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Abstract: - A nonlinear control scheme using a Modified State—Dependent Riccati Equation MSDRE has been
developed through a pseudo-linearization of spacecraft augmented dynamics and kinematics. The full-state knowledge,
required for the control loop is provided through a generalized algorithm for spacecraft three-axis attitude and rate
estimation based on the utilization of magnetometer measurements and their time derivatives, while the control torque is

generated via magnetorquers.

The resulted attitude determination and control system has shown the capability of

estimating the attitude better than 5 deg and rate of order 0.03 deg/sec in addition to maintain the pointing accuracy
within 5 deg in each axis with pointing stability of less than 0.05 deg/sec.
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1 Introduction

The aim of this paper is to develop a low cost three-axis
Attitude Determination and Control System ADCS to
fulfill spacecraft mission requirements during low accuracy
modes which are the most frequent modes during mission

life time. The current work introduces a generalized
nonlinear control scheme using a Modified State—
Dependent Riccati Equation MSDRE. The system

dynamics equation is represented by the spacecraft
nonlinear dynamics with momentum bias including gravity
gradient, aerodynamic, and magnetic residual torques.
Then, the quaternion kinematics is augmented with
spacecraft dynamics to represent the overall process
dynamics. A pseudo-linear formulation of the augmented
system is developed while a MSDRE controller derived to
solve a trajectory tracking/model following problem. The
derivatives of the state dependent matrix w.r.t the states are
taken into account through the development of the final
MSDRE controller such that an optimal control signal is
obtained rather than producing a suboptimal controller
when these derivates are ignored. To obtain the optimum
control signal full-state knowledge is required, so attitude
and rate filter is integrated to the control loop. The
proposed filter is previously developed by the authors for
spacecraft three-axis attitude and rate estimation utilizing
magnetometer measurements only [7]. The global
asymptotic stability of the controller is investigated by
applying Lyapunov theorem, and concluded by introducing
stability regimes for the overall system which verify the
stability conditions of the controller and the required
accuracy of the filter. To test the developed ADCS,
EgyptSat-1, launched in the last April, is used as a real test
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case. Basically, the ADCS has been tested to control the
satellite and estimate the attitude and rates during
detumbling and standby modes where the magnetometer
measurements and magnetorquers only can fulfill the
mission attitude and rate accuracy requirements for these
two modes. The next section describes briefly the
statement of the problem then the MSDRE controller is
developed and adopted for tracking problem. Through the
fourth section the pseudo-linear representation of the
system is derived and the stability issues are introduced.
Before the simulation section, the state estimator design
appears and discussed. Finally, the paper is concluded by
testing the proposed ADCS via simulations.

2 Statement of the Problem
Consider the nonlinear system

X = fx ) + v, () 1
we will try to control this system such that its
output is expressed as
y=cx )
with the availability of a set of measurements
z = h(x,t) +v,(t) ©))

where v, (t) and v,(t) are random zero-mean processes
described by the process and measurement noise matrices
Qr = E(vevy) and R = E(v,v;). Now the task is to design
a controller such that the system tracks a specified
reference trajectory while a state estimator shall be
plugged in to provide the necessary states to drive the
controller. The reference trajectory is given by
X =Fx (4)
Vref = Cx (5)
the pair [F, C] is supposed to be completely observable.
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3 The MSDRE Controller Design

points calculated offline and can be interpolated with time

The control approach will be based on using the SO, let’s try to avoid the pair[F,C] in the Riccati
Differential State Dependent Riccati Euation DSDRE to €quations. Define a new vector b, , where ext stands for
solve tracking/model following problem. Let’s start by an external control signal as we will see

converting the nonlinear dynamics into a pseudo-linear

system
x =A)x + Gu

(6)

where u is the control signal. Note the process noise part is

dropped in the controller design and it will be included
through the estimator development. A new dynamic system
can be derived by augmenting the pseudo-linear system
with the reference trajectory model such that

% =A% )% + Gu (7

where % = [;C{] A= ‘g 2] and G = [g] Then a quadratic

cost function J is defined as
1~
J= Ef [%7 0% + u" Ru|dt

to

_QC
cTQc
symmetric, while R is positive definite symmetric. From
the above, a generalized Riccati equation can be derived.

