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Abstract: - The present paper proposes new ZCZ sequence sets which consist of two subsets. The most important
property of the proposed ZCZ sequence sets is that the cross-correlation function between two arbitrary sequences
which belong to different subsets has quite a large zero-cross-correlation zone. Of course, each subset is a ZCZ
sequence set of which the family size is half of the original one. When the proposed ZCZ sequence sets are applied
to AS-CDMA systems, one subset is assigned to users near to a base station and another subset is assigned to users
far from it. By this allotment, the proposed sets can hypothetically achieve larger zero-correlation zones than
conventional ZCZ sequence sets.
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Let S be a sequence set with M sequences of
period P. S can be represented as
S:{SO!Sp"' S Sy

Sp:(so",slp FOMEE s;’_l).

1 Introduction

Recently, AS-CDMA (approximately synchronized
code-division multiple-access) systems have attracted
a great deal of attention. In those systems, ZCZ
(zero-correlation zone) sequence sets are used as
spreading sequences. Generally, a ZCZ sequence set is
characterized by the sequence period, the number of
sequences, and the zero-correlation zone length. It is

M)

S, and s? denote a sequence and a sequence element

respectively. If all of the sequences in S satisfy the
following autocorrelation and cross-correlation

well known that the zero-correlation zone length is
restricted by a mathematical upper bound. In our
previous work, we have proposed a new method for
constructing ZCZ sequence sets of which the
zero-correlation zone length is relatively near to the
upper bound [1].

In the present paper, we propose new ZCZ
sequence sets which consist of two ZCZ sequence sets.
They can hypothetically ~ achieve larger
zero-correlation zones than conventional ZCZ
sequence sets. In addition, we introduce the concept of
ZCZ ratio in order to evaluate the zero-correlation
zone length properly. The proposed ZCZ sequence
sets are also superior to the conventional ones from the
view point of the ZCZ ratio.

2 ZCZ Sequence Sets
In this section, we explain ZCZ sequence sets and
other related terms.

properties, S is referred to as a ZCZ sequence set.
Ep (r=0,p=1p),
q+r mod P (T = 01 p * p’)l (2)
- 0 (<|g=L)
The symbol * denotes a complex conjugate. In
addition, E denotes the sequence energy of S  and

P-1
SS =

is defined by the foIIowing formula'
E —ZS si" = ‘s"‘ . (3)

The range, Os|r|£L , is referred to as a

zero-correlation zone. In addition, L is referred to as
the zero-correlation zone length of S. We represent
the ZCZ sequence set as Z(P,M,L) in order to

exhibit the sequence period, the family size, and the
zero-correlation zone length.

The zero-correlation zone length is restricted by the
following mathematical upper bound [5], [8]:



P
< —

L< v 1. 4)
ZCZ sequence sets which satisfy this upper bound
only exist under some limited conditions [4], [8].
Other known ZCZ sequence sets can achieve only
small zero-correlation zones [6], [7]. So, we have
proposed a new method for constructing ZCZ
sequence sets [1]. The proposed method can generate
various ZCZ sequence sets recursively by using
perfect sequences and unitary matrices. The
parameters of the ZCZ sequence sets generated by this
method satisfy the following formula:

(1-2)p

L VR (5)
where | is the period of the perfect sequences used to
construct the ZCZ sequence sets. Although L of (5)
does not satisfy the mathematical upper bound, it is
relatively near to the upper bound. In the real systems,
because of simplicity of implementation, binary or
guadriphase sequences are preferred. In the
quadriphase case in particular, the proposed method
can generate ZCZ sequence sets having larger
zero-correlation zones than previously known ones.

3 ZCZ Sequence Sets Composed of

Two Subsets

In this section, we define the concept of ZCZ sequence
sets composed of two subsets. In addition, we propose
a method for constructing such ZCZ sequence sets.

