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Abstract — Path following controller, designed according 
to the principle of following a virtual robot, for a 
gyroscopically stabilized single-wheeled robot (gyrobot) 
is presented in this paper. Linear and angular velocities of 
the virtual robot are pre-computed such that it follows the 
desired path. These velocities also constitute the 
feed-forward component of the reference velocities for 
the gyrobot. The feedback components of the reference 
velocities are computed based on the error between the 
pose of virtual robot and that of the gyrobot. Besides the 
reference velocity generator, a controller is designed to 
make the single-wheeled robot follow the reference 
velocities. Conditions for stability of the single-wheeled 
robot are taken into consideration while designing the 
reference velocities. Effectiveness of the design is 
verified using different types of reference paths. 
 
Index Terms—Gyroscopic precession, Single-wheeled 
robot, Path following controller, Virtual robot  
 

1. INTRODUCTION 
Design of the path following controller for gyrobot, a 
gyroscopically stabilized single-wheeled robot, is 
presented here. The gyrobot, built following the design of 
the gyrover developed in Carnegie Mellon University [1], 
is a wheel that has the shape of a flying saucer and rolls on 
its edge (Fig.1). 
 

Stability of the gyrobot in its vertical position and its 
ability to steer can be explained using the principle of 
gyroscopic precession seen in a rolling wheel. The 
stability is enhanced significantly with the help of a fast 
spinning flywheel placed inside the gyrobot shell. Large 
angular momentum of the flywheel provides good 
dynamic stability and insensitivity to attitude disturbance. 
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Moreover, due to the effect of gyroscopic precession, it 
shows high maneuverability. All these factors give this 
special structure advantage over its conventional 
multi-wheeled counterparts. Since electronic components 
are enclosed inside the shell, the gyrobot is especially 
suitable for deployment in marshy lands. Readers may 
refer to [1]-[3] and many other references cited there for 
details on the operation of a gyroscopically stabilized 
single-wheeled robot. This paper presents the path 
following controller for the gyrobot. 

 
Fig. 1: Gyrobot in its vertical position 

 
Path following control of mobile robots under 

nonholonomic constraints has been studied by many 
researchers. Back-stepping control [4], curvature based 
control [5], use of smooth time-varying feedback [6], 
piecewise feedback law for exponentially stabilizing and 
path tracking [7] etc are few examples of these proposed 
methods. The curvature based method was used to design 
path following controller for a single wheel robot [8]. 

A nonholonomic system has limitations in motion 
emerging from its kinematic model. Some directions of 
motion are not possible, e.g., the gyrobot can not move in 
the direction parallel to the wheel axle. Feedforward 
control is often used for nonholonomic systems where the 
inputs are computed for a known trajectory and all 
kinematic constraints are implicitly considered while 
planning the trajectory [9]-[10]. However, being an open 
loop system, such scheme is not robust to either errors in 
initial conditions or disturbances. This problem can be 
overcome by augmenting feedforward control with a 
feedback loop. 

Path following controller presented in this paper uses a 
reference velocity generator designed according to the 
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principle of following a virtual vehicle. This is briefly 
explained in Section III. Interested readers may refer to 
[11] for more details on this design concept. We also 
design a controller using approximate linear model of the 
gyrobot to make it follow the reference velocities. 

2. DYNAMIC MODEL OF THE GYROBOT 
The dynamic model and non-holonomic constraints of 

gyrobot are derived using constrained Lagrangian 
method, and matrix partition is used to eliminate the 
Lagrangian multipliers. The wheel is assumed to be a 
rigid, homogeneous disk that rolls without slipping on flat 
surfaces. The inner mechanism of the gyrobot is modeled 
as a two-link manipulator with the flywheel attached at 
the end of the second link and the first link hanging from 
the axle of the wheel. Moreover, it is assumed that the 
inner mechanism hangs just beneath the center of the axle. 
The dynamic model is 

00000 ),()( uBqqFqqM += , (1) 
with . The angles α, β, and γ represents 
the precession angle, lean angle and the roll angle of the 
wheel, respectively, and the angle β

[ T
aq βγβα=0 ]

a is the tilt angle of the 
flywheel. Two torque inputs, tilt motor torque and the 
drive motor torque, form the input u0. This model is 
simplified further by decoupling the tilt variable (βa) to 
obtain,  

BuqqFqqM += ),()( , (2) 
with .  [ ]Tq γβα=

Let, 
Ixw, Iyw, 

Izw

: Moment of inertia of the whole 
wheel, 

Ixf, Iyf, Izf : Moment of inertia of the flywheel, 
m : Mass of the gyrobot, 
R : Radius of the gyrobot shell, 
g : Acceleration due to gravity, and 
μ : Friction coefficient. 

