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Abstract: - This paper proposes an online scheduling method considering no-concurrency of resource with
subsequent event. We focus on repetitive discrete event systems with MIMO (Multiple Inputs and Multiple
Outputs)-FIFO structure. The behavior of such kind of systems can be described by linear equations in max-plus
algebra, which is also called the MPL (Max-Plus Linear) systems. Conventional MPL representation formulates
no-concurrency of resource with previous event and can provide the earliest starting times in internal facilities. We
recently proposed a calculation method for a single job, however, the resource no-concurrency with the subsequent
job is not considered. Thus, it may not give an optimal solution if a large number of jobs have to be handled.
Therefore, we derive a general form of MPL representation that provides the latest starting times considering the
no-concurrency with subsequent event. Also, we consider an effective rescheduling method which is applicable for
cases where the system parameters are changed after the job commencement.
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1 Introduction

There is an approach based on MPL representation as
modeling and analysis for discrete event systems with
MIMO-FIFO structure. It describes behaviors of
systems with linear equations in max-plus algebra [1],
[2] on which ‘max’ and ‘+’ operations are defined as
addition and multiplication, respectively. The
equations are similar to the state-space representation
in modern control theory. In the MPL representation,
systems with synchronization of multiple events,
no-concurrency of resources or repeatability can be
stated simply [3].

Reference [4] revealed that the conventional MPL
representation is equivalent to PERT in the field of OR
and the maximum value of the state variables by which
the same output value is obtained to the latest starting
time. It also proposed a method for calculating the
corresponding latest starting time and finding
bottleneck processes. However, ref. [4] considers the
no-concurrency of resource with previous event only.
Since many existing production or transportation
systems process or transport repeatedly with identical
resources [5], [6], it is desirable to formulate or

optimize systems by considering the no-concurrency
of resource with subsequent job.

Therefore, this paper considers and proposes a
MPL state-space representation taking into account
the no-concurrency with subsequent job. Since the
proposed method represents the internal states by
those of the subsequent job, we call this as ‘backward
representation’.

2 Conventional MPL Representation
The conventional MPL representation taking into
account the no-concurrency with previous event is
briefly reviewed. For a preparation, relevant operators
based on max-plus algebra are defined.

2.1 Basic operators

Denote the real field by R. Max-plus algebra is an
algebraic system in which ‘max’ and ‘+’ operations
are defined as addition and multiplication. In
D = R U{-o}, define the following four operators.

x®@y=max(x,y), x®@y=x+y
xXAy=min(x,y), x\y=—x+y
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As in conventional algebra, the symbol for
multiplication ® is suppressed when no confusion is
likely to arise. Operators for multiple terms are, if
m<n,

gxk =max(x,, - x,) , /Ax,=min(x,, -, X,)

k=m

For matrices, if Xe®D™ , [X], expresses the
(i, j) -th element and X" is the transposed matrix.
For X, Y 9™,

[XOY], =max([X],,[V],) . [XAY],=min(X],[¥],)
If Xe9™,Yed™ ,

(X ®Y], =B([X], ®[¥], )= max(X], +[¥],)

[X®¥], = N[X1,\[¥],)= min({X], +[¥1,)

Priorities of operators ®, \ and ® are higher than @
and A . These follow the next operation rules [2], [4].
If X,YeD™, ZeD™ vwed" ,

(XDY)Or=(XOr)A(Y©r) (1)
XOWAw)=(XOv)A(XOw) ()
Y 'O(Z"Ov)=(ZY)" Oy 3)

We denote the unit elements for ®, ® and A by
g(=-»), e(=0) and T (=+w), respectively. For
matrices, let them be denoted as follows.

€, * Allelements are ¢ in g, €D™" .
e :  All diagonal elements are e and all off-diagonal

elements are ¢ in e, € D" .

T, Allelementsare T in T,€D™ .

2.2 Max-plus linear system

We assume a production system in which all execution
sequences are predetermined and the system has the
following features.

e The number of facilities, external inputs and
external outputs are n, p and ¢ , respectively.

e Every jobs use all facilities and only once for each.

e Transportation times from external input to internal
facility, between facilities and from internal facility
to external output can be ignored, and the buffer
capacities between these paths are infinite.

Additionally, assume the following constraints
regarding the manufacturing sequences are imposed.
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e While a facility is at work, the next job cannot be
commenced.

e Facilities which have preceding ones cannot start
manufacturing until the manufacturing in these
facilities are completed.

e Facilities which have external inputs cannot start
manufacturing until all required materials are
supplied from these inputs.