B = [PA+ TP — PGRGTF + {]
T ~ T ~ T
iN . (3G \'_ __ (3¢ \ .
QAN b+ (&) popgr1(Zy) B
0% dx; ou

The first part of this equation is the well known state-
dependent Riccati equation, and the second part is due to
the nonlinearity of the system. Neglecting the second part
leads to only a suboptimal control. Through this work the
matrix G is only function of time, so the modified state-
dependent Riccati equation MSDRE for optimal control is
~ T
—P=PA+ATP—PGR'GTP + (g—fa?) P+Q (10)

with a boundary condition, P(t;) =0. This gives
immediately the optimal control u

(8)
where Q@ = [—CQTQ

9)

+

u=—-R1G"Px (12)
The matrix P can be partitioned as,
~ P P
b= Py Pzz] (12)
this gives the optimal control as follows
u=Kx+K,x (13)
where
K =—-R7GTP (14)
and
K, = —-R71GTPy, (15)

Figure 1 shows the augmented system controlled by use
of linear state-variable feedback, as for a standard
regulator. The modified Riccati equation becomes
—P=PA+ AP — PGRIGTP
A \' (16)
+ (— x) P+Q
axi

The reference trajectory y,..¢ is usually given in a form of
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Fig. 1 Augmented System Control [2]
. bext :.P12X (17)
—bexe = —Prax — Prax (18)

Using reference trajectory model in Egs (4) and (5) leads
to,

—byy = [AT + (6_A x)
ext axi
Similar treatment can be applied for P,; and P,,
defining two new vectors c,,; and d,,; as follows

— pT
Cext = PZlX

T
- PGR_IGT] bext - eref (19)

(20)
and

dext = XTPZZX (21)
Then the differential equations of c,,; and d,,; can be
written as

_éext = [A - GR_IGTP]TCext - eref (22)
and
dext = ngt GR_lGTbext - eref eref (23)
Finally the optimal control can be rewritten as
u=Kx+ Uy (24)
where
Uext = _R_lGTbext (25)
represents the external control signal Fig.2. To

summarize, we need to integrate the modified Riccati
equations for P and b,,;, then the optimal control signal
can be obtained. The boundary conditions for the
MSDRE are P(t;) = 0 and b,y (tf) = 0.

;@ N AN

~R76"by &= A()x+6u

L]

K

Fig. 2 Optimal Trajectory Control [2]
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4 Spacecraft Attitude Maneuver Using
MSDRE

This section provides a background about the spacecraft
dynamics and kinematics modelling with proposed
disturbances, and then a pseudo-linear representation for
this model is adopted such that the application of the
MSDRE scheme can be implemented.

4.1 Spacecraft Attitude Dynamics
The attitude dynamics of a rigid spacecraft can be
expressed by the well-known Euler’s equation in presence
of momentum exchange devices and given

@ =-1"wxUw+h)]+I"Y(T-h) (26)
The torque T is the total torque vector exerted on the
spacecraft which includes gravity gradient torque

Ry X (1R) @

where Rg is the position vector, and u is the Earth’s
gravitational constant. Then the aerodynamic torque

Taero = %Cdplvrel |2 Z(Nl : Vrel) (Vrel X ri) Ai
i=1

The summation is taken over n surfaces of the spacecraft
with area A;and unit outward normal vector N; . The
parameter C; is the drag coefficient and p is the
atmosphere density. The velocity vector relative to the
rotating atmosphere is V,,; = Vs — wg X Rs , Where wg is
the Earth’s rotational velocity, and Vs is the spacecraft
velocity. Also, the magnetic disturbance torque

T, =mXB (29)
The spacecraft dipole moment is the vector m while B is
the Earth’s magnetic field. The control strategy is based
on using only magnetic torquers in a momentum biased
system, so the control torque is given by

T.=MXxB (30)
where M is the dipole moment generated by the
magnetic torquers. Let’s assume that there is another
control signal u which constructs an orthogonal set with
the two vectors M , and B, then
[B x][B %] _

Tog =

(28)

T, =— B2 u=_Gu (31)
where the anti-symmetric matrix [B X] is defined by
0 —b; by
[B x] = [ by O —bll (32)
_bz b1 0

Finally, the total torque iST =Ty, + Tpepo + T + T,
Note all vectors in the previous equations are derived in
the spacecraft body frame.