 
Then the matrices used in the model (equation 2) are, 
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The trajectory of the point of contact between the 
gyrobot and the ground is described by the following pair 
of equations, 
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( ).sincoscossinsin

,sinsincoscoscos

βαββαααγ

βαββαααγ

++=

−+=

Ry

Rx

R

R  (3) 

For the model of equation (2), two input variables are 
torque for the drive motor and tilt velocity ( ) of the 
flywheel. We assume that an inner loop controller 
controls the tilt velocity for the flywheel faster than the 
response for changes in wheel lean angle (β). Rotational 
velocity of flywheel is assumed constant. We omit the 
detailed derivation of the dynamic model; interested 
readers may refer to [12].  

aβ

 

3. DESIGN OF CONTROLLER 
Design of the path following controller involves two 

separate steps. In step 1, a feedforward plus feedback loop 
is used to generate reference velocities required for the 
gyrobot to follow the given path. Concept of following a 
virtual robot is used and kinematic constraints are taken 
into consideration. Then in step 2, a feedback controller is 
designed using a linearized model such that the gyrobot 
follows the reference velocities. 

 

 3.1   Reference Velocity Generator 
The concept of following a virtual vehicle is illustrated in 
Fig. 2, where the vector [xv yv θv]T represents the pose of 
the virtual robot while the vector [xR yR θR]T represents 
that of the actual robot. The virtual robot travels along the 
desired path (shown as broken line), i.e., the path to be 
followed by the actual robot. 

 
Fig. 2: Robot following a virtual robot 

The tangential velocity vv and the angular velocity ωv of 
the virtual robot can be pre-computed according to the 
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inverse kinematics of the virtual robot, 
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The pose vector of the virtual robot [xv yv θv]T can be 
computed at every sample. If vv and ωv are set as the 
reference velocities for the gyrobot and is controlled to 
follow these references, then both will trace the same path 
provided the initial poses of the two are same. However, 
such assumption on the initial condition is not realistic as 
the initial pose of the gyrobot may not at all coincide with 
the trajectory it is expected to follow. We use the error 
between pose vectors of the real robot and the virtual 
robot to generate a feedback component of the reference 
such that the error converges asymptotically to zero. 
Convergence of actual robot's path to that of the virtual 
robot can be guaranteed by ensuring stability of the 
feedback loop. 

We assume that the tangential velocity vv and angular 
velocity ωv necessary to keep the virtual robot on the 
desired path is known, and we use these as the 
feedforward references for tangential velocity vR and 
angular velocity ωR of the gyrobot. We also assume that 
the kinematic constraints are expressed by, 
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Here, xR and yR are the coordinates of the gyrobot's point 
of contact on the ground and θR is its angle of orientation. 
The difficulty in navigation of the robot under these 
constraints lies in the fact that there are three degrees of 
freedom but only two control variables vR and ωR. 
Moreover, the robot constraints for the gyrobot are 
different from those of the other multi-wheeled mobile 
robots. We need to control not only the attitude of the 
robot [xR  yR θR]T but also to control its lean angle within a 
stable region. 

Let us define an error vector e = [e1 e2 e3]T that defines 
the difference between the pose vectors of the virtual 
robot and the gyrobot as illustrated in Fig. 2, 

RRvRRv yyxxe θθ sin)(cos)(1 −+−= , (6.a) 

RRvRRv yyxxe θθ cos)(sin)(2 −+−−= ,  (6.b) 

Rve θθ −=3 . (6.c) 
The errors e1 and e2 are shown in Fig. 2. The objective 

of the reference generator is to select the reference 
velocities such that the error dynamics (equations 6.a-6.c) 
is stabilized and the error vector asymptotically 
approaches zero. We select these reference velocities vR 
and ωR as a combination of feedforward components (vv, 

ωv) and feedback components. Before we derive the 
expressions for feedback components, let's examine the 
error dynamics by differentiating the equations above. It 
can be easily shown that, 
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The tangential velocity vv and the angular velocity ωv 
are pre-computed to make the virtual robot follow the 
desired path. We compute vR and ωR as functions of error 
such that the error dynamics is stabilized. When the error 
between the orientations of the two robots is small, 
cos(e3) ≅ 1 and sin(e3) ≅ 0. Then, 
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When the error e1 is positive, the real robot is trailing 
the virtual robot and tangential velocity of the robot 
should be increased. Similarly, the orientation error e3 is 
reduced by manipulating the angular velocity of the 
gyrobot. The error e2 can be affected by appropriate 
changes in angular velocity but taking the direction of 
motion into consideration. So, we select the feedback 
components as, 

