡)  (1) 
we will try to control this system such that its 
output is expressed as 

𝑦𝑦 = 𝑐𝑐𝑐𝑐 (2) 
with the availability of a set of measurements 

𝑧𝑧 = ℎ(𝑥𝑥, 𝑡𝑡) + 𝜈𝜈𝑧𝑧(𝑡𝑡) (3) 
where 𝜈𝜈𝑥𝑥(𝑡𝑡) and 𝜈𝜈𝑧𝑧(𝑡𝑡) are random zero-mean processes 
described by the process and measurement noise matrices 
𝑄𝑄𝑓𝑓 = 𝐸𝐸(𝜈𝜈𝑥𝑥𝜈𝜈𝑥𝑥𝑇𝑇)  and  𝑅𝑅𝑓𝑓 = 𝐸𝐸(𝜈𝜈𝑧𝑧𝜈𝜈𝑧𝑧𝑇𝑇). Now the task is to design 
a controller such that the system tracks a specified 
reference trajectory while a state estimator shall be 
plugged in to provide the necessary states to drive the 
controller. The reference trajectory is given by 

𝜒̇𝜒 = 𝐹𝐹𝐹𝐹  (4) 
𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐶𝐶𝐶𝐶 (5) 

the pair [𝐹𝐹,𝐶𝐶] is supposed to be completely observable. 
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3   The MSDRE Controller Design 
The control approach will be based on using the 
Differential State Dependent Riccati Euation DSDRE to 
solve tracking/model following problem. Let’s start by 
converting the nonlinear dynamics into a pseudo-linear 
system 

𝑥̇𝑥 = 𝐴𝐴(𝑥𝑥)𝑥𝑥 + 𝐺𝐺𝐺𝐺 (6) 
where 𝑢𝑢 is the control signal.  Note the process noise part is 
dropped in the controller design and it will be included 
through the estimator development. A new dynamic system 
can be derived by augmenting the pseudo-linear system 
with the reference trajectory model such that 

𝑥𝑥�̇ = 𝐴̃𝐴(𝑥𝑥�, 𝑡𝑡)𝑥𝑥� + 𝐺𝐺�𝑢𝑢 (7) 
where  𝑥𝑥� = �

𝑥𝑥
𝜒𝜒�,   𝐴̃𝐴 = �𝐴𝐴 0

0 𝐹𝐹�  and  𝐺𝐺� = �𝐺𝐺0�. Then a quadratic 
cost function 𝐽𝐽 is defined as  

𝐽𝐽 =
1
2
� �𝑥𝑥�𝑇𝑇𝑄𝑄�𝑥𝑥� + 𝑢𝑢𝑇𝑇𝑅𝑅𝑅𝑅�𝑑𝑑𝑑𝑑
𝑡𝑡𝑓𝑓

𝑡𝑡0

 (8) 

where  𝑄𝑄� = �
𝑄𝑄 −𝑄𝑄𝑄𝑄

−𝐶𝐶𝑇𝑇𝑄𝑄 𝐶𝐶𝑇𝑇𝑄𝑄𝑄𝑄� and nonnegative definite 

symmetric, while 𝑅𝑅 is positive definite symmetric. From 
the above, a generalized Riccati equation can be derived. 

−𝑃𝑃�̇ = �𝑃𝑃�𝐴̃𝐴 + 𝐴̃𝐴𝑇𝑇𝑃𝑃� − 𝑃𝑃�𝐺𝐺�𝑅𝑅−1𝐺𝐺�𝑇𝑇𝑃𝑃� + 𝑄𝑄�� 

+ � 

 

�
𝜕𝜕𝐴̃𝐴
𝜕𝜕𝑥𝑥�𝑖𝑖

𝑥𝑥��

𝑇𝑇

𝑃𝑃� +  �
𝜕𝜕𝐺𝐺�
𝜕𝜕𝑥𝑥𝑖𝑖

𝑢𝑢�
𝑇𝑇

𝑃𝑃� − 𝑃𝑃�𝐺𝐺�𝑅𝑅−1 �
𝜕𝜕𝐺𝐺�
𝜕𝜕𝜕𝜕

𝑢𝑢�
𝑇𝑇

𝑃𝑃�� 
(9) 

  
The first part of this equation is the well known state-
dependent Riccati equation, and the second part is due to 
the nonlinearity of the system. Neglecting the second part 
leads to only a suboptimal control. Through this work the 
matrix 𝐺𝐺� is only function of time, so the modified state-
dependent Riccati equation MSDRE for optimal control is 

−𝑃𝑃�̇ = 𝑃𝑃�𝐴̃𝐴 + 𝐴̃𝐴𝑇𝑇𝑃𝑃� − 𝑃𝑃�𝐺𝐺�𝑅𝑅−1𝐺𝐺�𝑇𝑇𝑃𝑃� + �
𝜕𝜕𝐴̃𝐴
𝜕𝜕𝑥𝑥�𝑖𝑖

𝑥𝑥��
𝑇𝑇

𝑃𝑃� + 𝑄𝑄�  (10) 

with a boundary condition, 𝑃𝑃��𝑡𝑡𝑓𝑓� = 0. This gives 
immediately the optimal control 𝑢𝑢 

𝑢𝑢 = −𝑅𝑅−1𝐺𝐺�𝑇𝑇𝑃𝑃�𝑥𝑥�  (11) 
The matrix 𝑃𝑃� can be partitioned as,  

𝑃𝑃� = � 𝑃𝑃 𝑃𝑃12
𝑃𝑃21 𝑃𝑃22

� (12) 
this gives the optimal control as follows 

𝑢𝑢 = 𝐾𝐾𝐾𝐾 + 𝐾𝐾𝜒𝜒𝜒𝜒 (13) 
where 

𝐾𝐾 = −𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃 (14) 
and 

𝐾𝐾𝜒𝜒 = −𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃12  (15) 
Figure 1 shows the augmented system controlled by use 
of linear state-variable feedback, as for a standard 
regulator. The modified Riccati equation becomes 
−𝑃̇𝑃 = 𝑃𝑃𝑃𝑃 + 𝐴𝐴𝑇𝑇𝑃𝑃 − 𝑃𝑃𝑃𝑃𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃

+ �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑥𝑥�
𝑇𝑇

𝑃𝑃 + 𝑄𝑄 
(16) 

The reference trajectory 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟  is usually given in a form of 

points calculated offline and can be interpolated with time 
so, let’s try to avoid the pair[𝐹𝐹,𝐶𝐶] in the Riccati 
equations. Define a new vector 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 , where 𝑒𝑒𝑒𝑒𝑒𝑒 stands for 
an external control signal as we will see 

𝑥̇𝑥 = 𝐴𝐴(𝑥𝑥)𝑥𝑥 + 𝐺𝐺𝐺𝐺 

𝜒̇𝜒 = 𝐹𝐹𝐹𝐹 

𝐾𝐾𝜒𝜒  

𝑐𝑐 

�  

𝑥𝑥 𝑦𝑦 

𝜒𝜒 

𝐾𝐾 

+ 

+ 

Augmented  
System

Controller

Fig. 1 Augmented System Control [2] 
 

𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑃𝑃12𝜒𝜒 (17) 
−𝑏̇𝑏𝑒𝑒𝑒𝑒𝑒𝑒 = −𝑃̇𝑃12𝜒𝜒 − 𝑃𝑃12 𝜒̇𝜒  (18) 

Using reference trajectory model in Eqs (4) and (5) leads 
to, 

−𝑏̇𝑏𝑒𝑒𝑒𝑒𝑒𝑒 = �𝐴𝐴𝑇𝑇 + �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑥𝑥�
𝑇𝑇

− 𝑃𝑃𝑃𝑃𝑅𝑅−1𝐺𝐺𝑇𝑇� 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟  (19) 

Similar treatment can be applied for 𝑃𝑃21 and 𝑃𝑃22 
defining two new vectors 𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒  and 𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒 as follows 

𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑃𝑃21
𝑇𝑇 𝜒𝜒 (20) 

and  
𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜒𝜒𝑇𝑇𝑃𝑃22𝜒𝜒 (21) 

Then the differential equations of  𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒  and 𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒  can be 
written as 

−𝑐̇𝑐𝑒𝑒𝑒𝑒𝑒𝑒 = [𝐴𝐴 − 𝐺𝐺𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃]𝑇𝑇𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟  (22) 
and 

𝑑̇𝑑𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇 𝐺𝐺𝑅𝑅−1𝐺𝐺𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑇𝑇 𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟  (23) 
Finally the optimal control can be rewritten as 

𝑢𝑢 = 𝐾𝐾𝐾𝐾 + 𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒  (24) 
where 

𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒 = −𝑅𝑅−1𝐺𝐺𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒  (25) 
represents the external control signal Fig.2. To 
summarize, we need to integrate the modified Riccati 
equations for 𝑃𝑃  and 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 , then the optimal control signal 
can be obtained. The boundary conditions for the 
MSDRE are 𝑃𝑃�𝑡𝑡𝑓𝑓� = 0 and 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 �𝑡𝑡𝑓𝑓� = 0 .  

𝑥̇𝑥 = 𝐴𝐴(𝑥𝑥)𝑥𝑥 + 𝐺𝐺𝐺𝐺 𝑐𝑐 �  

𝑥𝑥 𝑦𝑦 

𝐾𝐾 

+ 

+ 
−𝑅𝑅−1𝐺𝐺𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒  

Fig. 2 Optimal Trajectory Control [2] 
 

Proceedings of the 11th WSEAS International Conference on Automatic Control, Modelling and Simulation

ISSN: 1790-5117 257 ISBN: 978-960-474-082-6



4   Spacecraft Attitude Maneuver Using 
MSDRE 
This section provides a background about the spacecraft 
dynamics and kinematics modelling with proposed 
disturbances, and then a pseudo-linear representation for 
this model is adopted such that the application of the 
MSDRE scheme can be implemented. 

 
4.1 Spacecraft Attitude Dynamics 
The attitude dynamics of a rigid spacecraft can be 
expressed by the well-known Euler’s equation in presence 
of momentum exchange devices and given 

𝜔̇𝜔 = −𝐼𝐼−1[𝜔𝜔 × (𝐼𝐼𝐼𝐼 + ℎ)] + 𝐼𝐼−1�𝑇𝑇 − ℎ̇� (26) 
The torque 𝑇𝑇 is the total torque vector exerted on the 
spacecraft which includes gravity gradient torque 

𝑇𝑇𝑔𝑔𝑔𝑔 =
3𝜇𝜇

|𝑅𝑅𝑆𝑆|3 �𝑅𝑅�𝑆𝑆 × �𝐼𝐼𝑅𝑅�𝑆𝑆�� (27) 

where 𝑅𝑅𝑆𝑆 is the position vector, and 𝜇𝜇 is the Earth’s 
gravitational constant.  Then the aerodynamic torque 

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
1
2
𝐶𝐶𝑑𝑑𝜌𝜌|𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 |2 ��𝑁𝑁�𝑖𝑖 ∙ 𝑉𝑉�𝑟𝑟𝑟𝑟𝑟𝑟 �

𝑛𝑛

𝑖𝑖=1

 �𝑉𝑉�𝑟𝑟𝑟𝑟𝑟𝑟 × 𝑟𝑟𝑖𝑖� 𝐴𝐴𝑖𝑖  (28) 

The summation is taken over 𝑛𝑛 surfaces of the spacecraft 
with area 𝐴𝐴𝑖𝑖and unit outward normal vector 𝑁𝑁�𝑖𝑖  . The 
parameter 𝐶𝐶𝑑𝑑  is the drag coefficient and 𝜌𝜌 is the 
atmosphere density.  The velocity vector relative to the 
rotating atmosphere is 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑉𝑉𝑆𝑆 − 𝜔𝜔⨁ × 𝑅𝑅𝑆𝑆 , where 𝜔𝜔⨁ is 
the Earth’s rotational velocity, and 𝑉𝑉𝑆𝑆 is the spacecraft 
velocity.  Also, the magnetic disturbance torque 

