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On Thermic Exposure of Piezo-Thermoelastic Plates
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Abstract: We consider a plate infinite in extent, bounded by two parallel planes, filled by a heat-conducting piezoe-
lectric material with hexagonal symmetry. It is completely coated by electrodes which are infinitesimally thin, so
that all their mechanical effects may be ignored. On the lower face the displacement is prescribed, as when e.g. the
panel is welded above a fixed rigid body, and on the upper face the stress vanishes. We study quasi-static processes
controlled by a thermic exposure on the upper plane, which varies very slowly with the time, e.g. solar exposure.

The difference of electric potential between the two bounding planes is computed in terms of the temperature on
the upper face.
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1 Introduction

The constitutive equations f_or the mechanical Cau- trk + polf, — i) = 0,
chy stress tensot , electric displacement vectdD, D _ 0 —h 5
heat flux vectorq, and specific entropy; in a linear ko = e PoYTN T Gk g = Polts )
thermo piezoelastic material write as

where
lp = Cpq Sq —ep ki — BT, (1) fl is the body force density,
D; = eig Sy + e Bi + &; T, (2) ge 1s the free (or prescribed) body charge density,
_ E
G = ki T ; + Kij B, (3) h is the heat source per unit mass.

ol 1 -
n=m ot T+ o (BpSp + 0 Ei),  (4) For f, = q. = h = 0, the above balance equa-
o

tions yield the following equilibrium equations

with p,g=1,2,...,6, i,j=1,23,
E; = —g—m electric displacement vector, the =0, Dy =0, Gox = 0. (6)
¢ electrostatic potential,

T incremental absolute temperature. Here we consider a material with hexagonal symmetry
The above linear constitutive equations are speci- in the crystal clas€’s,, = 6mm.. The polarized fer-
fied in terms of the material constants, = elastic roelectric ceramics have the symmetry of such a class.

moduli, e;x; = piezoelectric moduli,By; = thermic Choosingzs in the poling direction, the consti-
stress modulix, = dielectric susceptibilityw, = tutive equations (1), (2) of stress and electric displa-
pyroelectric polarizabilitye,, = permittivity moduli, cement become (see ([1], p.58)
ki1 = Fourier coefficients;y = heat capacityy, =
entropy at the natural staté, = absolute tempera- t1 = ciiu, 1 + cioug 2 + c13ug 3 + es1p,3 — 51T
ture at the natural state, = mass-density at the na- to = ciou1 1 + cr1u2,2 + c13u3 3 + €31, 3 — BT
tural state. _

The local equations corresponding to thig¢ ba- fs = g1t Clmf T castia,3 + eaap,3 — fa T
lance law of linear momentungji) Maxwell's equa- fa=caa (uz 1 +un5) +e150,2
tion, and (ziz) balance law of conservation of energy, ts = caa (us 1 +ur3) +esp1 (7)

respectively write as te = ce (u1,2 + u2,1)
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Dy = eisu3 1 + esur,3 — €111 + 0, T vanishing normal stress on the upper bounding plane
and the condition of assigned displacement on the lo-
wer bounding plane. Hence we will consider homo-
geneous-dependent boundary conditions such as

Dy = e15 (ug,2 + uz 3) — €119,2 + @, T
D3 = ezquy,1 + e31ug 2 + €33 u3 3 — €330, 3 + w31’

o _ _ e temperature prescribed af = h
Hence the equilibrium field equations for a body for-

med with such a material write as e electric potential prescribed (e.g. vanishing) at
r = h
—Bo1T 2 + cr1uy 11 + (c12 + ce6)ug 19 disol ibed ishi
+ (c13 +C44)U3,13 T+ Ceply 22 + Ca4lly 33 (8) ¢ _Izp acement prescribed (e.g. vanishing)-at=

+ (e31 +e15)p,13 = 0
e stress prescribed (e.g., vanishingyat= h

—B2T,2 + cosua 11 + (co6 + c12)uy, 12 e surface free charge prescribed (e.g. vanishing) at
F 11ty 9y + (€13 + caa)ug o3 + Caatiy 33 (9) ry=—h
+(es1 +e15)p.23 = 0 We assume that the prescriptions on the boundary
are functions of a parameter which depends slowly
—B23T 2 + cagug 11 + (caa + c13)uy 3 on time:
+ caqug 99 + (caa + 613)U2,23 + C33uz 33 + (10) T =71(t), |7'/(t)| small

+esp 11 + e, 22 + eszp 33 =0
We refer to equations (8)-(12) as theasi-static
equationsand to a solution (13) of the equations (8)-
(12), joined with a specified set of boundary condi-
+esus g + (€15 +es31)uy 39 + tions, as ajuasi-static process.
+eisus 99 + €33us 33 +

+o T — e, — eng,22 — es3p,33 = 0 (11) 2.1 The boundary-value problem modeling
thermic exposures

615U3711 + (615 +€31)U1713 +

iy Ty + Kfi oy = 0. (12)
2.1.1 Statement of the problem

2 Quasi-Static Problems Referring only to thickness static processes (13), the
equilibrium field equations (8)- (12) reduce to

Here we consider a plat®, infinite in extent and

bounded by two parallel planaes = +h. The plate is cnuy =0 (14)
filled by a heat-conducting piezoelectric material with

hexagonal symmetry, so that some quartzs are inclu- Ce6la 11 = 0 (15)
ded. The panel is completely coated by infinitesimally —0 16

thin electrodes, so that all their mechanical effects can Castiz, 11+ €159,11 (16)

be ignored. e15U3 11 + W T71 — €11p,11 = 0 @an

In order to consider very slow processes for 5
depending on the thermic exposure on its upper side —rn T + ke = 0. (18)
1 = h, we consider a one-parameter family Next we formulate the boundary-value problem

