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Abstract: - The paper presents neuro—adaptive optimal control system with direct application to the aircrafts’
control. The system has two neural networks, one with command role function of difference between leading
system’s output and reference signal and the other which has as training signal the difference between leading
system state (nonlinear) and the linear model’s state. The command law has an optimal component, which must
compensate deviations of the linear model from optimal trajectory. For solving adjunct vector equation one
evaluates exterior perturbation by its influence on deviation of the leading system’s output from reference
signal.
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1 Structure of the neuro — adaptive i = f(x@),u@), p(),1),1 €lto,t, ], x(t0) = xp, (1)
0ptima| control system where x is the state vector (nxl), u - command
Flying object dynamic A is described by nonlinear vector (m X 1) and p - perturbations vector (n X 1).

state equation One presents a control system with a neural network
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NN, (fig.1), which is trained in two steps. In the first

step (initialization one) one obtains neural network’s
output function of gain matrix’s elements; x,, is

nonlinear model state of A, and AU, - initialization
command of NN, (I expresses initialization stage

and R expresses control stage).

In the second stage, neural network’s train is made on
— line because of the variables’ time variations
(deviation of real trajectory of A from linear model
trajectory).

Neural network train is made, for example, using
optimal criteria based on Pontreaghin maximum
principle or based on Bellman dynamic propagation
principle.

2 Control system project

Optimal control law project is a problem which
consists of command vector ¥ € U determination; it
leads system (1) from initial state x, = x(#,) in the

final state x; = x(#,) so that criterion [2]
J(xo toﬂuﬂxlﬂtl)zM(xlﬂtl)+

+ ]'L(x(r), u(t), r)dr

fo
takes minimum value on array U .

2

Let x",u" be the components on optimal trajectory
and x,,u, -components on reference trajectory; then
X' (0) = x0(0) + Ax(),u” () =ug () + Au(t). — (3)
In initialization stage of the neural network NN,
one may use linear control theory for nonlinear
control system command; linear system is described
by equation [3]
A% = AAx + BAu + DAp, Ax(ty) = Ax,. 4)
Optimal command Au" determination may be done
using condition that system passes in the final state so

that quadratic criterion

7l o s ernte) 205" @vsuteor )

takes minimum value; matrix Q(n x n) is symmetric
and positive semi defined, R(m x m) - nonsingular
matrix, symmetric and positive defined, N(nx m) -

symmetric matrix.
Generally, project problem solving consists in
optimal command determination [4]

Au; =Au” +Au, (6)
which assures simultaneously optimal amortization

of dynamic linear processes; it means to assure the
convergence of linear model’s trajectory to the
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* .
reference one (component Au ) and compensation of

exterior perturbations (component Ap")

Component Au" is expressed as it follows
Au" =-KAx=-R™ [BTP+N]AX, (7)
where K is gain matrix and P the solution of
algebraic matricidal Riccati equation [3]
A"P+PA-PBR'B"P+Q=0. (8)
In training stage neural network calculates
command law function of state vector x (fig.1). One

may use a neural network with only a hidden layer;
equation shaped by a neural network is [5]

u=v"g[Wx+d]+b, )
where W is the input weight vector, ) output
weight vector, d and b - the input and output biases
and g - sigmoid functions’ vector.

If in (2) M(x,,t;)>0 and ¢ is an intermediary
moment of time, € z,,, ], in which the system has
x(t) state on considered trajectory; one may define
functional [2]

Js(ha0h1) = [ L(e{e)ueh e,

which attaches trajectory parts corresponding to the
interval [7,z,) a number I(x(r)) well calculated;

u(t) =u(x()),

(10)

1(x(e),2) = =T (2 ), ue(t), ). (11)
Then,
v__ oy o d, (12)
dr dt o ox

and, taking into account equation (1) and the fact that
the derivation is made on optimal trajectory, it results

Mm[x(t),u(z),M,tJ o, (13)
ot Ox
or Hamilton — Jacobi equation
awr) H(x(t),u(t), ar1) (’”),t] o, (4)
ot ox
where H is the Hamilton
function
H[x(t),u(t), or (x”),tj =L hul)o) +
ox (15)