3.1 Definition

Suppose that two sequence sets, U and V , are ZCZ
sequence sets. In addition, suppose that they have the
same sequence period, P, the same family size, M ,
and the same zero-correlation zone length, L. That is,
they are Z(P,M, L). Now, we represent U as

U :{Uoiull'”’Up’”"UM—l}’

6
Up:(uop’ulp,...’qu,...’ugil)_ ()
Similarly, V is represented as
V=\VV, -V -V, .f
{vo 1 p Ml} (7)

Vp :(Vop’le,...,vqp,...,vg_l)_
If all of the sequences in U and all of the sequences in
V satisfy the following condition, the union of U and
V , namely T=UUV , is referred to as a ZCZ
sequence set composed of two subsets.
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P-1
Ryp(7)= UM e =0 (0| <A).  (8)
q=0

A is referred to as the zero-cross-correlation zone
length between U and V . We describe such ZCZ

sequence sets as Z"(P,2M,[L,A]) in order to exhibit
all of the parameters.

3.2 Sequence Generation
Let I be an even positive integer and let
A=(a,,a,,---,a,,) be aperfect sequence of period I .
That is, the sequence A has the following
autocorrelation property:
o, E 7=0),
RA(T)Z ;aka(kw)modl :{ OA (ot(herwi)se), )
where E, is the sequence energy of A. Let I, and I,
be integers. The two integers are defined as
=211,
(10)

I
23|1<E.

Using A and these integers, a sequence set with |,

perfect sequences, U°, is defined as
UO = {Ug,uf,...,ug'-.-,UEil}'

Up = (g7, u?2) )
= (aplo’aplo+1’”"al—l’a()’”"aplo—l)'
Similarly, a sequence set, V? is defined as
VO = {\/Oivloy...,\/‘S,...'V‘ﬁl}'
VO = (0P 0P, v0P) (12)

= (a(p+|1)|o 1 Apegar & 8oy B p+|1)lo—1)-
Uo(0<p<l-1) and V?(0< p<l,-1) are perfect

sequences derived by shifting A cyclically to the left.
Therefore, they have the same autocorrelation
property as A.

Let B,(n>1) and C,(n>1) be I xI, unitary

matrices. In addition, let b” /,/l, (0< p,q <1, ~1) be
the (p,q) -th element of B,

¢! /I, (0< p,q<I,~1) be the (p,q)-th element of
C, . Because they are unitary matrices, we have

h-1 . h-1 . - | k — k ,
Zbl?o,kbl?l,k = zcko,kckl,k =4 ( ° l) (13)
k=0 k=0 0 (

otherwise).

and let

2



Using U° and B, , a sequence set with I,
sequences of period I, U" (n 21), is defined as
u"={ururure

-
n,i

Uin :(Ug'i,u U TLSOPRTLY ) (14)

i -1

bn u n-1, jmodly
i, jmod | j/l | ’

where OS|§I1—1 and 0< j<II’—1. | j/I, | denotes
a maximum integer which does not exceed j/I, .
Similarly, using V° and C_, a sequence set,
V"(n>1), is defined as

A AR VL,
M vt (15)

V= v v :
i -1

n,i n n-1, jmodly

Vj' C.]modllej/llj
Let T" be the union of U" and V" , namely
T"=U"UV", then we can obtain the following
theorem:

Theorem 1: The sequence set T" defined by the
above formulas is a ZCZ sequence set composed of

two subsets and the parameters of T" are represented

o e 0]

The proof of this theorem is presented in the next
subsection.

3.3 Proof
First, we consider T*. T* consists of U! and V'. The

correlation function between two sequences in U* is
calculated as

Lig, ,1i*
|0 |1 Zuk u (k+z )modlly
0,(k+z)modl*

0,kmodh |y 1*
Zbuo kmodllu\_klllj bll k+z modllu\_ k+z )/l Jmod!