𝑇𝑇𝑚𝑚 = 𝑚𝑚 × 𝐵𝐵 (29) 
The spacecraft dipole moment is the vector 𝑚𝑚 while 𝐵𝐵 is 
the Earth’s magnetic field. The control strategy is based 
on using only magnetic torquers in a momentum biased 
system, so the control torque is given by  

𝑇𝑇𝑐𝑐 = 𝑀𝑀 × 𝐵𝐵 (30) 
where 𝑀𝑀 is the dipole moment generated by the 
magnetic torquers.  Let’s assume that there is another 
control signal 𝑢𝑢 which constructs an orthogonal set with 
the two vectors  𝑀𝑀 , and 𝐵𝐵, then 

𝑇𝑇𝑐𝑐 = −
[𝐵𝐵 ×][𝐵𝐵 ×]

|𝐵𝐵|2  𝑢𝑢 = 𝐺̅𝐺𝑢𝑢 (31) 

where the anti-symmetric matrix [𝐵𝐵 ×] is defined by 

[𝐵𝐵 ×] = �
0 −𝑏𝑏3 𝑏𝑏2
𝑏𝑏3 0 −𝑏𝑏1
−𝑏𝑏2 𝑏𝑏1 0

� (32) 

Finally, the total torque is 𝑇𝑇 = 𝑇𝑇𝑔𝑔𝑔𝑔 + 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑇𝑇𝑚𝑚 + 𝑇𝑇𝑐𝑐 . 
Note all vectors in the previous equations are derived in 
the spacecraft body frame. 
 
4.2  Quaternion Kinematics 
The spacecraft attitude is represented through the 
quaternion, defined by 

𝑞𝑞 ≡ �
𝑞𝑞13
𝑞𝑞4
� (33) 

while the vector part 𝑞𝑞13 ≡ [𝑞𝑞1 𝑞𝑞2 𝑞𝑞3]𝑇𝑇 = 𝑛𝑛�  sin(𝛼𝛼 2⁄ ) and 

the scalar part  𝑞𝑞4 = cos(𝛼𝛼 2⁄ ). Here 𝑛𝑛� is a unit vector 
corresponding to the principal axis of rotation and 𝛼𝛼 is the 
angle of rotation. The quaternion kinematics is derived 
through the spacecraft’s angular velocity as follows 

𝑞̇𝑞 =
1
2
Ω(𝜔𝜔)𝑞𝑞 =

1
2
Ξ(𝑞𝑞)𝜔𝜔 (34) 

where Ω(𝜔𝜔) and Ξ(𝑞𝑞) are defined as 

Ω(𝜔𝜔) = �
−[𝜔𝜔 ×] ⋮ 𝜔𝜔

… ⋮ …
−𝜔𝜔𝑇𝑇 ⋮ 0

� and  Ξ(𝑞𝑞) = �
𝑞𝑞4𝑈𝑈3×3 + [𝑞𝑞13 ×]

…
−𝑞𝑞13

𝑇𝑇
�. 

Here 𝑈𝑈3×3 is a unit matrix. The quaternion four elements 
satisfy the following normalization constraint 𝑞𝑞𝑇𝑇𝑞𝑞 =
𝑞𝑞13
𝑇𝑇 𝑞𝑞13 + 𝑞𝑞4

2 = 1. 
 
4.3  Pseudo-Linear Modelling 
Now the task is to derive a pseudo-linear system in the 
form of Eq.(6) such that the MSDRE control scheme can 
be applied. Starting with the state vector 𝑥𝑥 resulting from 
the augmentation of the spacecraft dynamics with the 
quaternion kinematics as follows 

𝑥𝑥𝑇𝑇 = [𝜔𝜔 𝑞𝑞]𝑇𝑇  (35) 
The state vector 𝑥𝑥 describes the spacecraft angular velocity 
and attitude in the body frame w.r.t the inertial frame.Let’s 
consider the first part of the attitude dynamic equation 

𝐹𝐹1 = −𝐼𝐼−1[𝜔𝜔 × (𝐼𝐼𝐼𝐼 + ℎ)] =
1
2
𝜕𝜕𝐹𝐹1

𝜕𝜕𝜕𝜕
 𝜔𝜔 +

1
2
𝐼𝐼−1[ℎ ×]𝜔𝜔 (36) 

The attitude matrix is given by 
Π = (𝑞𝑞4

2 − 𝑞𝑞13
𝑇𝑇 𝑞𝑞13) 𝑈𝑈3×3 + 2𝑞𝑞13𝑞𝑞13

𝑇𝑇 − 2𝑞𝑞4[𝑞𝑞13 ×] (37) 
and its derivates w.r.t 𝑞𝑞𝑖𝑖  are  
𝜕𝜕Π
𝜕𝜕𝑞𝑞𝑖𝑖

= −2𝑞𝑞𝑖𝑖𝑈𝑈3×3 + 2[𝑞𝑞13𝑢𝑢𝑖𝑖𝑇𝑇 + 𝑢𝑢𝑖𝑖𝑞𝑞13
𝑇𝑇 ] − 2𝑞𝑞4[𝑢𝑢𝑖𝑖 ×] (38) 

𝑢𝑢𝑖𝑖  is ith column of the unit matrix 𝑈𝑈 and  𝑖𝑖 = 1 … 3. 
𝜕𝜕Π
𝜕𝜕𝑞𝑞4

= 2𝑞𝑞4𝑈𝑈3×3 − 2[𝑞𝑞13 ×] (39) 

From the above it can be shown that  Π = 1
2
∑ ∂Π

∂𝑞𝑞𝑖𝑖
4
i=1 𝑞𝑞𝑖𝑖  . If 

there is a vector expressed in the inertial frame 𝑇𝑇𝐼𝐼, its 
transformation to body frame 𝑇𝑇𝑏𝑏  is obtained by 

