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Abstract: - In a previous work[1], moving boundary mass transfer inside a cylindrical capillary tube was 
properly modeled considering variable diffusion coefficient and no convective effects in the liquid phase. The 
numerical solution was semi-explicit because inside the finite difference matrix, the terms associated to the 
diffusion coefficients depend on the solute concentration. In the other hand, experimental results in that work 
showed such model it is not adequate to represent the mass transfer inside square capillaries, because convective 
flow patterns generated by square tube corners were not considered in the mass transfer model. In this work, the 
convective term was considered in the liquid phase and in the interface equations. The technique for solving the 
model was based in the methodology developed by Illingworth and Golosnoy [2] which allowed solute 
conservation and transformed the moving boundaries in fixed ones. Discretisation in liquid phase and interface 
equations was modified due the inclusion of the new term. Results showed that the experimental interface 
position inside the square glass capillary tube was well represented by this numerical model with convective 
effects. Simulation time (10 min) in this model is similar to the simulation time in the previous no convective 
model. 
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1   Introduction 
Fluid displacement inside polygonal capillary tubes 
or cells has been studied trying to understand fluid-
solid interactions in porous media [3-7]. Corners of 
capillary tubes promote fluid movement by a liquid 
filament which rises along the crevice. Corners are 
considered equivalent for simulation of the effects of 
active capillary surfaces in porous media[8,9]. 
Enhanced oil recovery is one of the applications of 
interest of these studies, with immiscible [10-11] or 
miscible displacement [12-17]. In this work, 
experiments with carbon dioxide diffusing in a liquid 
hydrocarbon were done, with both fluids contained in 
square and cylindrical glass capillary tubes. 
Experimental gas-liquid interface positions at the 
center of the tube were observed and it was found 
that the interface moves faster inside the square 
capillary tube. A model of this miscible displacement 
it is necessary to determine the contribution of the 
corner presence to an improved mass transfer process 
like the miscible CO2 injection in hydrocarbons. In 
this model, one-dimension displacement was 
considered to simplify the geometric problem 
involved with the liquid filament shape. 
 
2   Problem Formulation 

 
2.1 Mathematical Model 
 
For a component “i”, one-dimension continuity 
equations for liquid and gas phases are: [2,18,19]   
 

, , 0 , 0 ( )i L i LC N z s t
t z

∂ ∂
+ = ≤ ≤
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    (1)                       
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Total flux N can be related to the diffusive flux J 
[18,19]: 
 

ref ref
i i i ii iU U N UJ C C C= − = −   (3) 

 
The reference velocity for the phase (Uref) can be 
defined in different ways. A possibility is the average 
molar velocity, and for a binary mixture “i,j” can be 
expressed by: 
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Replacing equation (4) in equation(3), and defining 
the diffusive flux with the Fick law: 
 

( ) i
ii ii i j

CN N NJ x D z
∂

= − + = −
∂

 (5) 

 
The flux of the “j”component can be related to the 
flux of the “i”component. 
 
  j iNN α=     (6) 
 
Value of α, define convective term in continuity 
equation. For α=0, it is diffusion of “i” in a stagnant 
fluid “j”. For α= -1, it is equimolar counterdiffusion 
and it is numerical equivalent of no convective effect 
case. Combining equations (5) and (6): 
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For carbon dioxide, one-dimension continuity 
equations for liquid and gas phases are: [1,9]   

 

, 0 ( )LC Cx xD z s t
t z zβ

⎛ ⎞∂ ∂ ∂
= ≤⎜ ⎟∂ ∂ ∂⎝ ⎠

≤    (8)                                 

2

2 , ( )C C
G

y y
s t z LDt z

∂ ∂
=

∂ ∂
≤ ≤   (9) 

