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Abstract: Synthetic Aperture Imaging Radiometers (SAIR) are powerful sensors for high-resolution observations
of the Earth at low microwaves frequencies. Within this context, the European Space Agency is currently develop-
ing the SMOS mission devoted to the monitoring of Soil Moisture and Ocean Salinity at global scale from L-band
space borne radiometric observations obtained with MIRAS,a two-dimensional Microwave Imaging Radiometer
by Aperture Synthesis. This contribution is concerned withthe reconstruction of radiometric brightness tempera-
ture maps from interferometric measurements obtained in the dual-polarimetric mode of MIRAS.
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1 Introduction
The two-dimensional L-band interferometer MIRAS
(Microwave Imaging Radiometer by Aperture Synthe-
sis) is the single payload of the SMOS (Soil Moisture
and Ocean Salinity) space mission led by the Euro-
pean Space Agency [1] [2]. MIRAS consists of a
Y-shaped interferometric array fitted with 69 equaly
spaced antennas operating at1.415 GHz (see Fig. 1).

Figure 1: Artiste view of SMOS.

The problem of retrieving the radiometric temperature
distribution of a scene under observation from inter-
ferometric data has been widely addressed. It has been
demonstrated that this problem is ill-posed and has to
be regularized in order to provide a unique and sta-
ble solution [3]. This contribution extends the band-

limited approach [4] to the case of the processing of
dual-polarimetric data (namely those obtained in hor-
izontal and vertical polarisations).

2 Theoretical framework
SAIRs devoted to Earth observation measure the cor-
relation between the signals collected by pairs of
spatially separated antennas which have overlapping
fields of view, yielding samples of the visibility func-
tion V (also termed complex visibilities) of the bright-
ness temperature distributionT of the observed scene.

2.1 Direct problem
The relationship betweenV andT has been recently
revisited in order to take into account mutual effects
of close antennas [5]. It is now given by:

Vkl =
1√

ΩkΩl

∫∫

‖ξ‖≤1

Fk(ξ)F l(ξ)
(
T (ξ) − Trec

)

× r̃kl(t)
e
−2jπuklξ

dξ√
1 − ‖ξ‖2

,

(1)

whereukl is the spatial frequency associated with the
two antennasAk and Al (namely, the spacingdkl

betweenAk andAl normalized to the central wave-
length of observationλo), the componentsξ1 =
sin θ cos φ and ξ2 = sin θ sin φ of the angular posi-
tion variableξ are direction cosines in the SAIR ref-
erence frame (θ andφ are the traditional spherical co-
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ordinates),Trec is the physical temperature of the re-
ceivers,Fk andFl are the normalized voltage patterns
of the two antennasAk andAl with equivalent solid
anglesΩk andΩl (the overbar indicates the complex
conjugate),̃rkl is the fringe-wash function which ac-
counts for spatial decorrelation effects,t = uklξ/fo

is the spatial delay andfo = c/λo is the central fre-
quency of observation.

Denoting byℓ the number of antennas, the num-
ber of complex visibilitiesVkl (i.e. the number of
baselinesdkl) provided by the SAIR is equal to
nb = ℓ(ℓ − 1)/2 when accounting for the hermitian
property of (1). However, some spatial frequen-
ciesukl may be redundant since different pairs of an-
tennas may lead to the same baseline. Since SAIR
have limited physical dimensions, the spatial frequen-
ciesukl sampled by an interferometer are confined to
a limited region of the Fourier domain: the experi-
mental frequency coverageH. In the case of MI-
RAS, the visibility samples are obtained from raw
data inside a star-shaped window over an hexagonally
sampled gridGu in the Fourier domain [1]. Finally,
for computational purposes, numerical integration is
used to represent integral (1) as a summation overn2

integrand samples, here then2 pixels of the spatial
grid Gξ, the dual grid ofGu.

2.2 Inverse problem
The inverse problem aims at inverting the discrete ver-
sion of (1) in order to retrieveT from V , i.e. solving
the system

GT = V, (2)

whereG is the discrete linear operator from the object
spaceE into the data spaceF describing relation (1).
Since the direct problem is statedvia an integral equa-
tion, (2) does not usually have a straightforward solu-
tion. Moreover, since the dimension ofE (then2 pix-
els used to sampleT ) is often larger than the dimen-
sion ofF (thenb samples ofV ), the linear system (2)
is underconstrained with multiple solutions forT . As
a consequence, the minimum of the least-square crite-
rion

min
T∈E

‖V − GT‖2
F , (3)

which is also the solution of the normal equation
G

∗
GT = G

∗V , is therefore not unique because the
square matrixG∗

G is singular. Thus, the inverse
problem is ill-posed and has to be regularized in or-
der to provide a unique and stable solution.

