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Abstract: - In the present paper, the mathematical model of a test case central heating system is developed in
the form of a nonlinear neutral time delay model which in turn is simplified to a neutral time delay model with
constant time delay. In the process it is shown that the influence of the delay is significant, thus its
incorporation to the model is of high importance. A PI controller is derived to control the temperature of a room

which is modeled as a first order differential equation.
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1 Introduction

The problem modeling and of central heating
systems has attracted significant attention during the
last years (see f.e. [1]-[13]). In particular, significant
attention has been given to the modeling,
construction and optimization of core components of
central heating system, such as pipe networks and
piping elements (see f.e. [4]-[6] and the references
therein), radiators and other heating systems (see f.e.
[7]-[8]), boilers (see [9]-[10]) etc. Furthermore,
different control techniques have been applied to
such systems in order to regulate temperature in
heated areas (see f.e. [11]-[13]).

In the present paper, the mathematical model of a
test case central heating system will be developed in
the form of a nonlinear neutral time delay model. In
particular, separate models will presented for the
core components of the system, i.e. pipe network,
radiator and boiler. The separate models will be
combined to a nonlinear neutral time delay system
(with time varying delay) which will be simplified to
a neutral time delay model with constant time delay.
It will be shown that the influence of the delay is
significant, thus its incorporation to the model is of
high importance. Then, a PI controller will be
derived to control the temperature of a room, which
will be modeled as a first order differential equation.

2 Dynamic Model of a Test Case
Central Heating System

In what follows, the general dynamic model of a test
case central heating system will be produced. The
system consists of the piping network, a radiator and
a boiler (see Figure 1). The radiator heats up a room,
thus the performance output of the system is power

emitted by the radiator which is directly related to
the temperature of the ambient air.

2.1 Radiator Modeling

The dynamic model of a radiator is presented in the
form of the partial differential equation, [§]
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where T is the water temperature, 7' is the ambient
air temperature, C, is the heat capacity of water, C’p
is the thermal capacity of the water, @, denotes the

nominal power of the radiator (per length), AT is

ma,0

the arithmetic mean temperature difference at
standard conditions, n, is an exponent in the range
1.2 to 1.4 and ¢ is volumetric water flow rate in

the radiator.

According to [8] and applying elementary
computations, the partial differential equation (2.1)
can be rewritten as a set on ODEs in the form of a
nonlinear state space model as follows

6. (1)= 1, (), 1), (1)

while the performance of the radiator is considered

(2.2a)

to be the emitted thermal power
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Note that H = C’pp and that f (-, -,-) has been

produced from f, (-, ~,~) setting ¢ = 0.

2.2 Boiler Modeling
The dynamic model of the boiler can be described as
a first order differential equation of the form (2.3),
[9]-[10]
dT, (t)
b T = n/:()m (iruv ) Qb'umer (t) B

pCoa(1)(T, (t) =17, (1)) -0, (T, (1)~ 7. (1)) @3)
where C), is the thermal capacity of the boiler, C is

the thermal capacity rate of the water, a, is the rate
of heat loss from the boiler jacket to the environment
(i.. boiler room), T is the temperature of the boiler
room and n_  denotes the combustion efficiency of

the boiler. The combustion efficiency is given by a
polynomial of the form
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where the coefficients can be obtained from
experimental data. In the present paper it will be

assumed that a, =0 for 1> 3.

Using relation (2.4), the simplified model (2.3)
can be rewritten in state space form as

20 sl e

2.3 Pipe Network Modeling

Given a straight circular pipe with length [, diameter
d and roughness e, the dynamic model of one-
dimensional incompressible flow ¢ of a fluid of

density p, driven by the pressure Ap =p —p .
across the pipe, can be expressed as (see [8])

) )l )= ()]~ 1, () () 2

It holds that
£, (q) = 7d*[4pl (2.7)
while
£ (a) =27 (g d)q(t) /wd?’ (2.8)
where )\(q) is the friction factor. Clearly, A(q)

depends upon the conditions of the flow inside the
pipe, i.e. weather the flow is laminar or turbulent.