4.2 Quaternion Kinematics
The spacecraft attitude is
quaternion, defined by
q= CI13]
qs
while the vector part q;3 = [¢1

represented through the

(33)

92 q3]" = sin(a/2) and
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the scalar part g, = cos(a/2). Here 7 is a unit vector
corresponding to the principal axis of rotation and « is the
angle of rotation. The quaternion kinematics is derived
through the spacecraft’s angular velocity as follows

1 1
¢ =5 Qw)q =5 E(Qw (34)

where Q(w) and =(q) are defined as
—lwx] ! w
Q(w) =[ : ] and Z(q) =
-7 10 —q13
Here Usx3 is a unit matrix. The quaternion four elements
satisfy the following normalization constraint gq’q =

qi3q13 + g5 = 1.

q4Usxs + [q13 X]l

4.3 Pseudo-Linear Modelling
Now the task is to derive a pseudo-linear system in the
form of Eq.(6) such that the MSDRE control scheme can
be applied. Starting with the state vector x resulting from
the augmentation of the spacecraft dynamics with the
quaternion kinematics as follows

x"=[w q] (35)
The state vector x describes the spacecraft angular velocity
and attitude in the body frame w.r.t the inertial frame.Let’s
consider the first part of the attitude dynamic equation

10F. 1
F,=—I"wx (w+h)] = Ea_(: o+ 17 hX]w (36)
The attitude matrix is given by
I = (qf — qi3913) Usxz + 2013913 — 2q4lq13 ¥] (37)
and its derivates w.r.t q; are
o1l
Ere ~2q;Usxs + 2[qizu! +u;q{5] — 2q4[u; ] (38)
u; is i" column of the unit matrix U and i = 1....3.
o1l
30, 2q4Usxz — 2[q13 X] (39)
s
From the above it can be shown that 1 =% ;‘zlg—;qi f

there is a vector expressed in the inertial frame T;, its
transformation to body frame T, is obtained by

4
1 o1l

14T,
T, =TT, == ) —gT, = - — 40
b I 2._1aqiqll 26qq (40)
Applying this result to the second part of the attitude
dynamic equation i.e. torque vectors, leads to
= L19Tgg = 19Tm = 19%aero
99 — 4 aq 'm_ZBq q’andTaero_4 aq

Note the Earth’s rotation effect is neglected w.r.t
spacecraft velocity. Also, the quaternion kinematics can be
rewritten as follows:
17194 d4
0= 5[50+ 504] (41)
Now the augmented attitude dynamics and kinematics
equations can be expressed in pseudo-linear form
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6F1 1_1 (&+%+6Taero )]
[ l 1|6w dq dq dq l[wl
2|aq 94 g
aq |
1‘1G_l
.U
0
l1—1[h x] L (E’Tﬂ aT“”“) w
+12 4 dq dq H
q
0 0

or

x =A()x + Gu + T'(x)x (42)
The effect of the matrix I'(x) on the system is negligible
compared to A(x) and is proved by simulation as will be
presented in the section of simulations results. Consider
the augmented system without the control vector

X = f(x t) = A(x)x (43)
simply, A(x) = 1 —= Where f is the Jacobian
g; = 23]; 61(;1)(26) x + A(x); (44)
where A(x); is i™ column of the matrix A(x). From the
above (%")x) = A(x). The reference trajectory can be
obtained by

W™ (45)

Qref = q;{)gf ® qOI (46)
where b, 0, and I stand for body, orbit, and inertial frames,
respectively. Usually the reference trajectory is given in
body frame w.r.t orbit frame so the previous relations are
used to derive the corresponding reference trajectory in
body frame w.r.t inertial frame. Then y/,; = [@rer  Grer]".
Now, we can apply the MSDRE control scheme to
spacecraft attitude tracking using the backward solution of
—P PA+2ATP — PGR™IGTP + Q 47)

ext [ZAT PGR_IGT] ext QYref (48)
The control gain K, the external control component u,,;,
and the optimal control signal u are obtained through

Eq.(14), Eq.(25), and Eq.(24), respectively.

