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Abstract: - A valuable resource for any testing agency is the item pool which yields the questions for its
tests. This paper considers the problem of developing the supply chain that provides these items. In
particular, the life cycle of items used in the Law School Admission Test (LSAT) is reviewed. Guidelines
for the optimal development of items over a finite horizon are given. The assembly of the tests and the
problems associated with supply chain development will be formulated as integer programming models.
All problems will be solved with commercially available software.
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1. Introduction

To deal with the complexity of supply chain life
cycles, new strategies gaining wide acceptance
when driving continuous improvement generally
include the following key areas - situation analysis,
planning and implementing changes, monitoring the
results, and developing a closed-loop control
systems [2,7,9]. Nevertheless, limited attention has
been given to the issue of measuring the
effectiveness of information sharing and
performance evaluations across the supply chain.

The supply chain in this research corresponds to the
development of items to maximize usage of the
pool which produces the test questions. Proper
management of the supply chain requires
recognition of item characteristics because certain
items are likely candidates to be selected on an
operational test form, and other items not so likely.
Earlier studies established the maximum number of
non-overlapping forms in a pool [5]. However, new
item development costs or the timing of the
specifications were not considered. These issues are
included in this paper.
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A typical item pool would allow many ways to
combine items to make a form, for example,
heuristic methods [8], network flow and Lagrangian
relaxation [1,3], large scale mixed integer
programming (MIP) software [10]. The focus of
this paper takes the last approach using CPLEX
(ILOG, [6]) as the tool to help manage the supply
chain. The results were generated from a Microsoft
Access database and processed on a laptop
(Pentium 2.13GHz, 2GB RAM, Windows XP). All
MIP problems were solved with the CPLEX library.

2. Item Life Cycle

Items reaching an operational level pass through the
writers, test specialists and psychometricians. In
this study, items with multiple choice responses are
considered and an item is either responded to
correctly or incorrectly.

After the initial review, the items go to the “pre-
test” stage where they are assigned to a nonscored
section of the test. When examinees take the test,
they are not aware of which sections are not scored
or which are scored. Thus, reliable response data
are collected on the new items without affecting
examinees’ scores. Most testing agencies utilize an
item response theory (IRT) model to determine the
difficulty and discrimination power of an item. This
study uses the popular three-parameter logistics
model where each examinee has an underlying
latent trait, denoted by @, that determines their
ability to answer an item correctly. The values for
@ can be placed on a standardized scale, so most
examinees have a latent trait value between -3.0 and
+3.0. The three IRT parameters for item i are given

bya,,b, and c,. The value of @, indicates the

17
discrimination power of the item, bi relates to item

difficulty and C; provides a pseudo-guessing
estimate. A Bernoulli random variable U, is defined

to equal 1 for a correct response and O otherwise.
The equation used to determine the probability of a
correct response to an item given @ is the
following.

1-¢ (1)

P, =10)=p(0) =c, " rexp(-1.7a,(0-b)

Further, the concept of information as a function of

@ can be defined for the response model.

1(6) = (L.7a,)’ {1-0— D (e)}{ p.(0) - } "
P (0) 1-c

This study assumes that responses are conditionally
independent. This allows total information and total
expected number correct to be obtained by
summing over the items on a test.

Based on the responses received in the pre-testing
stage, statistically estimated values for a ,b and

17
Cc, are obtained for each item. An item may be

rejected at this point if the responses to the item
differ significantly from the IRT model. The
statistical analysis is performed by
psychometricians in  consultation with test
specialists. If the item is rejected at this point, an
attempt is made to identify the probable cause and
communicate this to the writers.

3. Single Linear Test Form

This segment considers the problem of assembling
a single linear test form from an item pool. The
model is designed specifically for the Law School
Admission Council that currently administers the
Law School Admission Test (LSAT) in a linear
pencil and paper format. The test consists of four
scored sections; two in Logical Reasoning (LR),
one in Analytical Reasoning (AR), and one in
Reading Comprehension (RC). The AR and RC
sections are set-based with 4 stimuli (passages) in
each section, and the LR sections are composed of
discrete items. All items are multiple choice and all
recent administrations of the LSAT have contained
101 scored items. The LSAT is a high stakes test
given to more than 130,000 prospective law school
students. A descriptive summary of the constraints
for the test assembly is reviewed here [3].