For the laminar region, i.e. if Re (q, d) <2300, it
holds that
Ma.d) = 64/ Re(g,d) (2.9)



while for the turbulent region, i.e. if
Re(q,d) > 3000, it holds that the friction factor is

the solution of relation (2.10) with respect to A
1 J—
Mad)

2.51
—2log,, > +——|(2.10)

Re (q,d) A(q,d) 3.71d

where e is the pipe roughness. With respect to the
transient region, i.e. for 2300 < Re (q,d) < 3000,

the friction factor can be approximated linearly, [5],
as long as the linear function satisfies (2.9) and

(2.10) for Re(q,d)=2300 and Re(g,d)= 3000

respectively. The turbulent region, can be divided
into smaller regions. For example when the Reynolds

number is less than 10° and the pipe is smooth, i.e.
the pipe roughness is small, the friction factor is
described by the Blasius equation

Ag.d) = 0.316/Re(q,d)°‘25 @2.11)

Approximation (2.11) is valid for typical flow and
geometry conditions for single family houses. Hence,
assuming that the pipes used are smooth relation
(2.10) can be substituted by (2.11). Consequently,
the linear approximation for

2300 < Re(g,d) < 3000 takes on the form
Ag.d)=4-107 [0.533 Re(q.d) — 530.4027]

4 o
where Re(q,d) — =P Fitting pressure losses are
wdu

sometimes presented in terms of the equivalent
length of straight pipe that would have the same
pressure loss as the fitting. If a fitting is to be

replaced by an equivalent length L, of pipe, then it
must hold that L =K,d / Mq.d), where K,
denotes the pressure loss coefficient for fittings. This
relationship shows the fundamental shortcoming
with the equivalent-length approach. It must be noted

that even though K ; and d are constant for a given

pipe under various flow conditions, the friction
function is not.

According to the above presented formulae the
nonlinear model of the piping network can be written
in state space form as

L I S
dt Iy (a:p) I (arp) Fu (%)
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u, (t)+ 6P, (z,) + Jffi E:j; +
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and where d_and L _are the hydraulic diameter and

length of the first radiator respectively, d and L are
the diameter and length of the pipes connecting the

boiler to the radiator respectively. The term OF,

stands for the pressure drop caused by possible
turbulence to the entrance of the radiator while AP
the pressure added to the pipe network by the pump
(actuatable input).

2.4 Nonlinear Model of the Overall Plant

In order to construct the nonlinear model of the
overall plant, it suffices to establish the necessary
algebraic equations standing for the “connections”
between the different elements of the plant. Define
the composite state, input and disturbance vectors, as
defined in Sections 2.1 to 2.3

o) =l (@) o) () ]2 ()

=l ()| 1) - T (1)

u(t)=u () u, (t)]T:[AP(t) wam(t)r
el)=le () & (] =[n() (]

From Figure 1, it can readily be observed that

u, (1) ==, (1) ==(t)

Yo (t) =%, (f -7 (t)) =Ty, (t -7 (t)) (2.13b)
w,(t)=2, ()= (1) @130

u, (t) =y, (t=7(t) = 2,., (t=7(t)) @13d)

(2.13a)



“, (t) _ du,, (t)
‘ dt
Applying elementary computations, the nonlinear
model of the overall plant, takes on the form

dm(t>+Ey%$(t_T(t)):

7 (:c () u(t),o(t—7(t)).€ (t)) (2.14a)

(2.13¢)

f 7, (p)dp = md'L (2.14b)
t—(t) 4
y(t) = %iﬂ W] (2.14c)

—FO 60 for j=2,....N
Fon (:c(t) u(t)z(t () g(t)):
NH z, (t)
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Note that the time delay T(t) stands for the

transport delay from the output of the boiler to the
input of the radiator and the output of the radiator to
the input of the boiler. It must be noted that these
delays are in general different. In the present paper,
it is assumed that the length and diameter of the
pipes from the boiler to the radiator and vice versa

are equal hence the respective time delays, let 7, (t)

and T, (t), are also equal between themselves, i.e.

T, (t) =T, (t) = 7'<t).

