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Abstract: In the present paper, we derive some families of polynomials. Some further results of these polynomials
as generating function, rodrigues formula and recurrence relations are also discussed.
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1 Introduction

In recent years, a great deal of progress in the field
of orthogonal polynomials has seen. Some of these
polynomials have been shown to be of significance
in quantum mechanics and in mathematical statistics.
These polynomials such as Hermite, Laguerre and Ja-
cobi that are orthogonal polynomials over the inter-
val (a, b)with weight function ω (x) have many use-
ful properties. The main properties such as recurrence
relation, generating function, rodrigues formula and
differential equation which hold for these polynomi-
als are seen in [2], [3], [4], [6], [7]. Moreover, dif-
ferent properties of orthogonal polynomials are also
studied in different aspects in [1], [5].

We now consider the following polynomials:

φk+n(m−1) (x) = eϕm(x)
dn

dxn

³
ψk (x) e

−ϕm(x)
´
(1)

Let φ k+n(m−1) (x) be a sequence of polynomials
given by the Rodrigues formula (1). φk+n(m−1) (x) is
a polynomial of degree k + n (m− 1) ,
n = 0, 1, 2, ...and ψk (x) and ϕm (x) are polynomials
respectively of degree k and m ; k, m = 0, 1, 2, ....

This paper presents a generating function and
some recurrence relations for the polynomial set
φk+n(m−1) (x) .

2 Generating Function of the Poly-
nomial Set φk+n(m−1) (x)

In this section, we find a generating function for the
polynomials φk+n(m−1) (x) .

From the Cauchy integral theorem for a suitable
contour C, we have

f (x) = ψk (x) e
−ϕm(x) =

1

2πi

I
C

ψk (z) e
−ϕm(z)dz

(z − x)

and by repeated differentiation we get

f (n) (x) =
dn

dxn

³
ψk (x) e

−ϕm(x)
´

=
n!

2πi

I
C

ψk (z) e
−ϕm(z)dz

(z − x)n+1
.

We now try to sum the series

∞X
n=0

φk+n(m−1) (x)

n!
tn

and by substituting

φk+n(m−1) (x) = eϕm(x)
dn

dxn

³
ψk (x) e

−ϕm(x)
´

= eϕm(x)
n!

2πi

I
C

ψk (z) e
−ϕm(z)dz

(z − x)n+1
.
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Hence we obtain

∞X
n=0

φk+n(m−1) (x) t
n

n!
=

eϕm(x)

2πi

I
C

ψk (z) e
−ϕm(z)

(z − x)

×
∞X
n=0

µ
t

z − x

¶n

dz

=
eϕm(x)

2πi

I
C

ψk (z) e
−ϕm(z)dz

z − (x+ t)

= eϕm(x)ψk (x+ t) e−ϕm(x+t)

⇒
∞X
n=0

φk+n(m−1) (x) t
n

n!
= ψk (x+ t) eϕm(x)−ϕm(x+t)

(2)
where ¯̄̄̄

t

z − x

¯̄̄̄
< 1.

We of course assume that the point x is inside the con-
tour C that is the real axis and the point x + t should
also be inside the contour C.

It is shown that from (2) , a generating function
F (x, t) for the polynomial set φk+n(m−1) (x) is

∞X
n=0

φk+n(m−1) (x) t
n

n!
= ψk (x+ t)

×eϕm(x)−ϕm(x+t)

= F (x, t) . (3)

3 Recurrence Relations for a Special
Case of φk+n(m−1) (x)

If we take ψk (x) = 1 in equation (1) , we have

φn(m−1) (x) = eϕm(x)
dn

dxn

³
e−ϕm(x)

´
. (4)

From (3) , the generating function for the polynomial
set φn(m−1) (x) is

∞X
n=0

φn(m−1) (x)

n!
tn = eϕm(x)−ϕm(x+t) (5)

= F (x, t) .

The Maclauren series of the polynomial
ϕ
0
m (x+ t) at t = 0 is

ϕ
0
m (x+ t) = ϕ

0
m (x) +

ϕ
00
m(x)
1! t+ ...

+ϕ
(m)
m (x)
(m−1)! t

m−1

=
mP
k=1

1
(k−1)!ϕ

(k)
m (x) tk−1.

(6)

Differentiating each member of the generating func-
tion (5) with respect to x and using (5) and (6) , we
obtain

∞X
n=0

φ
0
n(m−1) (x)

n!
tn =

³
ϕ
0
m (x)− ϕ

0
m (x+ t)

´
×eϕm(x)−ϕm(x+t)

=
³
ϕ
0
m (x)− ϕ

0
m (x+ t)

´
×

∞X
n=0

φn(m−1) (x)

n!
tn

=
∞X
n=0

ϕ
0
m (x)φn(m−1) (x)

n!
tn

−
∞X
n=0

m−1X
k=0

ϕ
(k+1)
m (x)φn(m−1) (x)

n!k!
tn+k

=
∞X
n=0

ϕ
0
m (x)φn(m−1) (x)

n!
tn

−
∞X
n=k

Ã
m−1X
k=0

ϕ
(k+1)
m (x)φ(n−k)(m−1) (x)

k! (n− k)!

