
Double temperature-enhanced occupancy of metastable states in
fluctuating bistable potentials

ROMI MANKIN
Tallinn University

Department of Natural Sciences
Narva Road 25, 10120 Tallinn

Estonia
romi@tlu.ee

ERKKI SOIKA
Tallinn University

Department of Natural Sciences
Narva Road 25, 10120 Tallinn

Estonia
erkki@tlu.ee

AKO SAUGA
Tallinn University of Technology

Department of Economics
Kopli 101, 11712, Tallinn

Tallinn University
Department of Natural Sciences
Narva Road 25, 10120 Tallinn

Estonia
ako.sauga@tlu.ee

Abstract: Overdamped motion of Brownian particles in an asymmetric bistable potential driven by an additive
nonequilibrium three-level noise and a thermal noise is considered. An exact formula for the mean occupancy of the
metastable state is derived and the phenomenon of noise-enhanced stability is investigated. It is established that in a
certain region of system parameters variations of temperature cause double resonance peaks of the mean occupancy
of a metastable state at low and moderate temperatures. The possibility that the occupancy of a metastable state
can be controlled by thermal noise at moderate temperaturesis important, because temperature can easily be varied
in experiments, e.g. in experimental cell biology.
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1 Introduction

The recent years have witnessed an increasing interest
in the dependence of the mean exit time of metastable
and unstable systems on noise intensity [1], [2]. Noise
can modify stability of a system in a counterintuitive
way such that the system remains in a metastable state
for a longer time than in the deterministic case [1].
Related investigations involving noise-induced stabil-
ity [3] or noise-enhanced stability [4], [5] belong to a
highly topical interdisciplinary realm of studies, rang-
ing from condensed matter physics to molecular biol-
ogy, or to cancer growth dynamics [1], [6], [7].

Motivated by the investigations of the effect of
a periodic electric field on cell membrane proteins
[8], [9] the author of [3] has considered the over-
damped motion of a Brownian particle in an asym-
metric bistable potential fluctuating according to di-
chotomous noise. This biologically motivated model
clearly demonstrates the effect of noise-induced sta-

bility as for intermediate fluctuation rates the mean
occupancy of minima with an energy above the abso-
lute minimum is enhanced.

In the present paper we consider a model similar
to the one presented in [3], except that the dichoto-
mous noise is replaced with a trichotomous noise.
Although both dichotomous and trichotomous noises
may be useful in modeling natural colored fluctua-
tions, the latter is more flexible, including all cases
of dichotomous noises [10]. Furthermore, it is re-
markable that for trichotomous noises the flatness pa-
rameterϕ, contrary to the cases of the Gaussian col-
ored noise,ϕ = 3, and symmetric dichotomous noise,
ϕ = 1, can be anything from 1 to∞. This extra de-
gree of freedom can prove useful in modeling actual
fluctuations.

The main contribution of this paper is as follows.
We provide an exact formula for the analytic treat-
ment of the dependence of the occupancy probabil-
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ity of a metastable state on various system parame-
ters (viz. temperature, potential asymmetry, correla-
tion time, flatness, and noise amplitude). We estab-
lish a new thermal fluctuations-induced phenomenon,
namely, for certain values of the system parameters
there exist three ranges of temperature values where
the occupancy of the metastable state is enhanced.
It is remarkable that one of the temperature regimes
where the enhancement of stability occurs, is relevant
for cell biology. Thus, in the case of living cells, the
result may reveal a possibility to control the stability
of metastable states by varying the temperature.

The structure of the paper is as follows. Section
2 presents the basic model investigated in this work.
A master equation description of the model is given
and the formula for the occupancy probability of the
metastable state is found. Section 3 analyzes the be-
havior of the occupancy probability. The phenomenon
of double enhanced stability of the metastable state
versus temperature is established. Section 4 contains
some brief concluding remarks.

