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Abstract: A new type of the first integrals associated with KdV equation is constructed by applying the trace for-
mulas of Deift-Trubowitz type for the 1-dimensional Saétlinger operator with no bound states. The relations
between the well-known first integrals with the densities expressed in terms of differential polynomials and the
present first integrals are obtained.
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1 Introduction local densities expressed in terms of the differential
polynomials ofu(x, t).

On the other hand, in [2], Deift and Trubowitz
derived the trace formula

In this paper, we consider a spectral meaning of the
first integrals of KdV equation

ou ou  Ou i [
St "0 T =0 1) 7T/ kry (k) fx(x, k)?dk
whereu = u(z, ) is the spatially rapidly decreasing N 1 (2)
real valued function. We restrict ourselves to the case -2 Z e njfe(z,in)? = 5u(a;)
such that the 1-dimensional Sékinger operator j=1
d? for the 1-dimensional Schdinger operator
Hy = —— +u(z,t)
dx? 2
has no bound states, i.e,(H;) = 0, whereo,(P) H=——5+uz)
v epldly J p dx

denotes the set of discrete spectrum of the operator ) ) )
P considered in the spacg?(IR). The functional with the rapidly decreasing real valued potenti@t ),

function of the one variableis called the first integral ~ C1eNts, f+(x, k) are the left and right Jost solutions,
or the conservation law of the equation (1), if —n;,j = 1,2,---, N are the discrete eigenvalues of
the operatord, andc4. ; are the normalizing coeffi-
i[[u] () =0 cients. We will briefly mention these materials in the
dt next section. In particular, if the operatéf has no

bound states, we have the trace formula

holds for the solutioru(z,¢) of KdV equation (1).
Moreover the functionv(z, t) is called the local den- i [ 5 1
sity of the first integrall [u] (), if - /Oo kre(k) fx (2, k) dk = Su(z).  (3)
[[u](t):/m w(z,t)dz On the other hand, in [1], Deift, Lund and
—o0 Trubowitz derived the another trace formula
holds. In [12], Zakharov and Faddeev showed that i (1 , 9 1
there are infinitely many first integrals which have _/OO Eri(k)fi(x’k) dk = 5“@) 4)



12th WSEAS Int. Conf. on APPLIED MATHEMATICS, Cairo, Egypt, December 29-31, 2007

for the rapidly decreasing real valued potentiék)
such that the operatdf has no bounds states and sat-
isfies the condition

r+(0) = —1.

The main purpose of the present paper is to give
a new spectral interpretation of the first integrals of
KdV equation using above trace formulas and, fur-
thermore, construct a new kind of first integrals.

The contents of the present paper are as follows.
In §2, the fundamental materials are briefly explained.
In §3, the trace formulas of Deift-Trubowitz type and
its generalization are discussed. 4, an evolution
equation satisfied by the Jost solution is derived. In
§5, the spectral interpretation of the first integrals of
KdV equation is given.

2 Preliminaries

In this section, the necessary materials are summa-
rized.

Throughout this section, we assume that the real
valued potential:(x) satisfies the integrability condi-
tion

o
(1 + |z|?)|u(z)|dz < co.
—00
Let fi(x, k) be the Jost solution of the eigenvalue
problem

Hf(x’ k) _f”(x’ k) + u(x)f(x, k) = k2f($a k)a

i.e., f+(x, k) behave likeexp(+ikz) asx — +oo
respectively. LeWV|[f,g] = f¢' — f'g be the Wron-
skian, then the right (+) and left (-) reflection coeffi-
cientsry (k) are defined by

Wifs (@, Fk), f- (2, £F)]
W[f_(a:, k)a f+($7 k)] 7

re(k) ==+ k € IR\{0}.

We have

r=(k)| <1, ke R\ {0}

in general. Moreover one of the two cases

r£(0) = -1 %)

or
lr+(k)| < 1forallk € IR.

holds. It is known that the condition (5) is generic.
On the other hand, let);, 1 < j < N be the zeros
in the upper half plangi™ of the analytic function
W(f-(z,k), f+(x, k)], k € HT, where

H" ={klk e T, Sk > 0}

26

for the complex plan€. Then
op(H) = {-nj|ll <j < N}

holds, andfi(x,in;), 1 < j < N are the square
integrable eigenfunctions associated with the operator
H. Letcs ; be the nomalization coefficients of those
eigenfunctions, i.e.,

1

T f(a,iny)%dz ©)

c:t7] =

The collections
St ={re(k),—n3,cr;;1 < j < N}

are called the scattering data. See [2] and [4] for de-
tails of the scattering theory df .