3 Influence of the Delay to the

Nonlinear Model of the Overall Plant

In what follows, the influence of the delay to the
response of the overall plant will be examined,
through computational experiments. Assume that the
model (2.4) operates on certain operating conditions,
let u, u,, El and EQ for the actuatable inputs and
disturbances yielding to the respective nominal

values for the state variables, let a3 for

j=1,...,N 4 2. Without loss of generality, assume
that at ¢ = 0 the actuatable inputs and disturbances

become  u, (t) =D, U, (t), U, (t) =D, (t)’

and ¢, (t) = p§2§2u5 (t), where




and where wu, (t) denotes the unit step function,
driving the system to new operation conditions, let
z, for j=1...,N+2, through the respective
responses, let T, (t) for j=1,...,N + 2. The same

experiment can be carried out for the system (2.14)
assuming that the time delay 7 (t) is equal to zero,

leading to different responses, let a3 (t) for

j=1...,N +2 Note that the starting and ending

nominal points are equal to both cases, with or
without the presence of the delay, are equal. In order
to examine the influence of the time delay to the
system a Euclidean norm type of error will be used.
Define the normalized composite response vectors

v, (t>: u ul_(t) . u2_<t) i
Ly L, i

&
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where Co € C» € and c, are appropriate

6

weight factors. The composite vectors defined in
(3.1) are sampled from time £ =0 to ¢t =T _ using
a sampling period At, to yield sampled data vectors
(wj.)v and (’LD].)U. T

' . s chosen large enough for
w,, (t) and ﬂzm (t) to have reached steady state

while At is chosen small enough for the sampled
signal to accurately represent the original system, i.e.
to satisfy Shannon theorem. The Euclidian norm
error is defined as

H<w/) B (wJ)

) =)

where (ZTJN) stands for the sampled data vector of
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Note that since the flow rate response is not
influenced by the delay. In both cases, with or
without the presence of the delay, it will be equal,
(i.e. by definition zero). Furthermore, for the case

where p =1, p, =1, p. =1 and p. =1 both

systems remain in the operating point, hence both
numerator and denominator become zero. In that

case the error is defined as zero. Let L = 25[m],
d =0.015[m],

L, =2[m|,d, = 0.0096153[m]|, K, = 0.00001,

C =36[KI/K|, N =4, ¢=0,0 =2500[W],
n =125

a=29, ¢ =1, q,=-012,

T =100 [°c

w,max

: 0 = 5.06[W/K],
C, = 4180|J/K - Ker|, C, = 42400|J/K],
p= 971.81[Kgr m3] j1=0.0003547[Pa-s| be
the parameters of the nonlinear model (2.14).
Assuming that %, = 3000[Pal, , =2300[W],

El =19.111 °C} and 52 = 10[00} the starting
nominal points are evaluated to be
7, = 3.6287-10° [m’/s|, z, = 69.6437[°C],
7, = 66.4807(°C|, T, = 63.5596|°C|,

T, = 60.8587[°C|, 7, = 73.0728[°C
nominal emitted power by the radiator can be easily

evaluated to be y = 1796.1[W]. In Figures 2 to 6

contour plots of the criterion (3.2) are presented
while in Figure 7 the same criterion is presented for

, while the

the performance variable for a wide range of p and
p, » indicatively for p, = 105% and p, = 95% .
The weight factors have been chosen to be c, =0,

c =0, ¢, =0, ¢
&

UQ

s =0 and c, =1. It can

readily be observed that the influence of the delay to
the system is significant, especially to the
performance output. Hence, it can be safely stated
that the incorporation of the delay to the system
makes it more accurate. It must be noted that the
Euclidean Norm Error plots have been zoomed to a
particular area in order to demonstrate specific
details.



3.1 Approximation of the Nonlinear Model of
the Plant

In order to simplify the nonlinear model of the plant
it will be approximated using constant delays,
instead of the time varying ones, i.e. the dynamic
model (2.14) becomes

ael), 2410

Fla(e)u(t)(t = 7).¢ (1) 630

(1) :&Ni 7, (1) & (1))

2 j=2 60

1

(3.3b)

In order to evaluate the constant delay, it will be
assumed that the system operates on its nominal
points. It can easily be verified that

7= me/z@ (3.4)
In order to check the accuracy of the proposed

simplification a cost criterion similar to that in (3.2)
will be used. Assume that the model (3.3) operates

on certain operating conditions, let u , u,, El and
{TZ for the actuatable inputs and disturbances
yielding to the respective nominal values for the state
N + 2. Without loss

of generality, assume that at ¢ =0 the actuatable

variables, let T, for j=1,...,

inputs and disturbances become u (t) pu KO (t),
wl) =) 6l)=rE <>

@@:gg%@,wmepe ) (P

pu2 6[(]7112) . ’(p'u,z) (pfl) i ’(psl) P

c (pgz) . a(p§2) and Where U,s <t) denotes

the unit step function, driving the system to new
N+2,

. P €

2

P,

operation conditions, let Ej for j=1,...,
through the respective responses, let z, (t) for