 
Equations (8) and (9) are for mass transfer process 
with constant phase densities and without chemical 
reaction. Equation (8) includes convective effects. 
The initial and boundary conditions are in Table 1. 
Making a mass balance for carbon dioxide across the 
moving interface, its position can be determined by 
solving the ordinary differential equation (10). [2,20, 
21] 
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Following the methodology developed by Illingworth 
and Golosnoy[2], the moving boundaries are 
transformed in fixed ones, by definition of new 
spatial variables u and v. The concentrations are 
defined by new dependant variables p and q. 
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Table 1. Initial and border conditions 
Gas phase Liquid phase 

0, init y y= = 0, ini
C Ct

C C  x x= =
s( ), at

C Cz s t y y= = ( ), sat
C Cz s t x x= =

, ini
CCz L y y= =  0, 0Cxz

z
∂

= =
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The transformed equations inside the phases are (11) 
and (12), and their respective transformed initial and 
boundary conditions are in Table 2.  
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Table 2. Transformed initial and border conditions 

Gas phase Liquid phase 
0, ini

Ct q y= =  0, ini
Ct p x= =  

0, sat
Cv q y= =  1, sat

Cu p x= =  

1, ini
Cv q y= =  0, 0pu
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The transformed interface equation is: 
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The interface equation (13) is converted to an 
expression which conserves solute [2]. 
 

( )
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t
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For discretisation, the liquid phase equation is written 
in a divergent form, eq.(15) , and it is integrated, eq. 
(16), between the indicated u and t intervals, defined 
according equation (17).  
 

( ) LD pps Vpu
t u sβ

⎛
u
⎞∂ ∂ ∂

= +⎜ ⎟∂ ∂ ∂⎝ ⎠
   (15)

 After the first integration equation (16) is 
transformed in eq. (18). For the second integration, 
these are the considerations. For the left side of 
eq.(18), p is considered constant for the u integration 
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interval.  
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For the right side of eq.(18), p and other time 
functions are considered constant for the t integration 
interval defining the parameter σ (0≤σ≤1). This 
constant value is defined according eq. (19). 
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Equation (20)  is the general finite difference scheme 
for the liquid phase, except for the border points. This 
scheme will be fully implicit when σ=1.  

Figure 1 shows a scheme of the mass transfer process 
with a flat interface: this mathematical model in one 
dimension does not consider the real shape of the 
interface, with a meniscus and the filaments in the 
corners of the tube.(Fig.2) 
 

 
 

Fig. 1. Mass transfer process illustration. 

Liquid 
filament
Liquid 
filament

    
Fig. 2. Liquid filament rise illustration. 

 
2.2 Experimental Equipment 
A visualization cell is built, with two plexiglas caps 
and four common glass walls. The capillary tube is 
fixed to brass connectors in upper and lower extremes 
of the cell using epoxy glue (Fig.3). The space 
between the capillary and the cell walls is filled with 
glycerol (99.5%) which has the same refractive index 
than the glass, to avoid distortion by light diffraction. 
In the capillary lower extreme, a membrane is 
inserted between the tube and the brass connector to 
seal this side during the test. The hydrocarbon (n-
C10: n-Decane) is injected by this extreme, passing a 
syringe through a small hole in the connector and 
penetrating the membrane. After n-C10 injection, the 
syringe is removed. The carbon dioxide is injected 
through the upper side at 23.5 ºC and 1480 kPa (abs) 
and the recording process begins. The camcorder is a 
Sony mini DV, model DCR-HC42 with a 12X macro 
lens, positioned in a way that the meniscus can be 
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observed between the marks on the capillary (Fig. 4). 
The space between marks is 5 mm, so it is possible to 
have the calibration pixel/mm direct from the test 
images. Capillary tube data can be found in [1]. 
 

 
Fig.3. Visualization cell 

 
 
3   Problem Solution 
3.1 Mathematical Model Results 
Diffusion coefficients are considered variable in 
liquid phase and constant in gas phase. DL is 
estimated by Caldwell and Babb [22] equation using 
Scheibel correlation [23] for dilute solution CO2 
diffusion coefficient. The term for the dilute solution 
n-C10 diffusion coefficient was neglected (Eq.(22)).  
 