— b b
wref - wrgf +Hrgf

4.4 Effect of Actuator Saturation

Due to the actuator saturation the optimal dipole moment
M* resulting from the MSDRE controller should be scaled
down keeping its direction as it is. From Fig. 3 the
following relation can be obtained

wz = Mmax . 49
s = M* ( )
where M; is the scaled dipole moment, M,,,, is the

maximum dipole moment of the magnetic torquer, and M;
is the maximum projected dipole moment on i axis.
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Fig. 3 Schematic Diagram for Scaled Dipole Moment

4.5 Stability of the MSDRE Controller

Based on Lyapunov’s method, stability regimes of the
MSDRE can be estimated. Choose V(%) = #TPx% as a
Lyapunov function candidate, where P is the positive
definite solution of the modified Riccati equation Eq.(10).
Rewriting

V=x"Px+xTh, +cl.x+d, (50)
then the time derivative becomes
V =xTPx +x"Px + xTPx 4 x"boy + x"byye (51)

+ Coxe X + Co X + dext
sub., with Eq.(6) where uw = —R™1G"Px — R~

using the modified Riccati equations
V=—[n"Rn+A"R711+ xTQx + Vief QVrer |

—[22Tn + xTAT(Px + b, )]

+[yzef Qx + xTQYTef]
where n =R '6¢"Px and A=G"b,,. Since Q and R are
positive definite matrices then the first part is negative,
also the last part is small and can be neglected specially
when y': = [0ex1 1]7 and the last term of the Q
matrix is chosen to be relatively small. Then regions
should be estimated to ensure negative values of the
second term and hence the stability of the system. To
estimate the stability regions of the candidate MSDRE
controller, uniformly random distributed initial conditions
O and Q on the intervals +®* deg and +Q" deg/s for
each axis, are generated and the following conditions are
investigated:

V(x) >0and V(x) <0

16"p,,, and

(52)

(53)

5 State Estimator Design

The well known extended Kalman filter EKF is used
through this work as a state estimator to provide the
MSDRE controller with the necessary states required to
drive the controller.

5.1 Filter Process Model

The spacecraft dynamics and kinematics, given in Egs.
(26) and (34) are augmented to represent the system
process model. Also, the spacecraft residual dipole and
the drag coefficient are added to the state vector for more
filter robustness.
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o [~ o x o+ + 1T —h)] Vaq Qy  respectively (Qyis assumed to be diagonal) while a;;

'CII' ER 0 is the elements of the Jacobian matrix & a . Finally, as

= 75w i . - with the basic discrete Kalman filter, the measurement

m 0 Vi (54) update equations correct the state and covariance
estimates with the measurements z; as follows

& M i i k.

. 0 | K, =P Hl (H.P, Hf +R 60

%= (0, t) + v, () Te™ J‘_( L hik_) (69

The state vector x is eleven-dimensional, defined as B =% + Ky [z — h(%)] ; (61)

T T -
M=o q m Cj (55) b, = U=k 1) P (V=K Hy) 62)

. +K; Ry KT
5.2  Filter Measurement Model T e Tk
The measurement equation, required for the application of
the extended Kalman filtering, is derived from vector

kKinematics and considered to be a nonlinear function of the § Simulation Results
states according to To test the developed ADCS, EgyptSat-1, injected in

where H = 20

_and Ky is the Kaman gain.

X=X

B, 1B, Vp

+

(56)

B, — w x (I1B))

z=h(x,t) +v,(t)
where B; is a vector of some reference such as the
position vector to the Sun, to a star or the Earth’s
magnetic field vector in a reference coordinate system,
and B, is the corresponding measured vector in the
spacecraft  body  frame.  Only  magnetometer
measurements and its time derivatives are considered
through this work. The prediction of the state estimates
and covariance are accomplished by

At
R =f flx,7)dt (57)
0
P = O D +Qp, (58)
where ® =~ U + %At is the state transition matrix and Pr is
the error covariance matrix. It obviously can be shown
that the derivatives needed for the Jacobian % are

already included in the state-dependent matrix A(x). Only
it is needed to calculate the derivative of the control
torque w.r.t the states which simply can be given as

9 — GK . Note an accurate integration method should be

ox
used to perform the state propagation.  The discrete

process covariance kais computed according to Q, =

fOAt<D(r) Qr ®"(v)dt. A closed form solution can be
obtained as

B, Vg

q]fa ZAL3
quf - qlfAt(l + auAt) + Z

j=1
B 1 At
Tjp = Qip%Gi At? (2 a; ?)