𝑇𝑇𝑏𝑏 = Π𝑇𝑇𝐼𝐼 =
1
2
�

∂Π
∂𝑞𝑞𝑖𝑖

4

i=1

𝑞𝑞𝑖𝑖𝑇𝑇𝐼𝐼 =
1
2

 
∂𝑇𝑇𝑏𝑏
∂𝑞𝑞

𝑞𝑞  (40) 

Applying this result to the second part of the attitude 
dynamic equation i.e. torque vectors, leads to 
𝑇𝑇𝑔𝑔𝑔𝑔 = 1

4
𝜕𝜕𝑇𝑇𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕

 𝑞𝑞, 𝑇𝑇𝑚𝑚 = 1
2
𝜕𝜕𝑇𝑇𝑚𝑚
𝜕𝜕𝜕𝜕

 𝑞𝑞 , and 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 1
4
𝜕𝜕𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕

 𝑞𝑞.  
Note the Earth’s rotation effect is neglected w.r.t 
spacecraft velocity. Also, the quaternion kinematics can be 
rewritten as follows: 

𝑞̇𝑞 =
1
2
�
𝜕𝜕𝑞̇𝑞
𝜕𝜕𝜕𝜕

𝜔𝜔 +
𝜕𝜕𝑞̇𝑞
𝜕𝜕𝜕𝜕

𝑞𝑞� (41) 

Now the augmented attitude dynamics and kinematics 
equations can be expressed in pseudo-linear form 

Proceedings of the 11th WSEAS International Conference on Automatic Control, Modelling and Simulation

ISSN: 1790-5117 258 ISBN: 978-960-474-082-6



�
𝜔̇𝜔
…
𝑞̇𝑞
� =

1
2

⎣
⎢
⎢
⎢
⎢
⎡𝜕𝜕𝐹𝐹1

𝜕𝜕𝜕𝜕
⋮ 𝐼𝐼−1 �

𝜕𝜕𝑇𝑇𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑇𝑇𝑚𝑚
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕

�

… ⋮ …
𝜕𝜕𝑞̇𝑞
𝜕𝜕𝜕𝜕

⋮
𝜕𝜕𝑞̇𝑞
𝜕𝜕𝜕𝜕 ⎦

⎥
⎥
⎥
⎥
⎤

�
𝜔𝜔
…
𝑞𝑞
�

+ �
𝐼𝐼−1𝐺̅𝐺

…
0

� 𝑢𝑢

+ �

1
2
𝐼𝐼−1[ℎ ×] ⋮ −

1
4
𝐼𝐼−1 �

𝜕𝜕𝑇𝑇𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕

�

… ⋮ …
0 ⋮ 0

� �
𝜔𝜔
…
𝑞𝑞
�

  

  
or 

𝑥̇𝑥 = 𝐴𝐴(𝑥𝑥)𝑥𝑥 + 𝐺𝐺𝐺𝐺 + Γ(𝑥𝑥)𝑥𝑥 (42) 
The effect of the matrix Γ(𝑥𝑥) on the system is negligible 
compared to 𝐴𝐴(𝑥𝑥) and is proved by simulation as will be 
presented in the section of simulations results. Consider 
the augmented system without the control vector 

𝑥̇̅𝑥 = 𝑓𝑓(̅𝑥𝑥, 𝑡𝑡) = 𝐴𝐴(𝑥𝑥)𝑥𝑥 (43) 
simply, 𝐴𝐴(𝑥𝑥) = 1

2
 𝜕𝜕𝑓𝑓

̅

𝜕𝜕𝜕𝜕
, where 𝜕𝜕𝑓𝑓

̅

𝜕𝜕𝜕𝜕
   is the Jacobian 

𝜕𝜕𝑥̇̅𝑥
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕𝑓𝑓̅
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑖𝑖

𝑥𝑥 + 𝐴𝐴(𝑥𝑥)𝑖𝑖  (44) 

where 𝐴𝐴(𝑥𝑥)𝑖𝑖  is ith column of the matrix  𝐴𝐴(𝑥𝑥). From the 
above �𝜕𝜕𝜕𝜕(𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑥𝑥� = 𝐴𝐴(𝑥𝑥). The reference trajectory can be 

obtained by 
𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟

𝑏𝑏𝑏𝑏 + Π𝑟𝑟𝑟𝑟𝑟𝑟
𝑏𝑏𝑏𝑏 𝜔𝜔𝑟𝑟𝑟𝑟  (45) 

𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟𝑏𝑏𝑏𝑏 ⊗ 𝑞𝑞𝑜𝑜𝑜𝑜  (46) 
where 𝑏𝑏, 𝑜𝑜, and 𝐼𝐼 stand for body, orbit, and inertial frames, 
respectively. Usually the reference trajectory is given in 
body frame w.r.t orbit frame so the previous relations are 
used to derive the corresponding reference trajectory in 
body frame w.r.t inertial frame. Then  𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑇𝑇 = [𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟 𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟 ]𝑇𝑇 . 
Now, we can apply the MSDRE control scheme to 
spacecraft attitude tracking using the backward solution of 

−𝑃̇𝑃 = 𝑃𝑃𝑃𝑃 + 2𝐴𝐴𝑇𝑇𝑃𝑃 − 𝑃𝑃𝑃𝑃𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃 + 𝑄𝑄 (47) 
−𝑏̇𝑏𝑒𝑒𝑒𝑒𝑒𝑒 = [2𝐴𝐴𝑇𝑇 − 𝑃𝑃𝑃𝑃𝑅𝑅−1𝐺𝐺𝑇𝑇]𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟  (48) 

The control gain 𝐾𝐾, the external control component 𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒 , 
and the optimal control signal 𝑢𝑢 are obtained through 
Eq.(14), Eq.(25), and Eq.(24), respectively. 
 