.)sgn(
,

33222

111

ehehvf
ehf

v −−=
−=  (9) 

The gains should be chosen properly to stabilize 
equation 8. The method proposed by Klancar et al in [13] 
is followed here. The schematic of the velocity reference 
generator is shown in Fig. 3. 
 

 
Fig. 3: Schematic of the reference velocity generator 

 

3.2  Controlling ωR and vR of gyrobot 
The virtual robot approach is used to generate the 
reference velocities vR and ωR of the gyrobot. The linear 
velocity vR is controlled by changing the rolling speed of 
the gyrobot whereas the precession rate ωR is controlled 
by manipulating the lean angle of the gyrobot. However, 
the lean angle β of the gyrobot can not be controlled 
directly. Instead, we control the tilt angle βa of the 
flywheel. 

In order to design the controller for both rolling speed 
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and lean angle, we linearize the dynamic model of the 
gyrobot. Let's assume that the wheel is balanced near its 
vertical position, i.e., lean angle is β = (π/2)±δβ with small 
perturbation δβ to achieve precession or steering. We also 
assume that the rolling speed of the gyrobot is controlled 
around the nominal speed Ω0, i.e., Ω+Ω= 0γ . The 
linear model of the gyrobot is 

20 2)(2)( uIIIII axfsaxfxwxwxf γμδγα β +−+Ω=+  (10.a) 

αγαδδ ββ axfxwxf ImRIgmRmRI 2)(2)( 0
22 −Ω+−=+  (10.b) 

.  (10.c) )(2 1
2 umRI gxw +Ω−=Ω+ μ

Rolling of the gyrobot (equation 10.c) is independent of 
the lean and yaw dynamics described by equations 10.a 
and 10.b. We can design a controller for the rolling speed 
using the first order linear model (equation 10.c) 
independent of the other two dynamics. Equations (10.a) 
and (10.b) can be written in state space form as, 
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The precession rate α  is the same as the angular 
velocity ω used in the kinematic equation of the robot. We 
replaced α with the angular velocity ω in the above state 
equation. This 3rd-order system can be stabilized using 
linear state feedback 

βββ δωωδδ 32,12 )()( kkku refref −−+−= . (12) 

Remark 1: If we consider the steering rate ω (orα ) as 
an output of the system described by equation 10, then the 
corresponding transfer function has a zero on the RHS 
plane [8]. In order to avoid the non-minimum phase 
behaviour, we exclude k2(ωref-ω) from the feedback law 
(equation 12). It may be appropriate to point out here that 
the gyrobot does not have any sensor to measure the 
angular velocity ω. We do not control the angular velocity 
of the gyrobot directly, but control the lean angle instead. 
A tilt sensor is used to measure the lean angle β and a 
potentiometer measures the tilt angle of the flywheel βa. 

 
Since the gyroscopic torque of the flywheel is very 

large, the stability of the wheel in the vertical position is 
primarily maintained by the flywheel and not by the 
rolling speed of the wheel. Besides, the lean angle β tends 
to remain unchanged. Assuming approximately constant 
rolling speed of the wheel, little variation in the lean 
angle, and low yaw rate variation, we can evaluate the 
dynamic model for , u0=β 1=u2=0, and to 
obtain, 

0=== γβα
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Under these assumptions, we relate the equilibrium 

angular velocity to a specific lean angle as 
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Given the reference for ω by the reference velocity 
generator, the controller computes the reference for 
change in tilt angle, i.e., δβ,ref = Cωref according to 
equation 14. 

Control of the linear velocity of the wheel can be 
accomplished by applying a close loop control around the 
drive motor. The first-order system of equation 10.c is 
controlled using a proportional feedback u1 = kΩ (Ωref-Ω). 
The reference angular velocity for the drive motor is 
computed as Ωref = vR,ref/R, where R is the radius of the 
gyrobot wheel. The reference for the linear velocity vR,ref 
is provided by the reference velocity generator discussed 
earlier in this section. 