2 Model and the exact solution

As an archetypical model for systems with a
metastable state and strongly coupled with noisy en-
vironment, we consider one-dimensional overdamped
Brownian motion in a fluctuating sawtooth-like asym-
metric bistable potential

U(X,Z) = U(X) + X · Z(t), (1)

whereX(t) is the displacement of a Brownian par-
ticle at the timet and the variableZ(t) is a Marko-
vian trichotomous noise [10], which consists of jumps
between three values:z1 = a, z2 = 0, z3 = −a,
a > 0. The jumps follow in time the pattern of a
Poisson process, the values occurring with the station-
ary probabilitiesps(a) = ps(−a) = q andps(0) =
1 − 2q, where 0 < q < 1/2. In a stationary
state the fluctuation process satisfies〈Z(t)〉 = 0 and
〈Z(t + τ)Z(t)〉 = 2qa2 exp(−ντ), where the switch-
ing rateν is the reciprocal of the noise correlation time
τc = 1/ν, i.e.,Z(t) is a symmetric zero-mean expo-
nentially correlated noise. The trichotomous process
is a particular case of the kangaroo process [11] with
the flatness parameterϕ =

〈
Z4(t)

〉
/
〈
Z2(t)

〉2 =
1/2q.

We describe the overdamped motion of Brownian
particles in dimensionless units, using the Langevin
equation

dX

dt
= h(X)−Z(t)+ξ(t), h(x) =−

dU(x)
dx

, (2)
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Figure 1: Representation of different states of the net
potentialsVn(x) = U(x) + znx with z1 = a, z2 = 0,
z3 = −a. The potentialU(x) is given by Eq. (3) at
the parameter valuesk = 0.24, a = 2, andε = 1. All
quantities are dimensionless.

where the thermal noiseξ(t) satisfies〈ξ(t)〉 = 0
and〈ξ(t1)ξ(t2)〉 = 2Dδ(t1 − t2). D is the thermal
noise strength, which for the sake of brevity will be
called temperature. The piecewise linear asymmetric
bistable potential considered has the profile

U(x) =




1
k
x, x ∈ (0, k);

1 +
1 + ε

1 − k
(k − x), x ∈ (k, 1);

U(0) = U(1) = ∞.

(3)

A schematic representation on the three config-
urations assumed by the “net potentials”Vn(x) =
U(x) + znx, n = 1, 2, 3, associated with the right-
hand side of Eq. (2), is shown in Fig. 1. In this
work, we restrict ourselves to the system parameters
region where the net potentialsVn(x) for all states
n = 1, 2, 3 of the non-equilibrium noiseZ have two
minima. More precisely, we assume that

a <
1 + ε

1 − k
, a <

1
k
, 0 < k <

1
2
,

0 < ε < a(1 − 2k). (4)

The master equation corresponding to Eq. (2)
reads

∂

∂t
Pn(x, t) =

− ∂
∂x

{
[h(x) − zn] Pn(x, t) − D ∂

∂xPn(x, t)
}

+
3∑

m=1
UnmPm(x, t),

(5)

where Pn(x, t) is the joint probability density for
the position variablex(t) and the fluctuation variable
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z(t); and Unm = ν[q + (1 − 3q)δn2 − δnm]. The
stationary probability density in thex spaceP s(x) is
then evaluated via the stationary probability densities
P s

n(x) for the states(x, zn):

P s(x) =
3∑

n=1

P s
n(x). (6)

As the “force” h(x) = −dU(x)/dx is piece-
wisely constant,h(x) = h1 = −1/k for x ∈ (0, k)
andh(x) = h2 = (1 + ε)/(1 − k) for x ∈ (k, 1),
Eq. (5) splits up into two linear differential equations
with constant coefficients for the two vector functions
P

s
i (x) = (P s

1i, P
s
2i, P

s
3i), i = 1, 2, defined on the in-

tervals (0, k) and (k, 1), respectively. The solution
reads

P s
ni(x) = p(zn)

5∑
j=1

YijAnije
−λijx/D, (7)

where

p(zn) = (1 − 2q)δn2 + q(δn1 + δn3),

Anij =
νD

νD − λij(hi − zn + λij)
,

Yij are constants of integration, and{λij , j =
1, . . . , 5} is the set of roots of the algebraic equation

λ5
i + 3λ4

i hi + λ3
i (3h

2
i − a2 − 2νD)

+λ2
i hi(h2

i − a2 − 4νD)
+λiνD

[
νD + 2(qa2 − h2

i )
]
+ hiν

2D2 = 0,
i = 1, 2.