{Wfﬂxmu@,r)

ox

\% T

Equation (14) is available for any trajectory which
starts from x, and arrives in x,, determined by an
admitted command u € U , inclusively along optimal
trajectories; that means
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Mw[;@lmlm,t}a (16)

ot X

If function / *(x*(t),t) admits second order partial
derivatives, by equation (16) derivation, one obtains

equation
- [oH(x(e)ule),w(e).t)
Ox ’
For optimal command u”~ determination one uses
equation
M =0 a_H + a_H@ =
du ou Ox Ou
or, from equation (17), it results equation

(17)

0 (18

(19)

By discretizating this equation, it results
OH [x(k ), u(k)] ks 1)8x(k+1) _o,
oulk) ou(k)
For calculus of the optimal command u” (t,), one
solves equation (20) using, for example, a Netwon —
Raphson method, after calculus of \V(k + l). Though,

considering that linear model (4), one obtains
equation

(20)

Ax = GAx + BAu,, + DAp, 1)
where

G=A-BR'[B"P+N| (22)
Component Au; of the optimal command (6) may

be determined so that initial state x, passes to final

state x; =0 so that quadratic criterion

-7 1
7,=] [AxTQyAp + EAuiRyAup}dt
0

(23)

takes minimum possible value; matrix @, (nxn) has

elements ‘13 =sgn(x;Ap;) for x; #0,Ap; #0, with

i,j=1n, q) =sgn(Ap,) for x;=0 and

q;’ =sgn(x;) for Ap;=0; R, (mxm) may be
chosen as unity matrix (mxm) [4].
With equation (17), one obtains
W(t)= -G yl(t)+0,Ap(0). (24)
From stationary condition of function H , from
equation (18) it results equation
Ay (t)=R;'BTy(t). (25)
Calculus equation for adjunct vector vy is (24),

which assumes exterior perturbation’s knowing. But,
in general, this isn’t possible; in equation (24) one
may replace term Q Ap by other term which
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expresses perturbation’s effect. Perturbation affects
output vector y of the nonlinear system and vector

v, of the linear model. As a consequence, the
perturbation affects system error e=r — y,r being
reference vector (imposed). So, equation (24) may be
expressed as it follows

WO =G y()+k(r - ). (26)
where £ is a gain coefficient with a variable value;
one may choose k=1. If k=1, the effect is
equivalent with supplementary perturbation’s
appearance, which is compensated by a feedback
loop after output vector y . Hence, y may be
calculated by integrating of equation (26), with
k=1.
NN, neural network models an equation with form
(9) and is trained by error’s minimization

Sc = l/_lc _uc 2’ (27)
where #, may be calculated with equation
1
u . =—r, 28
<= (28)

m

k,, being direct way subsystem’s gain coefficient of
the control loop with feedback after output vector y.
When e - O(y Sru, Su,Xx>Xx, = ct.), y —0,

u' —>u, =ct.=h(x,), wu—>u, =ct. and &—>0,
u(k) >u (k)=ct. and, consequently, X -0 and

X, > X, =ct.—>Xx_.

4 Conclusions

One chooses a linear model very closed to the
nonlinear one of the leading system, whose state
x,, — x in regime without disturbances.

In the initialization stage one leads model in x,, state
(Ax,, =0) by wuse of optimal control law
AU, =—KAx
In the training stage of the neural network NN

m -

u, =u, + AU, +u, (29)

where u, is the output of neural network NN,

(neural regulator), whose input is the difference
between leading system’s output and the reference

signal r. The imposed value is u, :kL’ because at

m!

equilibrium y =k, u, >k, u, < u, = kiy N kLr;

adaptive component u of the command law is thhe
input of neural network NN _, whose input is the

X
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difference X = x — x,, because of disturbance P and
deviation of model A from the reference one.
Imposed value u" of NN _’s output is calculated
function of adjunct vector y , which is the solution of
equation (26).
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