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Abstract: In this paper we present the test examples for the for approximative solution
of Singular Integro- Differential Equations with kernels of Cauchy type by mechanical
quadrature method. The equations are defined on the ellipse. We formulate the theorem
about theoretical background of mechanical quadrature method in classical Holder spaces.
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1 Introduction

Singular Integro- Differential Equations
with Cauchy kernels (SIDE) model many
problems in elasticity theory, aerodynam-
ics, mechanics, thermoelasticity, queueing
system analysis, etc. [1]-[11]

The general theory of SIDE has been
widely investigated in last decades [12]-
[18]. It is well known that the exact solu-
tion for SIDE can be found in rare spacial
cases. Even in these cases, evaluating the
solution numerically can be very compli-
cated and laborious.

We note that theoretical background
of collocation methods and mechanical
quadrature methods for approximate solu-
tion of SIDE in Generalized Holder spaces
and classical Holder spaces has been ob-
tained in [20],[22],[23]. The equations
have been defined on the arbitrary smooth
closed contours.

In this article we present the test ex-
amples for numerical solution of SIDE.
The equation are defined on the ellipse.
To construct the Riemann function we use
the approximative methods.

2 The Numerical Schemes

of Mechanical Quadra-
ture Methods

In this item we present the numerical
schemes of Mechanical Quadrature Meth-
ods. We formulate the convergence the-
orem. The results from this section were
obtained in [20], [22], [23].

Let I' be an arbitrary smooth closed
contour bounding a simple connected do-
main DT in the complex plain, let z = 0 €
DT, and let D~ = C\{D" T}, where C
is a full complex plane.

Let z = 9(w) be the Riemann func-
tion which maps conformably the exterior
of unit circle I'y (= |w| = 1) onto D~ so
that,

W(00) = 00,9 (00) = 1. (1)

We denote by A the class of contours
which satisfies the conditions (1).

We denote Hg(I') the space of func-
tions on I' satisfying the Holder condition
with the exponent! 5,0< 3<1:

Hs(T) = {g(t) : |g(t') — g(t")| <

By di,ds, ..., we denote the constants.
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<di|t —t'|%¢ ¢ eT).
The norm on Hg(I') is defined by
lellp = max|o(t)]+

) — ot
+ sup p(t1) <P(52)
LAt |t — o

=llellc + H(p; B), ti,tael,. (2)

By Héq)(F) we denote the space of
g times differentiable functions g(t) such
that g(9 € Hg(T); the norm in Héq)(f‘) is
given by the formula

q

lglls.a =D 1lg™lc + H(g'?; B).

k=0

In the complex space Hg(I') we will
consider the singular integro-differential
equations (SIDE)

(Mz =) >[4, ()= (t)+
r=0

1
B [
N
+i / he(t,7) - M) (1)dr] =
omi Jp

= f(t), teTl, (3

where A,(t), B.(t) and h,(t,7) (r = 0,q
and f(t) are given functions; z(%(t)
x(t) is the unknown function; z("
d"z(t)

We search for the solution of equation
(3) in the class of functions, satisfying the
condition

d7'+

(t) =

(r =1,q);q is a natural number.

1
21

We introduce the terminology "the
problem (3)-(4)” for the SIDE (3) together
with the conditions (4).

We search for the approximate solu-
tion of the problem (3)-(4) in the form

—1,—n for Il = —1,-2,...;
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n

-1
za(t) = S Mtk 3 ek e,

k=0 k=—n
()

where ﬁlin) = & (k= —n,n) are un-
knowns; we note that the function x,(t),
constructed by formula (5) satisfies the
conditions (4).

According to the collocation method,
we determine the unknowns &, (kK =
(=n,n)) from the condition of inversion
into zero of the expression

Mazn(tj) — f(t;) =0,

in 2n+1 different points t; € I' (j = 0, 2n).
As a result we will obtain the system
of linear algebraic equations (SLAE):

n

Z{A DY Gyt b g

B, (1) Z(—l)?‘Wx

- 1 - (k+9q)
tkr T
£k+21 z%(k—i—q—r)!x

X /Kr(tj,7)7k+qfrd7' &t

- @@ 7 - X
= — D 2w

- k+r—1) 1
+2>.(=

X Kr(tb T)T_k_TdT ’ g—k} =
!

= [(tj), J

where A,(t) = A,(t)
Ar(t) - Br(t)v r= O’Q-

If the problem (3)-(4) is solved by the
mechanical quadrature method we will ap-
ply as a quadrature formula the following

one: .
%/Q(T)Tl+kd7'g
r

Un(TZ'|r1 -g(T))Tk_ldT,

(6)
B()B(t):

1

21
T

where k = 0,n for { = 0,1,2,... and k =
the operator
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of interpolation U, is determined by the
formula

Thus, for the determination of the un-
knowns &, (kK = —n,n) by the mechanical
quadrature method we get the following
SLAE:

z =~ (k+9q)! (ke
DAY et
r=0 k:OUH_q_ )t
i k—l—r )t_k_r-g—i—
P —1) g k
" k+q 1+k—r
+Z(k+q—r'ZK ty, t )t TAC) g,

k=0

- c(k+r—1)!