4.4  Effect of Actuator Saturation 
Due to the actuator saturation the optimal dipole moment 
𝑀𝑀∗ resulting from the MSDRE controller should be scaled 
down keeping its direction as it is.  From Fig. 3 the 
following relation can be obtained  

𝑀𝑀𝑠𝑠
∗ =

𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚

𝑀𝑀𝑖𝑖
∗  𝑀𝑀∗ (49) 

where 𝑀𝑀𝑠𝑠
∗ is the scaled dipole moment, 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚   is the 

maximum dipole moment of the magnetic torquer, and  𝑀𝑀𝑖𝑖
∗ 

is the maximum projected  dipole moment on  𝑖𝑖  axis. 

Mmax

M*i

M*s

M*

 
Fig. 3 Schematic Diagram for Scaled Dipole Moment 

4.5  Stability of the MSDRE Controller 
Based on Lyapunov’s method, stability regimes of the 
MSDRE can be estimated. Choose  𝑉𝑉(𝑥𝑥�) = 𝑥𝑥�𝑇𝑇𝑃𝑃�𝑥𝑥� as a 
Lyapunov function candidate, where 𝑃𝑃� is the positive 
definite solution of the modified Riccati equation Eq.(10). 
Rewriting  

𝑉𝑉 = 𝑥𝑥𝑇𝑇𝑃𝑃𝑃𝑃 + 𝑥𝑥𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇 𝑥𝑥 + 𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒  (50) 
then the time derivative becomes 
𝑉̇𝑉 = 𝑥̇𝑥𝑇𝑇𝑃𝑃𝑃𝑃 + 𝑥𝑥𝑇𝑇𝑃̇𝑃𝑥𝑥 + 𝑥𝑥𝑇𝑇𝑃𝑃𝑥̇𝑥   + 𝑥̇𝑥𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑥𝑥𝑇𝑇𝑏̇𝑏𝑒𝑒𝑒𝑒𝑒𝑒

+ 𝑐̇𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇 𝑥𝑥 + 𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇 𝑥̇𝑥 + 𝑑̇𝑑𝑒𝑒𝑒𝑒𝑒𝑒  
(51) 

sub., with Eq.(6) where  𝑢𝑢 = −𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃𝑃𝑃 − 𝑅𝑅−1𝐺𝐺𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒  and 
using the modified Riccati equations  

𝑉̇𝑉 = −�𝜂𝜂𝑇𝑇𝑅𝑅𝑅𝑅+𝜆𝜆𝑇𝑇𝑅𝑅−1𝜆𝜆 + 𝑥𝑥𝑇𝑇𝑄𝑄𝑄𝑄 + 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑇𝑇 𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟 �
−[2𝜆𝜆𝑇𝑇𝜂𝜂 + 𝑥𝑥𝑇𝑇𝐴𝐴𝑇𝑇(𝑃𝑃𝑃𝑃 + 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 )]

+�𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑇𝑇 𝑄𝑄𝑄𝑄 + 𝑥𝑥𝑇𝑇𝑄𝑄𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟 �
 (52) 

where  𝜂𝜂 = 𝑅𝑅−1𝐺𝐺𝑇𝑇𝑃𝑃𝑃𝑃 and  𝜆𝜆 = 𝐺𝐺𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 . Since 𝑄𝑄 and 𝑅𝑅 are 
positive definite matrices then the first part is negative, 
also the last part is small and can be neglected specially 
when 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑇𝑇 = [06×1 1]𝑇𝑇 and the last term of the 𝑄𝑄  
matrix is chosen to be relatively small.  Then regions 
should be estimated to ensure negative values of the 
second term and hence the stability of the system. To 
estimate the stability regions of the candidate MSDRE 
controller, uniformly random distributed initial conditions 
Θ and Ω on the intervals ±Θ∗ 𝑑𝑑𝑑𝑑𝑑𝑑 and ±Ω∗ 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠 for 
each axis, are generated and the following conditions are 
investigated: 

𝑉𝑉(𝑥𝑥) > 0 𝑎𝑎𝑎𝑎𝑎𝑎  𝑉̇𝑉(𝑥𝑥) < 0 (53) 
  

5   State Estimator Design 
The well known extended Kalman filter EKF is used 
through this work as a state estimator to provide the 
MSDRE controller with the necessary states required to 
drive the controller.  
 
5.1 Filter Process Model 
The spacecraft dynamics and kinematics, given in Eqs. 
(26) and (34) are augmented to represent the system 
process model.  Also, the spacecraft residual dipole and 
the drag coefficient are added to the state vector for more 
filter robustness. 
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⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜔̇𝜔
…
𝑞̇𝑞
…
𝑚̇𝑚
…
𝐶̇𝐶𝑑𝑑⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡−𝐼𝐼

−1[𝜔𝜔 × (𝐼𝐼𝐼𝐼 + ℎ)] + 𝐼𝐼−1�𝑇𝑇 − ℎ̇�
… … … … …

1
2
Ξ(𝑞𝑞)𝜔𝜔

… … … … …
0

… … … … …
0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜈𝜈𝜔𝜔
…
0
…
𝜈𝜈𝑚𝑚
…
𝜈𝜈𝑐𝑐 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡) + 𝜈𝜈𝑥𝑥(𝑡𝑡) 

(54) 

The state vector 𝑥𝑥 is eleven-dimensional, defined as 
𝑥𝑥𝑇𝑇 = [𝜔𝜔 𝑞𝑞 𝑚𝑚 𝐶𝐶𝑑𝑑]𝑇𝑇  (55) 

  
5.2 Filter Measurement Model 

The measurement equation, required for the application of 
the extended Kalman filtering, is derived from vector 
kinematics and considered to be a nonlinear function of the 
states according to 

�
𝐵𝐵𝑏𝑏
…
𝐵̇𝐵𝑏𝑏
� = �

Π𝐵𝐵𝐼𝐼
… … …

Π𝐵̇𝐵𝐼𝐼 − 𝜔𝜔 × (Π𝐵𝐵𝐼𝐼)
� + �

𝜈𝜈𝐵𝐵
…
𝜈𝜈𝐵̇𝐵
� 

𝑧𝑧 = ℎ(𝑥𝑥, 𝑡𝑡) + 𝜈𝜈𝑧𝑧(𝑡𝑡) 