2.3 Band-limited regularisation
A new regularized approach has recently been pro-
posed to the European Space Agency and selected for
implementation in the ground segment prototype [4].

Referring to the limited resolution of the SAIR, this
approach finds the temperature mapTr which has its
Fourier transform confined to the experimental fre-
quency coverageH. This band-limited solution re-
alizes the minimum of the constrained problem

{
min
T∈E

‖V − GT‖2
F

(I − PH)T = 0
(4)

wherePH is the projector onto the subspaceE (of E)
of theH-band limited functions. The unique solution
of (4) is

Tr = U
∗
ZA

+V, (5)

whereA
+ is the More-Penrose pseudo-inverse of the

rectangular matrixA = GU
∗
Z, U is the Fourier

transform operator andZ is the zero-padding opera-
tor beyondH.

In order to filter out the Gibbs effects due to the
sharp frequency cut-off associated to the experimental
frequency coverageH, solution (5) is damped by an
appropriate apodization functionW [6]:

Tr = U
∗
ŴUTr, (6)

whereŴ is the diagonal matrix whose non-zero ele-
ments are the values of̂W in H. This map has to be
compared toTw = U

∗
ŴUT (which is the “ideal”

temperature map to be reconstructed and apodized
with the same windowW ) and not toT (which is at a
higher spatial resolution).

2.4 Extension to the dual-polarisation
In dual-polarimetric mode, MIRAS measures the
brightness temperature in horizontal and vertical po-
larisations. Denoting byx andy the polarisations (in
the SAIR reference frame) that are selected in each of
the two receiversRk andRl involved in the particu-
lar baselinedkl, the dual-polarimetric version of (1)
derived from [7] is given by the set of equations:

V x
kl =

1√
ΩkΩl

∫∫

‖ξ‖≤1

[
Cx

k (ξ)Cx
l (ξ)

(
T x(ξ) − Trec

)
+

Xx
k (ξ)Xx

l (ξ)
(
T y(ξ) − Trec

)]
r̃kl(t)

e
−2jπuklξ

dξ√
1 − ‖ξ‖2

,

V y
kl =

1√
ΩkΩl

∫∫

‖ξ‖≤1

[
Xy

k (ξ)Xy
l (ξ)

(
T x(ξ) − Trec

)
+

Cy
k (ξ)Cy

l (ξ)
(
T y(ξ) − Trec

)]
r̃kl(t)

e
−2jπuklξ

dξ√
1 − ‖ξ‖2

,

(7)
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Figure 2: Level of coupling of the 69 antennas of MI-
RAS inx (top) andy (bottom)polarizations.

whereT x andT y are the brightness temperature dis-
tributions of the observed scene inx and y polar-
isations. As demonstrated in [8], these brightness
temperatures at antennas level are combinations of
horizontal and vertical polarizations at Earth level.
SinceV x andV y samples depends on bothT x andT y

temperatures, the two previous equations are said to
be coupled. Here, the level of coupling depends in
both polarizations on the intensity level of the cross-
polar voltage patternsXx (resp.Xy) compared with
the intensity level of the co-polar onesCx (resp.Cy).
As shown in Fig. 2 for theℓ = 69 antennas of MI-
RAS, this level of coupling varies from one antenna
to another and from one polarization to another. On
the average, it is about−21.9 dB for thex polariza-
tion and−22.7 dB for they polarization.

Denoting again byG the2 × 2 blocks modelling
operator describing relations (7), the inverse prob-
lem (2) now reads:

(
Gxx Gxy

Gyx Gyy

)(
T x

T y

)
=

(
V x

V y

)
. (8)

According to (7), the diagonal blocksGxx andGyy

only depend on the co-polar voltage patternsCx

andCy whereas the off-diagonal ones,Gxy andGyx,
only depend on the cross-polar voltage patternsXx

andXy. Following the previous regularisation princi-
ple, the corresponding band-limited solutions read:

(
T x

r

T y
r

)
=

(
U

∗
Z 0

0 U
∗
Z

)(
Axx Axy

Ayx Ayy

)+(
V x

V y

)
, (9)

whereAxx = GxxU
∗
Z, Axy = GxyU

∗
Z, Ayx =

GyxU
∗
Z andAyy = GyyU

∗
Z are the four blocks of

the new2 × 2 blocks matrixA.