 
Fig. 4: Block diagram of the path-following controller 

 

4. RESULTS 
Effectiveness of the controller is verified using simulation 
for few different types of paths followed by the gyrobot. 
The response of the gyrobot is simulated using the 
nonlinear dynamic model presented in Section 2. 

4.1 Effect of Changing Tilt Angle of Flywheel 
As explained earlier, the angular velocity of the gyrobot 
can be controlled by controlling the tilt angle of the 
flywheel and thus the lean angle of the wheel. To see this 
effect, we subject the closed loop system to a variation in 
the reference for δβ. However, for this simulation, this 
variation is not caused by the reference velocity 
generator, rather it is changed directly. Corresponding 
results illustrating tilt angle of the flywheel βa, change in 
the lean angle of the wheel δβ, and the path traversed by 
the gyrobot are shown in Fig. 5 - Fig. 7. It is evident from 
these plots that the wheel leans in the direction opposite to 
the tilt of the flywheel, and leaning the wheel makes it 
steer in the direction of the lean. 
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Fig. 5: Variation in lean angle (β) in response to δβ,ref
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Fig. 6: Wheel leans in the direction opposite to the tilt of 

flywheel 
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Fig. 7: Trace of path traversed by the gyrobot 

 

4.2 Following a Straight Path 
For this simulation, the reference path is described by the 
equation of a straight line y = mx + c. In order to have the 
virtual robot follow such straight-line path, its angular 
speed ωv is set to 0. The linear speed of the virtual robot vv 
is set to the nominal speed of the gyrobot moving in its 
vertical posture. Since the nominal speed of the drive 
motor is 240 RPM, the linear speed of the virtual robot is 
set to 2π(240/60)R, which is equal to 4.27 m/s. Assuming 
the initial position of the robot at (0,0) of the X-Y plane, 
we set the initial position and orientation of the virtual 
robot at (0, c) and tan-1(m), respectively. Simulation result 
for this case is shown in Fig.8. 
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Fig. 8: Gyrobot follows a straight line path 

 

4.3 Following a Circular Path 
A circular path of radius ρ and with center at (X0,Y0) is 
described by the equation (x-X0)2 + (y-Y0)2 = ρ2. We set 
the tangential speed vv of the virtual robot to the nominal 
speed of the gyrobot which is 4.27 m/s. Then the angular 
speed ωv should be vv/ρ, i.e., 4.27/ρ rad/s. Setting the 
initial pose of the virtual robot is an important issue. It is 
observed that the path of the gyrobot converges to that of 
the virtual robot starting from any arbitrary initial pose. 
However, initial pose of the virtual robot affects the time 
it takes to converge. Methods for selecting an optimal 
initial pose will be published in a sequel of this work. 
Results for following a circular path are shown in Fig. 9. 
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Fig. 9: Gyrobot follows a circular path 

 

4.4 Following a Sinusoidal Path 
For a virtual robot following a sinusoidal path, its angular 
velocity should be changed as function of time. The 
following set of equations can be used to generate a 
sinusoidal path, 

).cos(
2

,sin,cos tvyvx vvvvvvv ϕϕπθθθ ===  (15) 

The parameter ϕ can be adjusted to change the length of 
one full cycle of the sinusoidal path. Since the angular 
velocity of the gyrobot is controlled by controlling its lean 
angle, there exists an upper limit to the angular velocity 
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that can be achieved. Tilting the gyrobot beyond a limit 
causes it to fall on its side. Let the maximum allowable 
angular velocity of the gyrobot be ωR,max, which depends 
on the physical parameters of the robot as well as on the 
lean angle. Then, according to equation (15), the 
maximum angular velocity is ϕ = 2ωR,max/π. Simulation 
results are shown in Fig. 10.  
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Fig. 10: Gyrobot follows a sinusoidal path 

 

5 CONCLUSION 
We investigated a strategy for controlling a 
gyroscopically stabilized single-wheeled robot, the 
gyrobot, to follow a pre-defined path. The feedback 
system consists of a reference velocity generator and a 
velocity controller for the gyrobot. The reference velocity 
generator uses both feedforward and feedback of error 
between the positions of the actual robot and a virtual 
robot.  

The wheel is made to follow the linear velocity using a 
closed loop control of the speed of drive motor. 
Controlling the angular velocity is a more difficult task. 
Any change in the lean angle of the gyrobot causes its 
angular velocity to change. However, the lean angle can 
not be changed directly and is controlled by changing the 
tilt angle of the flywheel. A decoupled, linear model of 
the gyrobot is used to design the controller for lean angle.  
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