  ( ) ( )21 1 1dil
CL

AD p pD RT
⎡= − − −⎢⎣ ⎦

p ⎤
⎥      (22) 

 
The thermodynamic factor is calculated using activity 
coefficient estimated by Margules with two 
subscripts and the A parameter for this model was 
determined [1,24]. DG is calculated by Wilke and Lee 
correlation [25]. CG is approximated to pure CO2 
molar density which it is calculated by Pitzer and 
Sterner equation of state [26]. Calculated and 
experimental data are shown in Table 3.   

  
Table 3. Data at P=1480 kPa (abs), T=23.5 ºC 

sat
Cy  

0.9994 
[27] 

DG  
[mm2/h] 

2.125.103

ini
Cy  

1 A  
[kJ/kmol] 

7900 
[1] 

sat
Cx  

0.1884 
[27] 

CG  
[mol/mm3] 

0.651.10-6

ini
Cx  

0 CL  
[mol/mm3] 

2.19. 10-6

[1] 
 
The partial derivative equation system(11), (12) and 
(14) is discretised and numerically solved by finite 
difference method. The algorithms used are of first 
order accuracy. The space discretisation is done with 

a fixed mesh for gas phase and with three different 
step sizes for liquid phase, the smallest one near the 
interface. The time discretisation is done with two 
different time step sizes, because very small time 
step improves the solution stability but increases the 
simulation time as it was found when the no 
convective model was solved [28]. The finite 
difference solution scheme is semi-implicit, because 
the concentration terms present in the liquid phase 
for DL and β are evaluated in the previous time (σ 
=0) in order to have a constant coefficient matrix. All 
the other concentration terms are evaluated in the 
present time (σ =1). 
 
3.2 Experimental Results 
Square capillary experimental interface positions are 
shown in figure 4.  
 

a)t=0 b)t=60 min  
Fig.4. Displacement inside square capillary  
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Fig.5. Experimental and theoretical result comparison 
 
The experimental results for interface displacement 
relative to its initial position are compared with the 
results predicted by the mathematical model as it is 
shown in Fig. 5. Interface displacement for square 
capillaries is larger than the displacement for 
cylindrical ones. This behavior is similar to the 
reported by other authors, in experiments done at 

s(
t)-

s(
0)

 [m
m

]

Convective model

Square exp
Cyl exp
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different temperature and pressure and with other 
saturated hydrocarbons [9,15-17]. Also, Fig. 5 shows 
that the convective model result represents the 
interface displacement inside the square capillary in a 
satisfactory way. The average relative error between 
the model and the square experimental results is 
7.53%, obtained by adjustment of the parameter α= 
2.98, with the square capillary experimental data. 
Simulation time is 10 min, the same for the previous 
model with no convective effects [1]. 
 
 
4   Conclusion 
A simplified mass transfer model, which considers 
both variable diffusion coefficient and convective 
effects in the liquid phase and constant density for 
both phases, is adequate to represent CO2 diffusion 
process in liquid n-C10, inside a square capillary 
tube. This model can be improved if the momentum 
equation for liquid phase is considered coupled with 
the mass transfer equation.  
 
List of Symbols 
Cj= molar density of “j” phase, [mol/mm3]. 
Dj= CO2 diffusion coefficient in “j” phase, [mm2/h]. 

dil
CD =dilute solution CO2 diffusion coefficient, 

[mm2/h]. 
J= Molar diffusive flux, [mol/(mm2 h)] 
L= capillary tube lenght, [mm]. 
N= Molar total flux, [mol/(mm2 h)] 
P= absolute pressure, [kPa] 
R= 8.3144 kJ/kmol K 
s=s(t)= interface position, relative to capillary tube 
bottom [mm]. 

( )ds tV dt= = interface velocity,[mm/h]. 

T= temperature, [K] 
xC=  CO2 molar fraction in liquid phase, [-]. 
yC=  CO2 molar fraction in gas phase, [-]. 
 
Greek letters 
α = molar flux ratio hydrocarbon/CO2= NH/NC, [-] 
 

Subscripts Superscripts 
L= liquid phase ini= initial 
G= gas phase sat= saturation 
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