= E buo kmodll |l (k+7)modly

1-1

*

g a(\_k/llj+(k modly )lg Jmod| a(L(kn)/lljmodI+((k+1)mod I )lg )mod|
o=

-1

= E b, b"

= ik iy (Ky-+71 Jmod g
k=0

1-1
Z a(k0+k1lo Jmod| a‘(k0+ro+L(k1+r1 My +((ky+71 )mod iy )lg )mod
ko=0
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1
z K |1 k1+11 mod, (kl’TO’Tl)' (16)
=0

Here, p(kl,z'o,z'l) is introduced for simplicity. Note
that the integers, k,, k;, z,, and z,, are defined as
k =k, +k,
=1l +7,
0<k,, 7, <I1-1,
0<k,7, <I -1
The following formula is obtained form (9) and (16).
p(kl’TO'Tl)

k. +17,
e, 7, + LI—J +((k, +z,)mod1, )l (s

17)

1
= ki, (mod1)
0 (otherwise).
Note that kl, and ((k +7,)modl,)l, take only the
following values:

0,1,,21,--+, 1,1, = 1,. (19)
Suppose that 0< 7, <1, -2, then
o<z, +[(k +7,)/1 <1, 1. (20)
Therefore,
Ea (To =0 = 0)’
p(ko'ro’rl):{ 0 (otherwise). (21)
Similarly, suppose that | -1, +1< 7, <1 -1, then
|1, +1< 7, +[(k +7,)/1, |<]. (22)
Therefore,
p(ko’ z'o'z'l): 0. (23)
Note that |(k,+7,)/1,|]=0 if k =0 . Moreover,
suppose that 7, =1, -1, then
E, (r,=1 -1k >1),
Al TO’TI):{ 0  (otherwise). (24)
Similarly, suppose that z, =1 —1,, then
E, (r,=1k <1 -2),
Alor707) :{ 0 (otherwise). (29)

From (16), (21), (23), (24),
[r]<1/2-2,
RiU1i (T): {EAII (T = 0'io : il)’
ok 0  (otherwise).
Note that 7 = z,I, + 7, and I,l, =1/2. Therefore, U* is
Z(Ill,ll,I/2—2). By the same manner as U*, we can
also prove that V* is Z(ll,,1,1/2-2).

and (25), when

(26)
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The correlation function between a sequence in U*
and a sequence in V* is calculated as

Il,-1

RU Vl Zullovlll

it k+7)modlly

-1
0,(k+7 )modl;*

0,k mod!
- Zblo kmodlluLklllj lch (k+z)modI1VL k+z)/l; Jmod|

-1

1
= Zbio,klcil,(k1+rl)modll 27)

k=0
1-1

kz a(ko+k1|0 )modl a(ko+[0+L(k1+[l)/|1J+((kl+11)mOd i+ )lg )mod|
=0

= Zbuo ks Uiy (kg +7y Jmody 2 (kl'TO'Tl)'

The foIIowmg formula is obtained form (9) and (27).
p,(kl'TO’Tl)

k, +
e 7, +|‘ 1 ] 71J+ ((kl + z-l)mod I, + |l)|0 (28)
=k, (modl)
0 (otherwise).

Suppose that 0 <z, <1, -1, then

1

Ll <7, {kll”ly((klﬂl)modlﬁl ), <21,1.. (29)

Therefore,

p,(kovfo’71)= 0. (30)
Note that [(k +7,)/I,|=0 if k =0 . Similarly,
suppose that | -1, <z, <1 -1, then

LI~ 1, <7, + {@J +((k, +z,)modI, +1,),
1

<2l -1,.
Therefore,

31)

p'(kO,TO,Tl)Z 0. (32)
Note that |(k, +7,)/1,]#0 or (k +7,)modl, #0 if
k,=1-1.
Moreover, suppose that z, =1, then

+7;

Il +1, <z, {"1 J+ ((k, +z,)mod1, +1,)I,

: (33)
<2 +1
Therefore,

E, (z,=1,-1k =0)
’ k — A 1 1 LA ¥ 1 4
Plor70m) { 0 (otherwise). 34)

Similarly, suppose that z, =1 —1, -1, then

Il —1,-1<
071 0 (35)

ro+{k1|+’1J+((k +7,)modl, +1,),

1

<21, -2l,.