Pre-test positioning. Items must appear on the test
form at approximately the same position in the
operational form as in the pre-test form.

Cognitive skill content. A distribution of the
cognitive skills being tested must be satisfied.

Item set specifications. When a stimulus is assigned
to a form, an upper bound and a lower bound on the
total number of items from the associated item set is
required. Also, there may be items within the item
set that must be used on the form.
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Word count. A lower limit and an upper limit on the
number of words in each section are specified.

Answer key count distribution. A constraint on the
distribution of the multiple-choice answer keys is
imposed.

Topic. The AR and RC sets are categorized
according to topics. Each AR and RC section must
have a specified number of stimuli of each topic.

Diversity. Certain stimuli are oriented toward a
diversity group. Every RC section must have a
specified diversity representation.

Targets. Each section has target information
functions and target characteristic curves. These
targets are enforced at discrete points on the latent
trait scale -over -3.0 to +3.0 in steps of 0.3.

Enemies. There are items pairs and stimuli pairs
that should not appear on the same form.

Overall mean test score. The overall mean score on
the test should be within a specified range.

Number of items on the test. All forms have a fixed
length (101 items).

An objective function used in the following analysis
assigns random costs to the items.

Minimize ux; . (3)

jed
where u; is a uniform random number between 0

and 1. The set J gives the indices for all the items
in the pool.

The study considered assembling a single form
from an item pool with 1336 discrete LR items, 110
AR stimuli with 951 items, and 108 RC stimuli
with 1021 items. For the assembly with one of the
diversity restrictions enforced, the MIP problem
had 5037 variables and 1936 constraints.

4, Multiple Forms

The assembly of a single test form is close to the
assembly of four separate sections. The constraints
that link the sections are constraints on the overall
expected test score and overall IRT target goals.
Thus, a viable approach for assembling multiple
tests is to create many non-overlapping sections and
combine them ensuring satisfaction of the
constraints across the test. Suppose the maximum

number of non-overlapping sections for each item
type (AR, RC or LR) can be determined. Let
MAX ., MAX. and MAX, represent these

numbers. If the number of non-overlapping test
forms equals min(MAX ,,, MAX ., MAX . /2), the

maximum number of non-overlapping forms from
the item pool would have been assembled. This
observation leads to the test assembly approach of
this paper.

The number of feasible overlapping sections that
can be assembled from the item pool is large.
However, if all feasible sections with unique stimuli
combinations are generated, the maximum number
of non-overlapping sections can be extracted from
this set of overlapping sections. The following
outlines the approach to assemble the maximum
number of non-overlapping test forms from the item
pool.

1. Assemble all, or many, overlapping sections
satisfying the constraints on the individual item
type. Do this for all three item types and save the
sections in the database. Use the random cost
objective for the items as given by (3) with new
costs generated for each assembly.

2. Extract the maximum number of non-overlapping
sections from the sections assembled in step 1.
Since several section groupings may Yyield the
maximum number of non-overlapping sections,
more than one maximum group may be extracted.
Do this for all three item types and save the
extracted sections in a separate database table.

3. Combine the non-overlapping sections identified
in step 2 to create the complete set of feasible forms
using these sections.

4. Extract the maximum number of feasible non-
overlapping forms from the set of forms created in
step 3.

5. Multiple Overlapping Sections

Each AR and RC section contains exactly 4 stimuli
with the associated set-based items. If the set-based
constraints were satisfied by 4 stimuli, CPLEX was
called to assemble a feasible section using only
those 4 stimuli. If a feasible section was assembled
with n items, the network was modified to consider
the assembly of a section with the number of items
restricted to equal other values feasible for the
section. In our particular case, this meant 2
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additional MIP problems were solved every time a
feasible section was found. The problem of
assembling a section given the 4 stimuli took less
than 1 second. The total enumeration for the RC
section required 4.5 hours and created 31,221
sections while the AR section required 20 hours and
created 93,270 sections. The RC enumeration
required considerably less time because the
diversity and topic constraints eliminated many
item set combinations before calling the MIP code.