(56) 

where 𝐵𝐵𝐼𝐼 is a vector of some reference such as the 
position vector to the Sun, to a star or the Earth’s 
magnetic field vector in a reference coordinate system, 
and 𝐵𝐵𝑏𝑏  is the corresponding measured vector in the 
spacecraft body frame. Only magnetometer 
measurements and its time derivatives are considered 
through this work. The prediction of the state estimates 
and covariance are accomplished by 

𝑥𝑥�𝑘𝑘− = � 𝑓𝑓(𝑥𝑥, 𝜏𝜏) 𝑑𝑑𝑑𝑑
∆𝑡𝑡

0
 (57) 

𝑃𝑃𝑓𝑓𝑘𝑘
− = Φ𝑘𝑘𝑃𝑃𝑓𝑓𝑘𝑘−1

− Φ𝑘𝑘
𝑇𝑇 + 𝑄𝑄𝑓𝑓𝑘𝑘  (58) 

where Φ ≈ 𝑈𝑈 + 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
∆𝑡𝑡 is the state transition matrix and 𝑃𝑃𝑓𝑓  is 

the error covariance matrix.  It obviously can be shown 
that the derivatives needed for the Jacobian 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
  are 

already included in the state-dependent matrix 𝐴𝐴(𝑥𝑥). Only 
it is needed to calculate the derivative of the control 
torque w.r.t the states which simply can be given as 
𝜕𝜕𝑇𝑇𝑐𝑐
𝜕𝜕𝜕𝜕

= 𝐺𝐺𝐺𝐺 . Note an accurate integration method should be 
used to perform the state propagation.   The discrete 
process covariance 𝑄𝑄𝑓𝑓𝑘𝑘 is computed according to 𝑄𝑄𝑓𝑓𝑘𝑘 =

∫ Φ(𝜏𝜏) 𝑄𝑄𝑓𝑓  Φ𝑇𝑇(𝜏𝜏)𝑑𝑑𝑑𝑑∆𝑡𝑡
0 . A closed form solution can be 

obtained as 

𝑞𝑞�𝑖𝑖𝑖𝑖𝑓𝑓 = 𝑞𝑞𝑖𝑖𝑓𝑓∆𝑡𝑡(1 + 𝑎𝑎𝑖𝑖𝑖𝑖∆𝑡𝑡) + �
𝑞𝑞𝑗𝑗𝑓𝑓𝑎𝑎𝑖𝑖𝑖𝑖

2∆𝑡𝑡3

3

𝑛𝑛

𝑗𝑗=1

 

𝑞𝑞�𝑖𝑖𝑖𝑖 𝑓𝑓 = 𝑞𝑞𝑖𝑖𝑓𝑓𝑎𝑎𝑗𝑗𝑗𝑗 ∆𝑡𝑡
2 �

1
2

+ 𝑎𝑎𝑖𝑖𝑖𝑖
∆𝑡𝑡
3
�

+𝑞𝑞𝑗𝑗 𝑓𝑓𝑎𝑎𝑖𝑖𝑖𝑖 ∆𝑡𝑡
2 �

1
2

+ 𝑎𝑎𝑗𝑗𝑗𝑗
∆𝑡𝑡
3
� + �

𝑞𝑞𝑙𝑙𝑓𝑓𝑎𝑎𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗𝑗𝑗 ∆𝑡𝑡
3

3

𝑛𝑛

𝑙𝑙=1
𝑙𝑙≠𝑖𝑖
𝑙𝑙≠𝑗𝑗

 

(59) 

where  𝑖𝑖, 𝑗𝑗 = 1⋯⋯𝑁𝑁, and 𝑛𝑛 = 𝑁𝑁 − 𝑖𝑖.  Here 𝑁𝑁 is the no. of 
states, 𝑞𝑞𝑖𝑖𝑓𝑓  and 𝑞𝑞�𝑖𝑖𝑖𝑖 𝑓𝑓  are the elements of matrices 𝑄𝑄𝑓𝑓  and  

𝑄𝑄𝑓𝑓𝑘𝑘respectively (𝑄𝑄𝑓𝑓 is assumed to be diagonal) while 𝑎𝑎𝑖𝑖𝑖𝑖  

is the elements of the Jacobian matrix 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

. Finally, as 
with the basic discrete Kalman filter, the measurement 
update equations correct the state and covariance 
estimates with the measurements 𝑧𝑧𝑘𝑘  as follows 

𝐾𝐾𝑓𝑓𝑘𝑘 = 𝑃𝑃𝑓𝑓𝑘𝑘
−𝐻𝐻𝑘𝑘𝑇𝑇 �𝐻𝐻𝑘𝑘𝑃𝑃𝑓𝑓𝑘𝑘

−𝐻𝐻𝑘𝑘𝑇𝑇 + 𝑅𝑅𝑓𝑓𝑘𝑘�
−1

 (60) 
𝑥𝑥�𝑘𝑘 = 𝑥𝑥�𝑘𝑘− + 𝐾𝐾𝑓𝑓𝑘𝑘[𝑧𝑧𝑘𝑘 − ℎ(𝑥𝑥�𝑘𝑘−)] (61) 

𝑃𝑃𝑓𝑓𝑘𝑘 = �𝑈𝑈 − 𝐾𝐾𝑓𝑓𝑘𝑘𝐻𝐻𝑘𝑘�𝑃𝑃𝑓𝑓𝑘𝑘
− �𝑈𝑈 − 𝐾𝐾𝑓𝑓𝑘𝑘𝐻𝐻𝑘𝑘�

𝑇𝑇

+ 𝐾𝐾𝑓𝑓𝑘𝑘𝑅𝑅𝑓𝑓𝑘𝑘𝐾𝐾𝑓𝑓𝑘𝑘
𝑇𝑇  

(62) 

where 𝐻𝐻 = �𝜕𝜕ℎ(𝑥𝑥 ,𝑡𝑡)
𝜕𝜕𝜕𝜕

�
𝑥𝑥=𝑥𝑥�

 and 𝐾𝐾𝑓𝑓𝑘𝑘 is the Kaman gain. 
 