Though we assume a production system as an example
here, the same idea can also be applied to project
management by regarding facility and job as work and
project, respectively.

For the k -th job, denote the manufacturing
starting time and the processing time in each facility
by [x(k)], and d,(k)(=0) (1<i<n), respectively.
Moreover, the output time in each external output is
denoted by [y(k)], 1<i<g), and set the initial
condition to x(0)=¢, . In addition, define the
following representation matrices 4, , F,, B’ and
C; that specify structures of the system.

cifi=j
A1 = !
LA, : otherwise

_Jd, (k)
£
: if facility 7 has a preceding

d; (k)
' facility j

[F k]ij = & . e .
: if facility7 does not have

preceding facilities

e :iffacilityi has an external input

[B'],=1c
! :if facility i does not have external

inputs
d (k) if facility j has an external output
J .

C'] = !
[C:], ¢ . if facility j does not have

external outputs

According to ref. [4], in facility i, [4,  x(k-1)].,
[F,x(k)], and [B}u(k)], represent the manufacturing
completion time of the previous job, the latest time
among manufacturing completion times in preceding
facilities and the latest time among feeding times from
external inputs, respectively. Moreover, [C]x(k)],
states the latest time among manufacturing completion
times in facilities attached to the i -th output. These
results imply that the earliest starting times and output
times in all facilities and external outputs can be
summarized as shown below.
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x,(k)=F, x,(k)® A" x(k-1)® B u(k) ) utilize (;[he same representation matrices A, , .Fk , .BO
and C,, and the parameter for the processing time

_ 0
yi (k) =C x(k) (5 d(k) defined in 2.2. For facility i, € and S,
where the suffix E stands for the earliest time. expresses a number set of attached external outputs
Moreover, eq. (4) can be transformed into the next and succeeding facilities, respectively. By setting the
form. latest manufacturing starting time to [x, (k)],, the
x,(k)=F A" x(k-1)® F, B u(k) 6) latest completion time in each facility can be

formulated as follows.
where

. , 1 [x, ()], +d,(k)
F =¢e, ®F, @F®--®F" F' =¢, ()

=[xk + D], AN, DT A A DR]) O
and ’/ (1</<n) is an instance that depends on the i<k jely

precedence constraints of the system. The first term of the right side represents the
manufacturing starting time of the subsequent job. The
second and third terms represent the manufacturing

3 Backward Representation starting times in the succeeding facilities and the
A method for calculating the latest starting times and estimated output times in facilities with external
the earliest input times are considered. Since this outputs, respectively. By solving eq. (8) for [x, ()], ,
method predicts the state variables iteratively by the next relationship is obtained.
decreasing the event counter and giving the output [x, (b)), = ([x(k +1)], —d, (k))
times, we call this as ‘backward representation’.
In obtaining the earliest starting times using eq. (6), A j/e} L (0], =d, (k) A ( ,é}i Ly(®)], =, ()
a lower limit of predicted value of the state variables n
x(k) is considered by giving both the earliest = ([x(k + D], =[4/1,) A (ALx, (O], =[F];)
manufacturing starting times of the previous job ;:1 ©)
x(k—1) and the feeding times u(k) . On the other ANALYB], =[C 1)
hand, the latest starting times can be obtained by /=
calculating the upper bound of the predicted value of =[ A,?T Ox(k+1)], A[F, ©x, (k)]
the state variables x(k) with the estimated output T
times y(k) and the manufacturing starting timespof AlCE Oy,
the subsequent job x(k+1). Note that x(k+1) should not necessarily identical to
The constraints mentioned in 2.2 considers the the latest starting times x, (k+1) . Since eq. (9) holds
no-concurrency with the previous job, which can be true for all i (1<i<n), the latest starting times of all
restated by taking into account the no-concurrency processes x, (k) can be represented as follows.
with the subsequent job in the following manner. x, (k)
e The manufacturing completion time of the = FkT ©x, (k) A A;’T@ x(k+1) A C,?T(D y(k) (19)

corresponding job would be equal or earlier than
the manufacturing starting times in succeeding
facilities.