As the size of the RC and AR sections increases,
the complete enumeration approach may not be
feasible. For example, an AR section of a pool with
106 stimuli has 4,967,690 combinations of 4 stimuli
to consider. If the number of AR stimuli increased
to 175, there would be 37,752,925 combinations of
4 stimuli. The complete enumeration of the LR
sections with discrete items is not possible. Random
costs and usage penalties were applied to obtain a
large number of feasible sections, with 1200 LR
sections assembled. Each MIP problem had the
same constraints but the uniform random costs were
generated anew for each problem and the item
usage rate was multiplied by 10.0 to penalize
frequently used items. The process was restarted
after 100 sections were assembled. Every MIP
problem had 1397 variables, 64 rows and 36,141
nonzero entries in the constraints. The time to
obtain a solution within at least 50% of the optimal
was 5 seconds, the total time to assemble 1,200
sections was 4 hours.

6. Non-Overlapping Sections

An MIP problem is created for each of the three
item types. This zero-one programming problem is
often referred to as the maximum set packing
problem, or a maximum clique problem [11]. The
overlapping sections were indexed sequentially as
they were assembled. The problem statement is:

NS
Maximize > e, 4
j=1
subject to
D> ;<1 i=1..,MS (5)
jeds(i)
a;=00rl j=1..,NS (6)

The value of NS gives the number of overlapping
sections assembled as described previously, and
MS is the number of stimuli used in the assembly
of the sections for the item type. The index set

JS(i) gives all sections that contain stimulus i. The
binary variable a equals one if section j is

included in the set of non-overlapping sections with
maximum cardinality.

The AR (RC, LR) section maximum set packing
problem had 93270 (31221, 1200) zero-one
variables and 105 (106, 1333) constraints. There
were 5 (3, 3) AR (RC, LR) stimuli that could not be
used in any section. These unusable stimuli could
be removed from the pool. The total problem
construction and solution took 20 (4, 30) minutes.
There were 16 (17, 32) non-overlapping AR (RC,
LR) sections. A solution yielding the maximum
number of non-overlapping sections is referred to as
a maximum packing.

If the rotation of the diversity found in the RC
sections is added as an additional restriction, the
number of non-overlapping RC sections dropped
from 17 to 15. Denote the index sets of sections
with one diversity orientation by JD1, the sections
with another orientation by JD2, and the sections
with the third orientation by JD3. The following
constraints were added to the problem to allow an
acceptable diversity rotation.

Zaj—z a;+sd1=1 (M
jedD1 jelD2

Zaj—Zaj+Sd2=1 (8)
jeJD1 jeJD3

0<sdl<2, 0<sd2<2. 9)

Since complete enumeration was used for the AR
and RC sections, the maximum number of non-
overlapping tests that can be assembled is 15. It
cannot be verified that the maximum number of
non-overlapping LR sections is 32, because
complete enumeration was not possible. However,
if the additional diversity rotation restrictions were
not enforced, it could still be verified that 16 is an
upper bound on the number of non-overlapping test
forms, because there were a maximum of 16 unique
AR sections.

The objective coefficients of (4) can be perturbed to
obtain a maximum packing with desired
individuality. Each LSAT section has an upper and
lower limit on the number of items in the section,
but a fixed number of items must appear on a form.
The assembly of a complete form would be
facilitated if the number of items in the sections
obtained from the maximum packing were likely to
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sum to the number of items on a form (NTEST ).
Let ns,, +ns.. +2ns,, = NTEST . Similarly, the

expected raw score for the sections should have a
good likelihood of summing to the desired expected
raw score on the form, SCORE . Let the raw score
goal for each section Dbe such that

PSpg + PSpc +2PS,s = SCORE. The perturbed

objective function coefficient was taken to be 1.0-
0.01] pSpg - PS; [-0.01/nS,, -ns;|  for the AR

sections, 1.0-0.01f pSgc - Ps; [-0.01| NS -ns; | for
the RC sections, and 1.0-0.01| ps,- ps; |-
0.01|ns g - ns; | for the LR sections, where ps; and

ns; are the mean score and number of items for

section j, respectively. The mean section score is
the sum of the section’s mean item scores.