!
tn.

Thus, we arrive at the following recurrence relation
for the polynomials φn(m−1) (x) :

φ
0
n(m−1) (x) = ϕ

0
m (x)φn(m−1) (x)

−
m−1P
k=0

¡n
k

¢
ϕ
(k+1)
m (x)φ(n−k)(m−1) (x)

(7)

(n ≥ k , m ≥ 1) .
Differentiating two hand side of the generating func-
tion (5) with respect to t , we find

∞X
n=0

φn(m−1) (x)

n!
ntn−1

= −ϕ0
m (x+ t) eϕm(x)−ϕm(x+t).

If we take n+1 instead of n in the last expression and
use (5) and (6), we have

∞X
n=0

φ(n+1)(m−1) (x)

n!
tn =
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−ϕ0
m (x+ t)

∞X
n=0

φn(m−1) (x)

n!
tn

= −
∞X
n=0

Ã
m−1X
k=0

ϕ
(k+1)
m (x)

k!
tk

!
φn(m−1) (x)

n!
tn

= −
∞X
n=k

Ã
m−1X
k=0

ϕ
(k+1)
m (x)φ(n−k)(m−1) (x)

k! (n− k)!

!
tn.

Hence we get the following recurrence relation for the
polynomials φn(m−1) (x) :

φ(n+1)(m−1) (x) = −
m−1X
k=0

µ
n

k

¶
ϕ(k+1)m (x)

×φ(n−k)(m−1) (x) (8)

(n ≥ k , m ≥ 1) .

From (7) and (8) , we have a recurrence relation for
these polynomials,which is easily seen to be given by

φ
0
n(m−1) (x) = ϕ

0
m (x)φn(m−1) (x) (9)
+φ(n+1)(m−1) (x)

(n ≥ 0 , m ≥ 1) .

We now obtain another recurrence relation for the
polynomials φn(m−1) (x). Using derivatives of (5)
with respect to x and t,we have

ϕ
0
m (x+ t)

∂F

∂x
=
³
ϕ
0
m (x+ t)− ϕ0m (x)

´ ∂F

∂t
.

(10)
Writing the values of

∂F

∂x
and

∂F

∂t
in the equality (10)

and using the equality (6), we find

∞P
n=0

m−1P
k=0

φ
0
n(m−1)(x)ϕ

(k+1)
m (x)

n!k! tn+k =

−
∞P
n=0

ϕ
0
m(x)φ(n+1)(m−1)(x)

n! tn

+
∞P
n=0

m−1P
k=0

φ(n+1)(m−1)(x)ϕ
(k+1)
m (x)

n!k! tn+k.

If we take n−k instead of n in double summations in
the both sides of the last expression, we have

∞P
n=k

µ
m−1P
k=0

φ
0
(n−k)(m−1)(x)ϕ

(k+1)
m (x)

(n−k)!k!

¶
tn =

−
∞P
n=0

ϕ
0
m(x)φ(n+1)(m−1)(x)

n! tn

+
∞P
n=k

µ
m−1P
k=0

φ(n−k+1)(m−1)(x)ϕ
(k+1)
m (x)

(n−k)!k!

¶
tn.

Thus, we get the following recurrence relation,

m−1P
k=0

¡
n
k

¢
ϕ
(k+1)
m (x) (φ

0
(n−k)(m−1) (x)

−φ(n−k+1)(m−1) (x))
= −ϕ0

m (x)φ(n+1)(m−1) (x) .

(11)

for
(n ≥ k , m ≥ 1) .

4 Orthogonality of the Polynomials

φn+1 (x)

Taking ψk (x) = x and ϕm (x) = x2 in the equation
(1) , we have

φn+1 (x) = ex
2 dn

dxn

³
xe−x

2
´

= −1
2
ex

2 dn+1

dxn+1

³
e−x

2
´

=
(−1)n

2
Hn+1.

Since the Hermite polynomial Hn+1 (x) of degree
n+1, (n = 0, 1, ...) is an orthogonal polynomial over
the interval (−∞,∞)with weight function ω (x) =

e−x
2
, then φn+1 (x) is an orthogonal polynomial of

degree n+ 1 in the same interval.
This is defined by the relations

∞Z
−∞

e−x
2
φn+1 (x)φm+1 (x) dx = 2n−1 (n+ 1)!

×
√
πδnm ; n,m = 0, 1, ...

where
δmn =

½
1
0

,
,

m = n
m 6= n

.
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