1 At a1 a @y At
e (e, 2] S
=1

I#i
1#f

where i,j =1 N,andn = N —i. Here N is the no. of
states, g; f and g;; f are the elements of matrices Q; and

(59)
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sun-synchronous low Earth orbit is used as a real test
case. The initial control strategy of EgyptSat-1 was to
utilize only the magnetorquers to detumble the
spacecraft after separation and then to use the
magnetometer reading to estimate the attitude and rates
during the standby/stabilization mode. Unfortunately,
during the commissioning phase the reaction wheels had
been used in additions to magnetorquers to detumble the
spacecraft in order to maintain the power profile of the
spacecraft, since it was found that using only
magnetorquers would not detumble the spacecraft in the
proper time. Also, the fiber gyros onboard had to be
used for rate measurements and a strap down scheme
was used for obtaining the attitude. The proposed
controller/estimator design is utilized through both
detumbling and standby/stabilization modes using only
magnetorquers and magnetometer readings to meet the
ADCS requirements, summarized by depressing the
total angular velocity after separation to less than
0.1 deg/sec in one orbit and half. Then to bring the
spacecraft to stabilization (Earth pointing) mode in no
more than three orbits due to the spacecraft power
profile. Also, to maintain the pointing accuracy during
stabilization mode within 5deg and rate less than
0.05 deg/sec in each axis. Finally, to achieve attitude
determination accuracy better than 5deg and rate of
0.03 deg/sec during the same mode. Before the
discussion of the simulations results, the initial
conditions obtained from the Launch Vehicle provider
according the worst condition of separation are
represented by angular velocities w =[4 4 2]7 deg/s,
attitude in Euler Angles EA =[40 40 40]" deg, pitch

wheel bias h=[0 -0.1 0]" N.m.s, position Rg =
[-1220 —966.5 6854]" km, and velocity Vs =
[-7.426 0.1801 -1.277]" km/s. For the MSDRE

controller, two sets of weighting matrices R and Q are
used for the both flight modes, while the switching
occurs according to value of the angular velocity and
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scheduled such that R =1[10% 108 108]" and Q =
. [[20x108 2.0x108 2.0x108]" -

dia [ for detumblin
g [106 10 10° 1.0]" g

mode while for stabilization mode R = [108 108 108]7
. [2.0 x 108 4.0x 10° 2.0 x 108]"

and Q = diag [[5.5 x10° 55x10° 5.5 x 10° 1.0]T]'

The switching condition is represented byw?° <
0.03deg/s and w!’ <0.03deg/s. The three-axis
magnetometer (TAM) senor noise has a standard
deviation oz =50nT. The induced noise due to

measurement differentiation can be calculated as

Vp —VB . . .
L= %. So, it is also a zero mean white noise

2
with a standard deviation of = %B. The sampling time

of the ADCS control loop is larger than the sampling
time of the magnetometer which is considered a fast
sensor. So, during one sampling interval, several
magnetometer readings can be obtained. Then, the time
derivatives of the magnetic field measurements are
computed in a semi analytical method via differentiating
the polynomials result from a cubic spline fit of the
measurement data during each sampling interval. Care
must be taken to use a reasonable number of readings
during the sampling interval since using a low number,
results in poor presentation of the magnetic field and a
high number results in very noisy derivatives. To
preserve the quaternion normalization constraint,
different methods handled this problem such as adding a
pseudo — measurement or truncating the state vector.
For simplicity and reduction of the computational
burden, quaternion normalization; namely q;,/ 41 =

Mis used through this work. The filter is
||‘Ik+1/k+1||

initialized using initial states

Vg

xo=[0 0 0 000 1.0 0 0 0 0] and
[10.2094% 0.2094% 0.20942]"]
T
Py =diag| [L1x4] r |
0 [0.052 0.052 0.052]
| 0.012 |

as initial error covariance while, the process and
measurement noise covariance matrices Qy and Ry are
assembled according to