7. Non-Overlapping Tests

The final step in the test assembly process was to
combine sections to create linear test forms that
have no items or stimuli in common and satisfy the
test specifications. The set of feasible sections that
were used consisted of three distinct maximum
packings for AR, two distinct maximum packings
for RC, and a single maximum packing for LR.
The combinations of these sections can be
enumerated to determine all feasible test forms.
The only constraints that need be checked are the
overall test constraints on IRT targets, overall
expected score and enemy constraints across the
two LR sections. Let NT be the number of feasible
forms and let MT be the number of stimuli
appearing more than once in these forms. Define
JT(i) to be the index set of forms containing

stimulus i. To determine the number of non-
overlapping forms possible by selecting from these
forms, another maximum set packing problem is
solved.

NT
Maximize "B, (10)
=
subject to
3 B<l i=L..,MT (11)
€T (i)
B,=00rl, j=1.,NT (12)

The binary variable p;=1 if form j was chosen for
the maximum packing and B, =0, otherwise. The
total problem had 64,573 variables (one for each

feasible form), 966 rows and 3,796,694 nonzero
constraint coefficients. Before the use of the branch
and cut procedure, CPLEX reduced the problem to
131 rows and 529,503 nonzero coefficients. The
solution to (10), (11) and (12) did produce the 15
non-overlapping forms in less than 1 hour. The
enumeration was not overly time consuming, but
querying the database to establish the JT(i)’s was

the main task. After dropping the requirement of
diversity rotation and redoing the process with
constraints (7), (8), and (9) omitted, 16 non-
overlapping test forms were created. Since there are
four administrations in one year, the inventory of
tests at this point covers four years.

8. Items in the Supply Chain

The characteristics of items developed by the
writers drive the supply chain. Consider the item
development process over a one-year horizon. Four
tests, a one-year supply, are taken from the set of
tests assembled as described in the previous section.
The items associated with these test are removed
from the item pool. Some of the items removed
from the pool have characteristics critical for the
assembly of future tests and some of the items may
not be critical. The objective is to add new items
that minimize the cost of development and provide
the four additional tests; that is, the tests removed
from the pool are replenished. The following
method is used to identify critical item and stimulus
characteristics.

Let JN represent the index set of new items
proposed for addition to the item pool. Some of
these items may have already been written, but not
yet pre-tested. Most of the desired item
characteristics can be controlled by the writers. The
IRT parameters are the most critical item
characteristics to increase pool usage [4].
Experienced writers and test specialist provide
reasonable parameter estimates. Item difficulty
modeling can assist in approximating the IRT
parameters prior to pre-testing.

The fundamental approach to assist in the
management of the supply chain is to add items that
shift the distributions pool characteristics to more
closely resemble the distributions found in the
assembled forms. Define a pseudo item to be an
item without text but with all the characteristics
required for test assembly. Add pseudo items to
create the desired distributions for the pool.



6th WSEAS International Conference on Information Security and Privacy, Tenerife, Spain, December 14-16, 2007 21

Let m represent the number of forms desired from
the pool augmented with the pseudo items. Repeat
the assembly process described above, but with the
following modification when creating the non-
overlapping forms. Let h, represent the anticipated

development costs for the items in the j" section

assembled at step 1. All items currently in the pool
have a cost of zero, and those that are already under
contract but not pre-tested have their cost calculated
without the sunken costs included.

NT

Minimize  >"h,; (13)
j=1

subject to

> B;<l i=1.,MT (14)

jedT (i)

NT

> B =m (15)

j=1

p,=0o0r1, j=1..,NT (16)

All item indices i € JN appearing in section |
with g =1 correspond to items that should be

added to supply chain demand.

9. Conclusion

This paper utilizes quality control in a supply chain
context. A performance procedure is presented to
assist in the management of the delivery and
assembly of test forms in the decision making of
job flows for the LSAT. Methods for data
manipulation, model building, and preprocessing
are given. The knowledge of the items to be
developed and the timing of the development
enable cost reductions and an increased flexibility
in administering forms. The sequential assembly of
test forms may have a tendency to select, in the first
few forms, items with statistical characteristics that
make them good candidates. The assembly of the
maximum number of non-overlapping forms would
disperse these “good” items across multiple forms.

It is important for testing agencies to appraise the
strength of their pools and assess future needs.
Items are a valuable commodity and the future
development of items should not duplicate the
attributes of the unused items [10]. This research
was designed to assemble test forms meeting
specifications. The objective function may be
varied to promote better curve fitting at some
expense to solution time. The research perspectives

include the pertinence of action toward a
framework in a procedural dimension of a supply
chain performance life cycle.
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