Therefore,
E, (r,=1k =1-1)
' k , , — A 1 L 1 !
Pk 7.7 {0 (otherwise).
From (27), (30), (32), (34), and (36), when
o <1/2+1,-2,

(36)

RY(z)=0. (37)

lo.l
Note that 7 = z,l, + 7, and I,l, =1/2. Therefore, T* is

(II 2, {' 4 '—+|1D.
2 2

Next, we give Lemma2 in order to prove Theorem
1.
Lemma 2: If T™=U"UvV"'(n=2) s
Z'(P,.2M [l . A,L) , T"=U"UV" obtained
from T by the formulas (14) and (15) is

Z'(Ph2M Ll AL

n-1"11 n-1"11
Now, we prove Lemma2. Because U™ is
z(P M L), U"is Z(P I,M, L ). The
proof is presented in [1]. Therefore, we omit it.
Similarly, V" is Z(P, I,,M, ,,L, l,). The correlation

n-1"1? n-1' =n-1"1
function between a sequence in U" and a sequence in
V" is calculated as

Pyah -1

unhv" z N,igy ,Nig*
RIO i U Vi (k+7)mod Py_gly

Pyah -1
b u" -1, kmodll vnfl,(kﬂ-)modll*
- io,kmodly Y| k/1y | |1 (k+r)mod|1 [ (k+7)/1 Jmod P,y

-1 (38)

- Z ,blo ky |1 k1+11 mod

Py1-1

z unt klv( n-1,(ky+71 )modly*

ko+7o+L(k+71)/ly ])mod P,y
ko=0
Il_l n-1,,n-1
- zblo ky Vi, k1+zl modl; Z(klilzl)mudll (TO + |_(k1 + Z-].)/ IIJ)
The mtegers, k,, k,, 7,,and z,, are defined as
k =Kkl +k,
T=1)l +7,,
0<k,7,<P, -1,
0<k,7, <l -1
Suppose that 0< 7z, <A, , -1, then
0<r, +[(k +7,)/1 |<A,,. (40)

(39)

Therefore,



R ot (7o + L(k1 +n)ll)=0. (@D
Suppose that P, — A, <7, <P, -1, then
Pn,l—Anl_rﬁL(k +o)ll <P, (42)
Therefore,
Ry fmmas (7o + L (K +2)/L ) =0 (43)
Moreover, suppose that 7, =A, , and 7, =0, then
7, +|(k +7,)/1, |= A, , . Therefore,
thi;;i/r:;nodll (To + |_(k1 + 2'1)/ I, J) =0. (44)
From (38), (41), (43), and (44), we have
RV (2)=0 (g <A,l). (45)

Note that 7 = 7|, + z,. This formula shows that T" i
z"(P_1,2M_,,[L, I, A, L ])- Thus, Lemma 2 has been

117 1717

proved.
Starting from T*, it is clear that T" becomes

o[y o e

Lemma 2. Thus, Theorem 1 has been proved by
mathematical induction.

4 Application to AS-CDMA Systems
ZCZ sequence sets are studied mainly for the
application to the uplink of AS-CDMA systems. Now,

we will explain a signal design method for AS-CDMA.

Suppose that the sequence set S defined in (1) is
Z(P,M,L). A sequence S, of length P+2L is

obtained by adding guard chips of length L to both
sides of the sequence S, .