N ]
2n
xS Kty )t TAYE ) =
s=0
= f(t;), 7=0,2n. (7)

To find the numbers A,(f) we will use Vi-
ete’s theqrem.
Let H(Q)( I') be subspace of HEQ)(F)

and elements from H (q)( I') satisfy the con-
ditions (4).
H{(I).
Theorem 1. Let T' € A and the
following conditions be satisfied:

The norm is defined as in

1. the functions Ag(t), By(t), hi(t,7),
(for both wvariables) (k = 0,q) and
)
r

f(t) belong to the space j25% ), 0<
a<l,r=01,...,0<8<a<l;
2. Ay (1)By(t) £0,t €T ;

3. the index of function thq_l
equal zero;

(1) Aq(1) is

4. the operator M : Hg) (') — Hp(I) s
linearly invertible;

5. the points tj (j = 0,2n) form a sys-
tem of Fejér knots on T :

Then for values n > ny, enough large
SLAE of mechanical quadrature method
(7) has the unique solution & (k = —n,n)
and the approximate solutions

tel

(8)
converge to the to the exact solution of
problem (3)-(4). The following estimate
holds:

Z Gt + Z &t",

k=—n

do +dslnn + d4ln2n
nrta—>3

lz—=2nllpq <

3 Verification of conditions
from theorem 1

We can use the analytical methods to ver-
ify that the coefficients from (3) belong to

HY (I"). To calculate the index function
we use the numerical algorithm from [13].

To construct the Riemann function for
Fejér points we use the numerical algo-
rithm from [21].

We present two examples for SIDE
The right parts are calculated automatic.
The contour T' is an ellipse Rcos(p) +
irsin(y). The approximative solutions we
calculate by formula (5). The programs
were written in Pascal.

. +2

Example 1. A(t) = 5
~ 2 — t? t+r
5w = 255 ke = UL
. 1

r = 0,2, exact solution z(t) = T

H(z";

Q).
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exact sol. approx. sol. Re(A) Im(A)
-0.684+0.06i | —0.68 4+ 0.06: | 2.10E-09 | 3.60E-09
-0.82+0.24i | —0.82 4 0.247 | 3.91E-09 | 1.29E-09
-1.0640.93i | —1.06 +0.93: | 2.71E-09 | 2.40E-09
0.654+1.781i | 0.65+1.78; | 5.74E-10 | 5.74E-09
0.95+0.461 0.95+ 0.46¢ | 3.88E-09 | 4.41E-09
0.7340.13i | 0.73+0.13: | 1.53E-09 | 1.94E-09

0.67-0.001 0.67 —0.00¢ | 4.00E-11 | 7.75E-10

0.73-0.13i 0.73-0.13¢ | 1.68E-09 | 1.79E-09
0.95-0.461 0.95 - 0.46¢ | 4.09E-09 | 3.85E-09
0.65-1.78i 0.65 —1.78 | 5.68E-10 | 4.82E-09

-1.06-0.93i | —1.06 — 0.937 | 2.65E-09 | 2.32E-09
-0.82-0.24i | —0.82 —0.247 | 3.67E-09 | 1.19E-09

3
Example 2. A(t) = L ;—t
3
B = 22 Kan =
2 T
r = 0,2, exact solution z(t) = t%
exact sol. | approx. sol. | Re(A) Im(A)
0.46-0.08i | 0.46 —0.087 | 1.92E-09 | 3.02E-10
0.61-0.40i | 0.61 —0.40¢ | 1.88E-10 | 1.88E-09
0.26-1.98i | 0.26 —1.98¢ | 1.26E-09 | 2.61E-10
-2.7442.30i | -2.744-2.30i | 8.60E-10 | 1.59E-08
0.69+0.871 | 0.6940.87i | 3.07E-10 | 8.17E-10
0.52+0.19i | 0.5240.19i | 4.96E-10 | 3.13E-10
0.44-0.001 0.44-0.00i | 6.69E-10 | 1.27E-10
0.52-0.19i 0.52-0.191 2.24E-10 | 1.00E-11
0.69-0.871 0.69-0.871 | 1.62E-09 | 9.60E-10

-2.74-2.301 -2.74-2.30i | 9.20E-10 | 2.19E-08
0.26+1.981 | 0.2641.981 | 1.27E-09 | 3.09E-11
0.61+0.40i | 0.6140.40i | 8.14E-10 | 2.47E-09

4 Conclusion
The test examples were elaborated. We

constricted Fejér points numerically.

References:

[1] Gusejnov A.L,

Muchtarov Ch.S.

Introduction to the theory of non-
linear singular integral equations.

Moskva: Izdatel’stvo ”Nauka”,
Glavnaya Redaktsiya Fiziko-
Matematicheskoj Literatury. 415

p. R. 3.60 (1980). MSC 200(in
Russian)

V. Zolotarevski, Gh. Andriesh. Ap-
proximation of functions in general-
ized Hlder spaces and approximate
solution of singular integral equa-
tions. Differ. Equations 32, No.9,

[11]

Proceedings of the 2nd IASME / WSEAS International Conference on Continuum Mechanics (CM'07), Portoroz, Slovenia, May 15-17, 2007

1223-1227 (1996); translation from
Differ. Uravn. 32, No.9, 1222-1226
(1996).