Q =
! [(6.25x 10°7)2  (5.99 x 107)? (7.04 x 10~7)2]”
. [01><4]T
diag [(1075)2 (1075)2 (1075)2]"
0.012
Ry
_ dia [(5.0x 10782 (5.0x107%)?% (5.0x1078)?]" ]
911625 x 1079)%  (6.25x 107)2  (6.25 x 10-9)2]"

The rest of the simulation parameters are defined to be
magnetorquer  strength M, =[10 10 10]" A.m?,
spacecraft dipole m=1[03 03 03] Am? drag
coefficient ¢, = 2, time Span of 20 orbit, and sampling
time of 4s. The integration algorithm used for the
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modified Riccati equation and state propagation is Runge -
Kutta ode4 and the magnetic field vector B is based on
IGRF 2005 Model. Figure 4 indicates the minor influence
of the matrix I'(x) in Eq. (42) compared to A(x) and is
since the resulting r.m.s error of the angular velocity is less
than 0.002 deg/s and almost zero for the quaternion. The
total angular velocity is depressed after separation from
6 deg/sec 10 0.072 deg/sec in 1.5 orbit and kept to less
than 0.03 deg/sec upto 20 orbits as shown in Fig. 5. The
pointing and angular velocity errors are shown in Figs. 6
and 7 through two time windows. The first one represents
the detumbling mode and extends upto 3 orbit and the
other shows the performance during the standby mode.
The MSDRE controller successfully drives the spacecraft
from detumbling mode to become in an Earth pointing
mode in less than two orbits since the pointing error starts
to be bounded within 5degs and the angular velocity
error reaches values less than 0.05 deg/sec. Then these
conditions are maintained during the standby mode as
shown in the right hand side of Figs. 6 and 7. Figure 8
gives a picture of the history of the applied dipole
moments, and the corresponding control torque appears in
Fig.9. It should be mentioned here that the hardware
configuration and sizing are kept to the original values as
in EgyptSat-1, since the magnetorquers in addition to the
reaction wheels are utilized to control the spacecraft while
in the current work only magnetorquers are used.
However, larger values of the dipole moments might be
used to avoid reaching the saturation limits specially,
during the standby mode. The stability condition in Eq.
(53) is verified as in Fig. 10 which indicates the history of
the Lyapunov function and its time derivatives through all
over the both modes. Figures 11 through 14 describe the
performance of the proposed filter. The first two figures
show the fast convergence of the filter since it successfully
estimated the attitude and rate within the required values.
It clearly can be shown the synchronization of the
convergence of the filter and the controller, since the filter
also, starts to reach the required accuracy for the attitude
and rate in less than two orbits and kept this accuracy
throughout the standby mode to be better than 5 degs and
less than 0.03 deg/sec for the attitude and rate
respectively. Figures 13 and 14 indicate the estimation
errors for the spacecraft dipole and the drag coefficient.
Both parameters start to converge almost after 6 orbits to
reach steady state values of 0.02 A.m? and 0.13 for the
spacecraft dipole and the drag coefficient respectively.
Finally to estimate the stability regions of the candidate
MSDRE controller, uniformly random distributed initial
conditions on the intervals [—150 150] deg and
[-5 5] deg/s for each axis are generated and stability
condition in Eq. (53) is investigated also, the attitude and
rate estimation accuracy are investigated throughout the
same intervals to demonstrate filter convergence and
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stability. Figures 15 and 16 give the resulting stability
regimes for the overall ADCS.

7 Conclusions

A modified state-dependent Riccati equation MSDRE
based controller has been developed and adopted for
spacecraft attitude maneuver/tracking. An extended
Kalman filter EKF based estimator has been developed
for attitude and rate estimation using only one reference
sensor. While the magnetometer measurements are used
through this paper, any other reference sensor can be used
or added to the measurement model. The stability of the
controller and estimator is demonstrated by identifying
the regimes of different initial conditions which lead to
Lyapunov function convergence and bounded attitude and
rate estimation accuracy.
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Fig.10 Lyapunov Function and Its Time Derivative
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Fig. 12 Angular Velocity Estimation Error (Detumbling/Transient-Standby)
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