ép = (Sl:”)—L"”’ 'Sf—l)' (46)
The left side guard chips are equivalent to the last L
chips of S_. Similarly, the right side guard chips are

p P P p
S 13Sg s "+ Sp4sSg

equivalent to the first L chips of S . Information bits

are spread by the sequence S,(0< p <M —1). On the

other hand, received signals are despread by the
sequence S (0<p<M -1) The aperiodic

cross-correlation function between S, and S, is
calculated as

(x X

—p-L+lr Ty L—l’O'“"O’ Eploi""o’ X s XP+L—1)1 (47)
where each x, denotes a complex number. The

zero-correlation zone of the autocorrelation function
of S, appears in the central part. On the other hand,
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the aperiodic cross-correlation function between §p
and S, (p = p') is calculated as

(X—P—L+1"”’X—L—l’o"“'o’o’o"”’o’XL+1’ “ Koy 1) (48)
Similarly, the zero-correlation zone of the
cross-correlation  function between Sp and Sp,

appears in the central part. For detail, see [4].

It is difficult to synchronize all signals from all
terminals at a base station. However, AS-CDMA
systems do not require precise synchronization among
spreading sequences by using the zero-correlation
property. Now, we suppose that all terminals send
their signals at the same time. In this case, there are
different time delays depending on the distance
between the base station and the terminals. We have to
select a ZCZ sequence set so that the maximum
difference of the time delays can be held within the
zero-correlation zone. ZCZ sequence sets with large
zero-correlation zones are useful because they can be
applied to AS-CDMA systems of which the cell sizes
are large. They can also increase the information
transmission rates of AS-CDMA systems by
increasing their chip rates.

We propose the application of ZCZ sequence sets
composed of two subsets to AS-CDMA.. Suppose that
T=UUV is 2"(P,2M,[L,A]) and A>L . The
concept is shown in Fig.1. The maximum difference of
the time delays is the difference of the time delays
between the nearest terminal and the farthest terminal.
On the other hand, the difference of the time delays
between terminals which are near to each other is not
large. Therefore, one subset, U , is assigned to
terminals near to the base station and another subset,
V , is assigned to terminals far from it. By this
allotment, terminals which are near to each other
utilize the zero-correlation zone of length L and
terminals which are far from each other utilize the
zero-cross-correlation zone of length A or that of
length 2. Thus, the ZCZ sequence sets composed of
two subsets can have the virtual zero-correlation zone
of length min{2L, A}. The parameters of the proposed

ZCZ sequence sets satisfy the following formula:

A:%,
(49)
o A=)
IM

From (5) and (19), A is always larger than the
zero-correlation zone length of the conventional ZCZ
sequence sets. On the other hand, 2L is larger than the

5



zero-correlation zone length of the conventional ones
if1>6.

\V
Cell

U Base station
Fig.1 Allotment of Subsets

Because the guard chips are added in order to retain
the zero-correlation property in AS-CDMA systems,
we have to take into account the length of them in
order to evaluate the zero-correlation zone length
properly. Therefore, we introduce the following “ZCZ
ratio”:

L!
P+2Ll'

}/:

(Conventional ZCZ sets) (50)

L
L'=< .
{mm{ZL,A} (Proposed ZCZ sets)
We compare y of the proposed ZCZ sequence sets

and that of the conventional ZCZ sequence sets. Table
1 shows the result of some comparisons in the
guadriphase case. It is clear that the proposed ZCZ
sequence sets have larger y than the conventional

ones under the equivalent sequence period and family
size.

Table 1 Comparison of ZCZ ratio

zZ(P,M,L) |7 Z"(P2M,[L,A]) | 7

z(64,414) | 0.152 | 77(64,4,[1216]) | 0.167
Z(256,8,28) | 0.090 | 77(256,8,[24,40]) | 0.119
Z(1024,16,56)| 0.049 | 77(102416,[48112])| 0.079

5 Conclusion

The ZCZ sequence sets composed of two subsets have
been proposed in the present paper. They can
hypothetically achieve larger zero-correlation zones
than the conventional ones. In addition, we have
confirmed that the proposed ZCZ sequence sets are
superior to the conventional ones from the view point
of the ZCZ ratio using some examples. Therefore, it
can be expected that the proposed ZCZ sequence sets
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are useful for designing spreading sequences for
AS-CDMA systems.
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