(8)

Nine independent conditions for the ten constants
of integrationYij can be determined at the points of
discontinuity, by requiring continuity for the quan-
tities P s

ni(x) and for the stationary current densities
jni(x) := (hi − zn)P s

ni(x) − D d
dxP s

ni(x) at the point
x = k and the vanishing of the current densitiesjni(x)
at the boundary pointsx = 0, 1, i.e.,

P s
n1(k) = P s

n2(k), jn1(k) = jn2(k), (9)

jn1(0) = jn2(1) = 0, n = 1, 2, 3.

It follows from Eq. (5) that the system of linear alge-
braic equations (9) contains only nine linearly inde-
pendent equations forYij. By including the normal-
ization condition

3∑
n =1

∫ 1

0
P s

n(x)dx = 1 (10)

a complete set of conditions is obtained for ten con-
stants of integrationYij:

5∑
j=1

(
Y1jAn1je

−λ1jk/D

−Y2jAn2je
−λ2jk/D

)
= 0, n = 1, 2, 3;

5∑
j=1

[
Y1jAn1j (h1 + λ1j) e−λ1jk/D

−Y2jAn2j (h2 + λ2j) e−λ2jk/D
]

= 0,
n = 1, 3;

5∑
j=1

Y1jAn1j (h1 − zn + λ1j) = 0, n = 1, 3;

5∑
j=1

Y2jAn2j (h2 − zn + λ2j) e−λ2j/D = 0,

n = 1, 3;
5∑

j=1

[
Y1j

λ1j

(
1 − e−λ1jk/D

)

+
Y2j

λ2j

(
e−λ2jk/D − e−λ2j/D

)]
=

1
D

.

(11)

The remaining task is to solve the Eqs. (11) forYij,
which is a simple linear algebraic problem.

Now, the occupancy probabilitiesW1 and W2

of the left and right potential wells, respectively, are
given by

W1 =
3∑

n =1

k∫
0

P s
n1(x)dx =

= D

5∑
j =1

Y1j

λ1j

(
1 − e−λ1jk/D

)
,

W2 = 1 − W1. (12)

The behavior ofW1 at different system parame-
ters regimes will be considered in Sec. 3. All numer-
ical calculations are performed by using the software
Mathematica 5.0.

3 Enhancement of the stability of the
metastable state

Of central interest to us are the occupancy probability
W1 of the left potential well (see Eq. (12)) and its re-
sponses to the switching rateν and to the temperature
D. Figure 2 exhibits the ratioW1/W2 as a function
of the switching rateν at different values of tempera-
ture. It can been seen that the functional dependence
of W1/W2 on the correlation timeτc = 1/ν is of a
bell-shaped form. Notably, at low temperatures for
intermediate values ofν the mean occupancy of the
metastable state (the left potential well) is much larger
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Figure 2: The ratioW1/W2 vs the noise switching rate
ν at various temperaturesD. The occupancy proba-
bilities W1 andW2 of left and right potential wells,
respectively, are computed by means of Eq. (12). The
parameter values:a = 2, ε = 1, k = 0.125, and
q = 0.35. The curves correspond to the values of
the temperatureD = 0.04, D = 0.05, D = 0.06,
D = 0.07, from top to bottom.

than the mean occupancy of the stable state, i.e., such
fluctuations enhance the occupancy of the left mini-
mum, although the most of the time it is not the ab-
solute minimum of the potential. Thus, we observe a
noise-induced stability for the metastable state.