j=1...,N +2. The same experiment can be

carried out for the system (3.3), leading to different
N + 2. Note that

the starting and ending nominal points are equal to
both cases, with constant or time varying delay. In
order to examine the influence of the constant time
delay to the system a Euclidean norm type of error
will be used, similar to that defined in (3.2).
Consider the data presented in Section 2.5. In
Figures 8 to 12 contour plots of the cost criterion are
presented while in Figure 13 the same criterion is
presented for the performance variable for a wide

responses, let fj (t) for j=1,...,
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range of p and p , indicatively for P = 105%

and P = 95% . Note that the weight factors are

chosentobe ¢ =0, ¢ =0, ¢ =0, ¢c =0
Uy Uy 3 &

and ¢, =1 It can readily be observed that the

influence of the time varying delay to the system as
compared to the constant delay case is not
significant. Hence, the system can safely be
simplified using constant delay rather than time
varying. It must be noted that the Euclidean Norm
Error plots have been zoomed to a particular area in
order to demonstrate specific details.

4 Temperature Control

In the section, a PI controller will be designed in
order to regulate the temperature of a room in which
a central heating system of the form presented in
Figure 1 is installed. In particular the room will be
modeled as a first order differential equation, [8],
under the assumptions that the walls of the room are
subject to the same external temperature, there is no
influence of the weather (wind or rain) on the
thermal resistance of the walls, radiative heat transfer
is negligible, there is no ventilation and no influence
from the humidity of the air, there are no heat losses
from the ceiling and the floor and there are no heat
sources in the room besides the radiator. Under the
above assumptions the dynamic model of the room
takes on the form

dT (t 1 1
# _ W[T’ (t)-1 (t)}+C—Pmd( ) @1
where 7 is the room temperature, T =~ is the

out

environment temperature, P is the thermal power

emitted by the radiator, C is the thermal capacity of

the room and R is the thermal resistance of the

outer walls. For simulation purposes it will be

assumed that C =721 [KJ / K} and

R =785 107 [K/W] It can readily be observed

that the environment temperature acts as a
disturbance while the radiator power is the
“actuatable” input.

In the overall system, i.e. room plus central
heating unit, it will be assumed that the only
measurable variable is the room temperature while
the actuatable input is fuel, in the form of power,
applied to the boiler. The controller is chosen of the

form [14] u2<) fe +ff

dT ,  Where



e(t) =T (t)—r(t) and r is the room set point

temperature. It can be observed that the first
actuatable input of the overall system, i.e. the pump
pressure, is kept to its nominal value. In order to
choose the controller parameters, two techniques
have been applied. First, a classical Ziegler-Nichols
approach has been used, see f.e. [14], but the results
were totally inadequate. Second, a heuristic
approach, similar to that presented in [15], has been
applied. In order to demonstrate the proposed control
scheme, consider the data presented in Sections 3
and 4. Note that the environment nominal

temperature has been chosen to be 5[°C] producing

the same nominal temperature {Tl for the room.

Using the data presented in previous sections an
assuming that r is chosen to be of the form

r(t) = El + 3u, (t) where u (t) is the unit step
function, the heuristic algorithm produces fp =760

and f = 0.24. In Figure 14 the performance of the

closed loop system is presented, together with the
open loop response (i.e. for the case where the fuel

provided to the boiler is equal to 2826.816[W]. In

Figure 15, the supplied power to the boiler is
presented. In both figures, for the closed loop case, it
is observed that the wvariables remain within
acceptable levels. With respect to the performance
variable, i.e. the room temperature, it can be
observed that the response of the closed loop system

is satisfactory, with rise and settling time 20.2[min]

and 66.4[min] respectively, while the overshoot is

9.15%. For the open loop case, it can be observed
that the response does not reach rise time within
simulation time limits.

5 Conclusions

In the present paper, the mathematical model of a
test case central heating system has been developed
in the form of a nonlinear neutral time delay model
which in turn has been simplified to a neutral time
delay model with constant time delay. In the process
it has been shown that the influence of the delay is
significant, thus its incorporation to the model is of
high importance. A PI controller has been derived to
control the temperature of a room which has been
modeled as a first order differential equation. An
other contribution of the paper is that it provides the
analytic description o a nonlinear neutral time delay
model being useful for testing of various control
design techniques.
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Fig. 1: Layout of the Test Case Central Heating System
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