6   Simulation Results 
To test the developed ADCS, EgyptSat-1, injected in 
sun-synchronous low Earth orbit is used as a real test 
case. The initial control strategy of EgyptSat-1 was to 
utilize only the magnetorquers to detumble the 
spacecraft after separation and then to use the 
magnetometer reading to estimate the attitude and rates 
during the standby/stabilization mode.  Unfortunately, 
during the commissioning phase the reaction wheels had 
been used in additions to magnetorquers to detumble the 
spacecraft in order to maintain the power profile of the 
spacecraft, since it was found that using only 
magnetorquers would not detumble the spacecraft in the 
proper time.   Also, the fiber gyros onboard had to be 
used for rate measurements and a strap down scheme 
was used for obtaining the attitude. The proposed 
controller/estimator design is utilized through both 
detumbling and standby/stabilization modes using only 
magnetorquers and magnetometer readings to meet the  
ADCS requirements, summarized by depressing  the 
total angular velocity after separation to less than 
0.1 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 in one orbit and half. Then to bring the 
spacecraft to stabilization (Earth pointing) mode in no 
more than three orbits due to the spacecraft power 
profile. Also, to maintain the pointing accuracy during 
stabilization mode within 5 𝑑𝑑𝑑𝑑𝑑𝑑 and rate less than 
0.05 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 in each axis. Finally, to achieve attitude 
determination accuracy better than 5 𝑑𝑑𝑑𝑑𝑑𝑑 and rate of 
0.03 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 during the same mode. Before the 
discussion of the simulations results, the initial 
conditions obtained from the Launch Vehicle provider 
according the worst condition of separation are 
represented by angular velocities 𝜔𝜔 = [4 4 2]𝑇𝑇  𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠, 
attitude in Euler Angles 𝐸𝐸𝐸𝐸 = [40 40 40]𝑇𝑇  𝑑𝑑𝑑𝑑𝑑𝑑, pitch 
wheel bias ℎ = [0 −0.1 0]𝑇𝑇  𝑁𝑁.𝑚𝑚. 𝑠𝑠, position 𝑅𝑅𝑆𝑆 =
[−1220 −966.5 6854]𝑇𝑇  𝑘𝑘𝑘𝑘, and  velocity 𝑉𝑉𝑆𝑆 =
[−7.426 0.1801 −1.277]𝑇𝑇  𝑘𝑘𝑘𝑘/𝑠𝑠. For the MSDRE 
controller, two sets of weighting matrices 𝑅𝑅  and 𝑄𝑄 are 
used for the both flight modes, while the switching 
occurs according to value of the angular velocity and 
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scheduled such that  𝑅𝑅 = [108 108 108]𝑇𝑇  and 𝑄𝑄 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 �
[2.0 × 108 2.0 × 108 2.0 × 108]𝑇𝑇

[106 106 106 1.0]𝑇𝑇 � for detumbling 

mode while for stabilization mode 𝑅𝑅 = [108 108 108]𝑇𝑇  

and 𝑄𝑄 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 �
[2.0 × 108 4.0 × 109 2.0 × 108]𝑇𝑇

[5.5 × 106 5.5 × 106 5.5 × 106 1.0]𝑇𝑇�. 

The switching condition is represented by𝜔𝜔𝑥𝑥𝑏𝑏𝑏𝑏 ≤
0.03 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠 and 𝜔𝜔𝑧𝑧𝑏𝑏𝑏𝑏 ≤ 0.03 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠. The three-axis 
magnetometer (TAM) senor noise has a standard 
deviation 𝜎𝜎𝐵𝐵 = 50𝑛𝑛𝑛𝑛. The induced noise due to 
measurement differentiation can be calculated as 
𝜈𝜈𝐵̇𝐵𝑘𝑘 =

𝜈𝜈𝐵𝐵𝑘𝑘+1−𝜈𝜈𝐵𝐵𝑘𝑘
∆𝑡𝑡

. So, it is also a zero mean white noise 

with a standard deviation 𝜎𝜎𝐵̇𝐵
2 = 2𝜎𝜎𝐵𝐵

2

∆𝑡𝑡
. The sampling time 

of the ADCS control loop is larger than the sampling 
time of the magnetometer which is considered a fast 
sensor. So, during one sampling interval, several 
magnetometer readings can be obtained.  Then, the time 
derivatives of the magnetic field measurements are 
computed in a semi analytical method via differentiating 
the polynomials result from a cubic spline fit of the 
measurement data during each sampling interval. Care 
must be taken to use a reasonable number of readings 
during the sampling interval since using a low number, 
results in poor presentation of the magnetic field and a 
high number results in very noisy derivatives.  To 
preserve the quaternion normalization constraint, 
different methods handled this problem such as adding a 
pseudo – measurement or truncating the state vector.  
For simplicity and reduction of the computational 
burden, quaternion normalization; namely 𝑞𝑞𝑘𝑘+1 𝑘𝑘+1⁄

∗ =
𝑞𝑞�𝑘𝑘+1 𝑘𝑘+1⁄

�𝑞𝑞�𝑘𝑘+1 𝑘𝑘+1⁄ �
 is used through this work. The filter is 

initialized using initial states 
 𝑥𝑥0 = [0 0 0 0 0 0 1.0 0 0 0 0]𝑇𝑇 and 

𝑃𝑃𝑓𝑓0
= 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

⎣
⎢
⎢
⎡[0.20942 0.20942 0.20942]𝑇𝑇

[11×4]𝑇𝑇
[0.052 0.052 0.052]𝑇𝑇

0.012 ⎦
⎥
⎥
⎤
  

as initial error covariance while, the process and 
measurement noise covariance matrices  𝑄𝑄𝑓𝑓  and 𝑅𝑅𝑓𝑓  are 
assembled according to 
𝑄𝑄𝑓𝑓 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