Now we consider the scattering data of the oper-
ator H; with the spatially rapidly decreasing potential
u(x,t) which solves KdV equation (1). In this case,
the elements of the scattering data depend,are.,
those are denoted as (k,t), c+ ;(t), andn;(t). In
[3], Gardner, Greene, Kruskal and Miura discovered
the following formulas;

r+(k,t) = r+(k,0) exp(—8ik3t),

ct,j(t) = cx,5(0)
n;(t) = n;(0).

eXp(_877§')t) ’ (7)

Next we explain the recursion operatband the
KdV polynomials.The operatok is the formal pseud
differential operator defined by

d 1d

(;i) B @u/(x) o) - 4dx3> . (®)

PutZ,(u) = 1 and define the functions,,(u) by the
recurrence relation

Zn(u) =AZ,—1(u), nelN, (9)
wherelN is the set of all natural numbers. Then it is
known thatZ,, (u) are the differential polynomials of

u(x). For example, we have

Zi(u) = ~u, Zo(u) = é(za 2 _ ).

5 (10)

We call them the KdV polynomials. We refer the
reader [7, lemma 3.1, p.621] and [8, p.952] for more
precise information.

Next we explain the following Appell’s lemma.
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Lemma 1. Lety = f(z) andy = g(x) be the solu-
tions of the 2nd order ordinary differential equation
&y
dz?

then the product = f(x)g(x) solves the 3rd order
ordinary differential equation

= p(x)y,

d3z dz
— =4 2
=)+ W)

This lemma is quite elementary fact and easy to
prove it. See [10] and [9] for detail. By Appell's
lemma and the definition (8) of the recursion opera-
tor, we have immediately

d d
~A = k2=
dx g:l:(ka) k dxg:t(xak)a

= fi(x, kZ)Q, ie.,
Agy(z, k) = ngi(x, k).

whereg. (z, k)

(11)

3 Trace formulas of Deift-Trubowitz
type

By the trace formula (2) and (10), we have

o RCRCTRER R
T (12)
-2 Z e+ f+(z, inj)z = Z1(u).

Jj=1

By operating with the operatay”—! on the both sides
of (12), then the trace formulas

i / TR (k) fa (o k)2

s

"ZZciJn]Q” 1fi (x “73) = Zn(u)
(13)
immediately follow from (9) and (11). Moreover, in
[6], the identities
i

_d / TR () £ (o, R)

™

- n2zci,177]2n Hh(a ”7])

= —Zn+1(u ( ))JF“( )Zn(u())

1 d?

- iﬁzn(u(fﬁ))

are derived.In particular, if the operatéf has no
bound states and is of the generic type, i.e., the con-
dition (5) is valid, then the following two types of the
trace formulas hold;

/ k2n 1
7

i / TR () £ (o, K) 2

k) f+(z, k) dk = Z(u)

s

1 d?

= Zns1(u()) — u(@) Zn(u(2)) + 55 Zn(u(z))

4 The first integrals with the local
densities
It is easy to see that ii(z,t) is the spatially rapidly

decreasing solution of KdV equation (1), then the
functional

Lu(t) = /_ b %u(m,t)dz:

is independent of, i.e., I1[u] is the first integral of
KdV equation with the local density; (u(z,t)) =

2u(z,t). Moreover, in [5], it is shown that the func-
tionals

I, [ul(t) = /OO Zn(u(z, t))dx

are the first integrals of KdV equation (1). Hence, by
the trace formulas (13), we have immediately

L [u](t) =
;/_Oo d:c/_oo k%_lri(kat)fi(iv,k,t)Qdk;

N
—1)"2) ex (07" 1/ fe (@ in;, ) dz,
j=1

wherery (k,t) andcy ;(t) are defined by the GGKM
formulas (7), andf+ (z, k, t) are the Jost solutions of
the operatof;. By the definition of the normalization
coefficients (6), one verifies immediately

I, ul(t) =
* /oo dx /OO k2n_17“:|:(]€,t)f:|:(x, k,t>2dk

n2z 2n— 1
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Moreover, if the operatak; corresponding to the ini- Hence we have
tial value u(z,0) has no bounds states, we have the
quite simple expression up — buty + Ugzy
20 [

I, [u](t) =— kr(k)(g; — 2uge + 2upg — 4k%g,)dk

- 00 00 T J—co

- Z/ dm/ K21y (k,8) fa (2, b, 1) 2dk. = 0.
T J—c0 —00
(14) By the definition of the Jost solution, one obtains the

On the other hand, if the operat is reflectionless, asymptotic identity

€.,7+(k, 0) = 0, then g — 2ugy + 2uyg — 4k* gy ~ C(k, t) exp(2ikz),

N
L[u](t) = (—1)"2 Z 77]2,%1 (15) whereC'(k, t) is a function oft andt. Hence we have
= the evolution equation for the functiariz, &, t).
follows, and the right hand side of (15) is obviously Theorem 2. The functiory(z, k, t) solves the evolu-
independent of. tion equation
Itis proved independently from these expressions
that the functional,,[u](¢) does not depend oh In g — 2ugy + 2uzg — 4k*g, = 0. (19)
§6, using these expressions, we give a new proof of the
fact that the functional, [u](¢) does not depend on Substitute (16) into (19), then, by the direct cal-
in the case thak/y has no bound states, and construct culation, we have the evolution equation for the Jost
another kind of first integrals. solutionf = f(x,k,t).