V. Zolotarevski, Gh. Andriesh. The
approximation of functions in gener-
alized Hlder spaces. Computer Sci-
ence Journal of Moldova, Chisinau,
Moldova, V 3, no 3(9), 1995, pp.
300-306

Smirnov V.I.- Lebedev N. A. Func-
tions of a Complex Variable- Con-
structive Theory. Cambridge, MA:
MIT Press 1968.

Zolotarevskii V. A.Finite- dimen-
sional methods for solving singular
integral equations on closed integra-
tion contours ”Stiintsa”, Kishinev,
1991. 136 pp. ISBN 5-376-01000-7.
(In Russian)

Krikunov  Iu.,V. The general
boundary Riemann problem and
linear singular integro- differen-
tial equation, The scientific notes
of the Kazani university, 1956,
116(4):pp.3-29, (in Russian)

Cohen J.W. , Boxma 0.J. Bound-
ary Value Problems in Queueing
System Analysis (North-Holland,
Amsterdam, 1983 405 p., ISBN
(USA) 0444865675; Russian transla-
tion Mir Publishers, Moscow, 1987,

Kalandia A.I. Mathematical meth-
ods of two- dimensional elasticity
Mir Publishers: 1975, 351 p.

Linkov A.M. Boundary Integral
Equations in Elasticity. Theory
Kluwer Academic: Dordrecht;
Boston, 2002: 268p.

Muskhelishvili N. I. Some basic
problems of the mathematical the-
ory ofelasticity: fundamental equa-
tions, plane theory of elasticity, tor-
sion, and bending. Groningen, P.
Noordhoff; 1953; 704 p.

Ladopoulos E. G. Singular inte-
gral equations: linear and non-
linear theory and its applications in
science and engineering, Springer:
Berlin; New York, 2000; 551p.

93



Proceedings of the 2nd IASME / WSEAS International Conference on Continuum Mechanics (CM'07), Portoroz, Slovenia, May 15-17, 2007

[12]

[13]

[16]

[17]

[19]

Ivanov V. V. The theory of approxi-
mate methods and their application
to the numerical solution of singu-
lar integral equations Noordhoff In-
ternational Publishing, 1976; 330 p.
3.

Gakhov F. D. Boundary values
problems. Edited by I. N. Sned-
don. Published: Oxford, New York,
Pergamon Press; Reading, Mass.,
Addison-Wesley Pub. Co. 1966, 561

P.

Muskhelishvili N. I. Singular inte-
gral equations: boundary problems
of function theory and their ap-
plication to mathematical physics
/. Published: Leyden: Noord-
hoff International, c1977. Edition:
Rev. translation from the Russian
/ edited by J. R. M. Radok. 447
p.:  "Reprint of the 1958 edi-
tion.”ISBN:9001607004 19.

Vekua N. P. Systems of singular
integral equations. Translated from
the Russian by A. G. Gibbs and
G. M. Simmons. Published: Gronin-
gen, P. Noordhoff [1967] Material:
216 p. 23 cm.

Gohberg 1. , Krupnik N. Intro-
duction to the theory of one-
dimensional singular integral op-
erators. Stiintsa, Kishinev, 1973
(in Russian). German translation:

Birkhauser Verlag, Basel, 1979.

Prossdorf Siegfried, Some classes
of singular equations Amsterdam;
New York: North-Holland Pub. Co;
New York: sole distributors for the
USA and Canada, Elsevier North-
Holland, 1978; 417 p.

Préossdorf S., Michlin S. Singu-
lar integral operators. Published:
Berlin ; New York : Springer-
Verlag,528p.:.ISBN:0387159673

Caraus Iu. The numerical solution
of singular integro- differential equa-
tions in Holder spaces. Conference
on Scientific Computation., Geneva,
2002, p. 26- 27.

[20] Zolotarevskii V. A., Finite- dimen-
sional methods for solving singular
integral equations on closed integra-
tion contours ”Stiintsa”, Kishinev,
1991. 136 pp. ISBN 5-376-01000-7.
(In Russian)

[21] Ugochikov A., Bunikova N., Solu-
tion of boundary problems by ana-
lytical function methods, Gorkii. (in
Russian)

[22] Turie Caraus, Nikos E. Mastoraskis,
The Numerical Solution for Singu-
lar Integro- Differential Equation in
Generalized Holder Spaces, WSEAS
TRANSACTIONS ON MATHE-
MATICS, Issue 5, V. 5, May 2006,
pp. 439-444, ISSN 1109-2769.

[23] Iurie Caraus, The numerical solu-
tion of singular integro- differential
equations in Holder spaces. Con-
ference on Scientific Computation.,
Geneva, 2002, pp. 26- 27.

Acknowledgment:  The research of
the first author was supported by SC-
STD of ASM grant 07.411.08 INDF and
MRDA/CRDF Grant CERIM-1006-06.

94