⎣
⎢
⎢
⎡[(6.25 × 10−7)2 (5.99 × 10−7)2 (7.04 × 10−7)2]𝑇𝑇

[01×4]𝑇𝑇
[(10−5)2 (10−5)2 (10−5)2]𝑇𝑇

0.012 ⎦
⎥
⎥
⎤
  

𝑅𝑅𝑓𝑓

= 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 �
[(5.0 × 10−8)2 (5.0 × 10−8)2 (5.0 × 10−8)2]𝑇𝑇

[(6.25 × 10−9)2 (6.25 × 10−9)2 (6.25 × 10−9)2]𝑇𝑇� 

The rest of the simulation parameters are defined to be 
magnetorquer strength 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 = [10 10 10]𝑇𝑇  𝐴𝐴.𝑚𝑚2, 
spacecraft dipole 𝑚𝑚 = [0.3 0.3 0.3]𝑇𝑇  𝐴𝐴.𝑚𝑚2, drag 
coefficient 𝐶𝐶𝑑𝑑 = 2, time Span  of 20 orbit, and sampling  
time of 4 𝑠𝑠. The integration algorithm used for the 

modified Riccati equation and state propagation is Runge - 
Kutta ode4 and the magnetic field vector 𝐵𝐵 is based on 
IGRF 2005 Model. Figure 4 indicates the minor influence 
of the matrix Γ(𝑥𝑥)  in Eq. (42) compared to 𝐴𝐴(𝑥𝑥) and is 
since the resulting r.m.s error of the angular velocity is less 
than 0.002 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠  and almost zero for the quaternion. The 
total angular velocity is depressed after separation from 
6 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 to 0.072 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 in 1.5 orbit and kept to less 
than 0.03 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 upto 20 orbits as shown in Fig. 5.  The 
pointing and angular velocity errors are shown in Figs. 6 
and 7 through two time windows. The first one represents 
the detumbling mode and extends upto 3 orbit and the 
other shows the performance during the standby mode. 
The MSDRE controller successfully drives the spacecraft 
from detumbling mode to become in an Earth pointing 
mode in less than two orbits since the pointing error starts 
to be bounded within 5 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 and the angular velocity 
error reaches values less than 0.05 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠. Then these 
conditions are maintained during the standby mode as 
shown in the right hand side of Figs. 6 and 7.  Figure 8 
gives a picture of the history of the applied dipole 
moments, and the corresponding control torque appears in 
Fig.9. It should be mentioned here that the hardware 
configuration and sizing are kept to the original values as 
in EgyptSat-1, since the magnetorquers in addition to the 
reaction wheels are utilized to control the spacecraft while 
in the current work only magnetorquers are used. 
However, larger values of the dipole moments might be 
used to avoid reaching the saturation limits specially, 
during the standby mode. The stability condition in Eq. 
(53) is verified as in Fig. 10 which indicates the history of 
the Lyapunov function and its time derivatives through all 
over the both modes. Figures 11 through 14 describe the 
performance of the proposed filter. The first two figures 
show the fast convergence of the filter since it successfully 
estimated the attitude and rate within the required values. 
It clearly can be shown the synchronization of the 
convergence of the filter and the controller, since the filter 
also, starts to reach the required accuracy for the attitude 
and rate in less than two orbits and kept this accuracy 
throughout the standby mode to be better than 5 𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔 and 
less than 0.03 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠𝑠𝑠𝑠𝑠 for the attitude and rate 
respectively. Figures 13 and 14 indicate the estimation 
errors for the spacecraft dipole and the drag coefficient. 
Both parameters start to converge almost after 6 orbits to 
reach steady state values of  0.02 𝐴𝐴.𝑚𝑚2 and 0.13 for the 
spacecraft dipole and the drag coefficient respectively.  
Finally to estimate the stability regions of the candidate 
MSDRE controller, uniformly random distributed initial 
conditions on the intervals [−150  150] 𝑑𝑑𝑑𝑑𝑔𝑔 and 
[−5  5] 𝑑𝑑𝑑𝑑𝑑𝑑/𝑠𝑠 for each axis are generated and stability 
condition in Eq. (53) is investigated also, the attitude and 
rate estimation accuracy are investigated throughout the 
same intervals to demonstrate filter convergence and 
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stability. Figures 15 and 16 give the resulting stability 
regimes for the overall ADCS. 
 
7   Conclusions 
A modified state-dependent Riccati equation MSDRE 
based controller has been developed and adopted for 
spacecraft attitude maneuver/tracking. An extended 
Kalman filter EKF based estimator has been developed 
for attitude and rate estimation using only one reference 
sensor. While the magnetometer measurements are used 
through this paper, any other reference sensor can be used 
or added to the measurement model. The stability of the 
controller and estimator is demonstrated by identifying 
the regimes of different initial conditions which lead to 
Lyapunov function convergence and bounded attitude and 
rate estimation accuracy.  
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Fig 4 Effect of Γ Matrix on the Spacecraft Dynamics 

 

 
Fig. 5 Total Angular Velocity History 
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Fig. 6 Pointing Error (Detumbling/Transient-Standby) 

 
Fig. 7 Angular Velocity Error (Detumbling/Transient-Standby) 
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Fig. 9 Applied Control Torque 

 
Fig.10 Lyapunov Function and Its Time Derivative 

 
Fig. 11 attitude Estimation Error (Detumbling/Transient-Standby) 

 
Fig. 12 Angular Velocity Estimation Error (Detumbling/Transient-Standby) 

 
Fig. 13 Spacecraft Dipole Estimation Error

 
Fig. 14 Drag Coefficient Estimation Error

 
Fig.15 Euler Angles Stability Regimes

 
Fig. 16 Angular Velocity Stability Regimes 
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