. . . g Theorem 3. The Jost solutiong = f1 (z, k, t) of the
5 An evolution equation satisfied by  gperatorH, solve the evolution equation

the Jost solution

In what follows, we assume that the operakfy has
no bound states. For the simplicity, we denote sim-
ply f(xz,k t) andr(k,¢) instead off.(z,k,¢) and G A gpectral interpretation of the
r+(k,t), andr(k) instead ofr(k, 0). . p P .
First we derive an evolution equation satisfied by first integrals of KdV equation

. Qi3 2
the functionexp(—8ik°t) f(x, k,t)*. Put In this section, we assume that the functiehr(k),
g=gla, k,t)= exp(—8ik:3t)f(x k t)2 (16) n > 1 belongs to the Schwartz spaSg of k-variable
T T functions for any» € IN. For arbitraryn € IN, define

fo = 2ufe +upf —4k*fr = 0.

then, by (3), we have the functionf, (x, t) andG, (z,t) by
u(z,t) = f:/_oo kr(k)g(x, k, t)dk. Fy(x,t) = /OO k" (k,t) f(z, k, t)2dk
Substitute this into KdV equation (1), then = /OO E'r(k)g(z, k, t)dk,
Uty — gz = % /_ Z kr (k) (6uge— guor)dk. (17) Gz, t) = / h k" (K, t) fo (2, k, t)2dk.

follows. By Appell's lemma mentioned g2 as

LemmaLl, we have Since the Jost solutionf(z,k,t) behaves like

exp(ikz) asx — oo, and like aexp(ikz) +
Goze = 4(u — k2)ge + 2uzg (18) Bexp(—ikx) asx — —oo, we have the following
o * o lemma.

Eliminating the termy,.... in (17) by (18), one verifies _

Lemma 4. The functionF, (z, t) andG,(z, t) belong

2 [ -vari i
Sty —tpes = 2 / o (k) (20 ga— 20 g+ Ak 2 g ) . g)mt/r;e Schwartz spacg, of xz-variable functions for

— 00
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Define the functionald,,[u](t), n > 1 by

In[u](?)
- :T/OO dz /OO k"r(k,t) f(x, k, t)%dk

:Z/ d:v/ ke (k)g(a, k, t)dk
T J -0 —00

Z‘ o
= — F(x,t)d
77/—00 (x,t)dx

(20)

It is known that the integration in (20) converges. The
convergence problem concerned with the integration
of this type is known to be very delicate. We refer

the reader [2] for more precise treatment concerned
with the convergence problem of the integration of

this type.

Now, we have the following theorem which is the
main result of the present work.

Theorem 5. Suppose that(x,t) is the spatially
rapidly decraesing real valued solution of KdV equa-
tion such that the operatof, has no bound states.
Then, the functionald,,[u|(¢) are independent of,
i.e., are the first integrals of KdV equation.

Proof. By Theorem2, we have

d
= Talul(t)

Xy
/ dw/ E"r(k)x

- —o0
(2u9x — 2ugg + 4k29m>dk

,L' oo

E"r(k)ge(z, k,t)dk

3=
83

3~

oo

dx E"r(k)(2ugy — 2uyg)dk
—00

—0o0

44
+ —
s

0 > n+2
dmax /_Ook r(k)gdk.

— 00

By Lemma4,

00 o 0 o
/oo daﬁax/ook r(k)gdk

> 0

follows. Moreover, since the produetF;, is also in

29

S;, one verifies

d

KA
i [0

4i [ [ (21)
+/ d:n/ E"r(k)ug,dk
T J- —0o0

4' (o0 o0
= / dw / k" (k) ugy dk.
T J-x —00

Next we calculate the last term of the expression (21).
By the definition, we have

4' o0 [o¢]
e / dx / k" (k)uge dk
T J—00 —00
= / d:v/ E"r(k)uf frdk
T J-x —00

_ f:/oo dr /OO K (k) (Faw + K2 fudh
44 0

=— . ﬁ(Gn(:c, t) + Fy(x,t))dz =0,
where we used the relation
uf = fuo +K*f.
This completes the proof. g.e.d.

By (14), the relation between the first integrals
Jm|u] and I, [u] is stated by the following corollary.

Corollary 6. For arbitrary n € IN, the identities
Jon—1[ul(t) = In[u](t)
hold.

Thus, by Theorem5, we could construct the first
integrals with the local densities which are not the dif-
ferential polynomialsZ,,(u). In this case, we consid-
ered the problem for only the operator without bound
states. We will discuss a similar problem for the oper-
ator with the discrete eigenvalues in the forthcoming
paper [11].
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