(briefly b-v problem) forP, which model equilibrium
under sun exposure:

. I . To find the particular solution (13) of the
of solutions of the equilibrium equations (8)-(12), equilibrium field Fc)aquations (14)-(18)( v3/hich sa-

which are_determlned by the boundary data on the tisfies the ten boundary conditions listed below,
two bounding planes. The triple (13) represents a one-
: N where O(7), ®(7),11;(7), Ti(7), A(1), Q(7) are

parameter family of equilibrium states superposed to _. ;

. e given smooth functions of.
the reference state. Having as objective the study of
the upper exposure to the sun®f, which is settled 1. T(h, 7) = O(7)
to a rigid underlying body, the boundary conditions
must include the prescriptions of temperature and of 2. o(h, T) = ®(7)

T = T(xh T)7 Y= QO((L'l, T)7 Ug = uk(xla T)7
(13)



3. ts(h, T) =1I3(7),
tﬁ(h, T) == HQ(T)

ti(h, 7) =1 (1),

4, u,-(—h, T) = Ti(T), (Z = 1, 2, 3)
5. —Di(—=h, ) = A(71)
6. —qi1(=h, 7) = Q(7)

2.1.2 General solution of the problem

The general solution to equations (14)-(18) is given
by

T(z) = Ti % + T (19)

o(r) = KTy e®™ + Fioz + Fy (20)
ui(z1) = Uiy + Urz (21)

uz(z1) = Ua11 + Unz (22)

us(z) = —EKT) e* 4+ U1z + Usy (23)

where F := 615/644, K = I{H/I{lEl,
_ -1
a = wi (K(Ell + 6%5/644)) ,and

T17 T27 F17 F27 Ua17 Ua2 (Oé = 17 27 3)
are arbitrarily chosen smooth functions7of

2.1.3 Temperature and electric potential solution
tothe b-v problem

We split the problem above by firstly solving the three
equations (16)—(18) subject to the six boundary con-
ditions

1. T(h, 7) =0O(T)

2. o(h, 7) = ®(7)

3. ts(h, 7) = II3(7)

4. ug(—h, ) = T3(7)
5. —Di(=h, 7) = A(7)
6. —qi(—h, ) = Q(7)

Note that, by the above equations, the Satid 6#h
boundary condition above respectively becomes

—e15u3, 1 +er1p, 1 —wl = —w1Ty —e1sUsy +e11F1
(24)
and

—mﬁKT,l +/<51E1<,07 1= mﬁKae“x(l —K)Ty —i—mﬁFl
(25)
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Now by imposing these boundary conditions to
the general solution and using the constitutive equa-
tions, we find the following relations:

Tie + Ty =0 (26)

KT e + Flh+ F, = (27)
caa(Us1 + EFy) = 113 (28)
—EKT e " —Usth+Usy = T3 (29)
—w1Ty —e15Us1 + e 1 = A (30)
K Kae®™(1 - KT+ s =Q  (31)

By solving the above system of equations in the unk-
nown function ofr,

(T, Ty, F1, Fy, U3y, Usa),

one finds expressions for the coefficients (which are
very long and complex; but we need them in a sim-
ple case, see below). By replacing them in the general
solution one then obtains the particular solution cor-
responding to the selected boundary conditions.

As we aim to exhibit the difference of electric
potential between the two faces of the piezoelectric
panel? when it is (i) free from stress at; = h
where(ii) ¢ vanishes since the electrode is connec-
ted with the ground(iii) welded to a rigid body at
x1 = —h (iv — v) with zero normal electric displa-
cement and heat conduction, we choose the particular
solution corresponding to very simple boundary data:

=0, YT3=0, II3=0, Q=0 A=0.
For the temperature and electric potential within the
panel, which are solution to the considered boundary-

value problem, we obtain the expressions

w1

T(x1, 7) = | A(ea<x1-h>—1)+1]@ (32)

o(r1, 7) = K%[e“(“_h)+a(1—K)x1—1—ha(l—K)]@

(33)
In particular (32, (33) respectively give
T(h,7)=0
T(=h, ) = [SHe " —1) + 1] (34)
¢(h, 7) =0

o(—h, ) = K%[e—m — 2ah(1 — K) — 1]© (35)

Thus

596
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constant.

Equality (36) shows that the difference of electric
potential between the bounding planes of the panel is
proportional to the temperature on the upper bounding
plane of P, which is due to the sun exposure.

Now we can solve the remaining two equations
(14)-(15) joined to the other four boundary data.

2.1.4 B-v problem for a plate perpendicular to
the poling direction

Now let us consider a plate filled with the afore-
mentioned material and with the poling direction
perpendicular to the plane of the plate. Referring only
to thickness static processes of the form

T=T(z3), @=w(x3), u =ui(z3), (37)

the equilibrium field equations (8)-(12) reduce to

C44U1733 =0 (38)
C44U2733 =0 (39)
Cc33Ug 33 + €33p,33 = 0 (40)

e3gus 33 + w33 — e33p,33 = 0 (41)
—kg3 T 33 + K33 ¢ 33 = 0. (42)
We note that by the replacements

ca — c11 (43)

c44 — Ce6 (44)

(c33, €33) — (caa, €15) (45)

(e33, W3, €33) — (e15, W1, €11) (46)
(K33, k43) — (K11, K11) 5 (47)
(48)

made in the respective lines, these equations become
equations (14)-(18); hence all the results established
in the previous sections for thickness solutions depen-
ding onx; can be adapted for the present case.

3 Conclusion

The results explained in the previous sections (36)
show that the thermic exposure on the upper plane
in certain piezoelectric panels generates a difference
of electric potential (36) between the two bounding

planes which is proportional to the boundary tempe-
rature.