Depending on the level of coupling between
equations (7), the off-diagonal blocks ofG could
be neglected. Consequently, the inverse problem (8)
could be reduced to the regularization and the inver-
sion of two independent problems of smaller size,
namelyGxxT x = V x andGyyT

y = V y. If this even-
tuality would happen, the off-diagonal blocks ofA

could also be neglected and the solutions (9) would
reduce to:

T x
r = U

∗
ZA

+
xxV

x,

T y
r = U

∗
ZA

+
yyV

y.
(10)

Indeed, in such a situation, the computation of the
More-Penrose pseudo-inverseA+ would reduce to
the computation ofA+

xx andA
+
yy, which is of course

less time consuming. This eventuality is addressed in
the next section with the aid of numerical simulations.

3 Numerical simulations
The results presented in this section are based on nu-
merical simulations conducted within the frame of the
SMOS project. The number of available complex vis-
ibilities Vkl is equal tonb = 2346. However, some
of the corresponding baselinesdkl are redundant and
consequently there are onlynf = 1395 spatial fre-
quencies in the star-shaped frequency coverageH.

Three reference radiometers are used for measur-
ing the visibility function for the zero spacing [9].
The dimension of the sampling gridsGu andGξ has
been fixed ton2 = 128 × 128. The size of the real-
valued2 × 2 blocks matrixA involved in the dual-
polarization problem is therefore9390 × 5582. As
shown in Fig. 3, this matrix turns out to be block-
diagonal dominant. As a consequence, provided that
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Figure 3: The regularized matrixA of MIRAS.
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Figure 4: Example of a test scene inx (left) and
y (right) polarizations at its highest level of resolu-
tion T (top) and the corresponding maps to be recon-
structedTw (bottom).

the inversion process is still stable, the approximate
solutions (9) should be very close to the complete
ones (8).

Shown in Fig. 4 is an example of a test scene at
its highest level of resolution as well as at the res-
olution level of the instrument and apodized with a
Blackman window [6]. The synthesized field of view
of MIRAS being subject to Earth and sky aliasing be-
cause of the spacing between the antennas [2],T x

w and
T y

w are shown in that part of the synthesized field of
view which is free from field aliasing whereasT x and
T y are shown in the whole space in front of MIRAS.

Two sets of complex visibilitiesV =
(
V x, V y

)t

have been simulated fromT =
(
T x, T y

)t
:

• V1 has been simulated without cross-polar gains so
thatV x

1 only depends onT x andV y
1 only depends

onT y;
• V2 has been simulated with both co-polar and

cross-polar gains so that nowV x
2 andV y

2 depend
onT x andT y.

Then, three sets of mapsTr =
(
T x

r , T y
r

)t
have been

retrieved:
• T1r has been retrieved fromV1 with the corre-

sponding independent reconstructions (10) since
there is no coupling betweenV x

1 andV y
1 ;

• T2r has been retrieved fromV2 with the heavy re-
construction process (9) which involves the four
blocks ofA for taking into account the coupling
betweenV x

2 andV y
2 ;
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Figure 5: Example of error maps∆Tr in x (left) and
y (right) polarizations for the retrieved mapsT1r, T2r

andT3r (from top to bottom).

• T3r has also been retrieved fromV2 but with the
light reconstructions (10) which do not take into
account an eventual coupling betweenV x

2 andV y
2 .

The corresponding error maps∆Tr = Tr − Tw are
shown in Fig. 5. Since∆T1r and ∆T2r are almost
identical, no size effect have affected the quality of the
reconstruction (the bias∆T r and the standard devia-
tion σ∆Tr

are of the same order:0.23 K and0.56 K,
resp., for thex polarization, 0.14 K and 0.50 K,
resp., for they polarization). Moreover, since∆T2r

and∆T3r are also almost identical, the coupling could
be neglected. However, simulations with higher lev-
els of coupling have shown that beyond−20 dB, the
coupling should be taken into account in the recon-
struction process.

4 Conclusions
This contribution was concerned with the reconstruc-
tion of brightness temperature maps from interfero-
metric measurements provided by a SAIR. The band-
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limited regularisation selected by the European Space
Agency for the SMOS mission has been extended to
the case of the processing of dual-polarimetric data.
Depending on the level of coupling between the co-
polar and cross-polar voltage patterns of the antennas,
the retrieved maps are obtained either at the cost of
the resolution of a large coupled system, if needed,
or with the resolution of two independent problems of
smaller size, if this coupling is negligeable. Provided
that the coupling is taken into account when it is nec-
essary, the quality of the retrieved dual maps does not
change.
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