In the case of a dichotomous noise, the phe-
nomenon of noise-induced stability in models similar
to Eq. (2) is examined already in Ref. [3], where anal-
ogous results of Fig. 2 are presented and a compre-
hensive physical interpretation of the effect is given.
So our result exposed in Fig. 2 shows that the phe-
nomenon of the noise correlation time induced stabil-
ity is robust enough to survive a modification of the
noise as well as the potential profile.

It is of interest to examine the behavior of the ex-
act expression ofW1 (Eq. (12)) versus temperature. In
Figure 3 we have plotted the occupancy probabilities
W1 andW2 as functions of the dimensionless temper-
atureD for an intermediate value of the correlation
time τc = 10. For increasing values ofD the proba-
bility W1 starts from the valueW1 ≈ 1 and decreases
to the minimum. Next it grows to the local maximum
and decreases to the other minimum. Finally, at high
temperatures, it grows to the valuek.

The interesting peculiarity of Fig. 3 is that there
are three temperature regimes where thermal fluctua-
tions cause an enhancement of the occupancy of the
metastable state: (i) At high temperatures the effect is
trivial. In this case the Brownian particles “do not see”
the structure of the potential profile and move as in a
simple rectangular potential well. (ii) For low values
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Figure 3: The occupancy probabilitiesW1 andW2 of
the left and right potential wells, respectively, versus
temperatureD (Eq. (12)). The parameter values are
a = 2, ε = 1, k = 0.24, q = 0.499, andν = 0.1. At
large values of the temperature,D > 10, the proba-
bilities W1 andW2 saturate to the valuesk and1− k,
respectively.

of the temperature the effect of enhancement is very
pronounced, i.e., nearly all particles are concentrated
in the left potential well that has higher energy most
of the time. This result is in accordance with the phe-
nomenon of noise correlation time induced stability
(see Fig. 2 and [3]). (iii) In the case of moderate val-
ues of the temperature a new resonance-like behavior
is observed — enhancement of stability also occurs
in a finite interval of the temperature, where the low-
est depth of the potential wells is comparable with the
thermal energy of the particle.

Though we are not aware of any simple physical
explanation for the last-mentioned new effect, let us
note that the value of the temperature that maximizes
W1(D) can be estimated to be

τc ≈ exp [(V1(k) − V1(1)) /D] ,

i.e. the noise correlation timeτc is comparable with
the Kramers escape time from the right potential well
(in the noise statez1 = a). This is a remarkable
connection that throws some light on the physics of
the effect, namely, it relates two characteristic time
scales of the dynamical system (2) and demonstrates
that all the three agents (colored noise, thermal noise,
and potential configuration) act in unison to generate
enhancement of the occupancy of the metastable state
at moderate temperatures.

4 Conclusions
In the present work, we analyze the behavior of
one-dimensional overdamped Brownian motion in a
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sawtooth-like asymmetric bistable potential driven by
a trichotomous noise and an additive thermal noise.
Using the corresponding master equation we have ob-
tained an exact expression of the occupancy proba-
bility of the metastable state, and demonstrated the
phenomenon of noise induced stability. Our major
novel result is the effect of double enhanced stabil-
ity of a metastable state versus temperature. Notably,
enhancement of the stability also occurs at moderate
temperatures, i.e., the temperatureD is such that the
lowest barrier height of the system is just a fewD,
which is relevant for cell biology [12]. In the case
of a dichotomous noise, which is a special case of
the trichotomous noise, a qualitatively similar model
has been studied in [3]. However, to our knowl-
edge, neither the phenomenon of double temperature-
enhanced stability nor the existence of the correspond-
ing resonance-like peak versus temperature at mod-
erate values ofD have been recognized or discussed
before. The major advantage of this effect is that the
control parameter is temperature, which can easily be
varied in experiments.

We believe that the results obtained are of interest
also in experimental cell biology where the proposed
model can be applied [3], [8], [9].
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