e Facilities which have succeeding ones would
complete manufacturing on or earlier than the x,(k)={F O[F ®x, (k) A,?T@x(k +1)
manufacturing starting times in the facilities. T T T

o Facilities whi%h have gexternal outputs would finish AC ORI A A Ox(k+1) A € Op(k)
manufacturing on or earlier than the estimated =

output times. = szr ©x, (k) A[A] (e, ® F,)] ©x(k+1)

We now consider deriving the latest manufacturing A[Cl (e, ® F,)] @y(k)
starting time of the & -th job in each facility. We

Next, consider simplifying eq. (10). With the help of
egs. (1)-(3), substitute the entire right hand-side of eq.
(10) for the first term x, (k). This leads
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Repeating the same procedure derives the following
simplified expression.

x, (k)= F ®x, (k)
A[AL(e, ® F, ® F}) ©®x(k +1)
ALCl (e, ®F, ® F))] ®y(k) (11)

= (A°F,) ©x(k +1) A (CE,Y © (k)

where F, is the same as eq. (7).

Furthermore, a relationship between the latest
input time and the state variable is obtained.
Designating W) as a number collection of processes
attached to the i -th external input, the input variable
[u, (k)] can be represented as follows.

[, (0], = A [¥(K)], = A (X)), ~[B°],)

= ;}([BOT]U \[x(k)],) =[B"" ©x(k)],

Since this holds true for all i (1<i< p), the latest
input times u, (k) can be obtained using the latest
manufacturing starting times x, (k), in the following
manner.

u,(ky=B" ®x, (k)

As these matters indicate, we obtained the MPL
state-space representation taking into account the
no-concurrency of resource with the subsequent job.
In summarize, the MPL state-space representation of
backward type consists the following two equations.

x, (k)= (A F)) ©x(k+)A(C/F)) ©p(k) (12)

u,(k)=B" ®x, (k) (13)
Equation (12) means that the latest manufacturing
starting times are stated by the internal states of the
subsequent job x(k+1) and the estimated output
times y(k). If the manufacturing of the subsequent

job starts sufficiently after the current job is completed,
the state vector can be set to

x(k+1)=T,
and eq. (12) be simplified to
x, (k)= (CF,) ®@y(k)
This is equivalent to the result in ref. [3] where the

no-concurrency of resource with subsequent job is not
considered. Furthermore, eq. (13) yields

u, (k)=B"" C(CF,) ®p(k)]
=(C{F B") ®y(k)

and is identical to ref. [4] which proposes a method for
calculating the latest input times by which the
manufacturing can be completed on the desired time.

As these issues imply, the backward MPL
representation in this paper can be understood as a
general extension of the previous researches.

4 Online Scheduling

In the previous section we assumed a situation where
the system operates entirely along to the
predetermined schedule. However, in practical cases,
there may often be cases where the arrival time of
material is delayed or the due date is put forward. Such
kinds of changes would vary the relevant systems
parameters, float times or location of bottleneck
processes. Hence, it is essential to develop a
rescheduling method which can be applied even when
the job has commenced. This paper thus proposes a
method for the backward MPL representation.

4.1 Rescheduling for backward type

Assume the relevant parameters such as estimated
output time, manufacturing starting time or processing
time is changed for some reason after the job
commencement. We denote the changed variables by
appending a symbol [~] as follows.

(71, (<i<q), [¥], 1<i<n)

where the event counter (k) is abbreviated for
simplicity. If the processing times are changed, they
then influence on the system, output and adjacency
matrices.

A.¢0F
where the suffix £ for representing the event counter
is omitted again. Note that the input matrix B® is
invariant concerning its definition. Utilizing the above

variables and representation matrices, we recalculate
the changed state variables. First, set

[X"], =T (=») (14)
for all facilities i which require recalculation. The

upper suffix (0) stands for a initial value for
recalculating the state variable iteratively. Facilities
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which do not require recalculation mean that they are
already commenced or their starting times are fixed. In
a similar way to eq. (9), the latest starting time [x¥"],

in facility /i can be represented in the next manner.
[x"].

o7 S (19
=[A" Ox(k+ D], A[FT®X], A[C" ©@F],

where facility i is located in lowermost stream whose
all facilities in downstream do not require
recalculation. There may be multiple elements. In a
similar way to eq. (9), the latest starting time in
upstream facilities are calculated iteratively as
follows.

P =4 Ox(k+)AF O AC" ®OF
=[A’(e, ® F)]'Ox(k+1) A F* %

: A[C (e, ® F)]'®F
=4 Ox(k+ ) A FT@X" AC" ®F
—[A’(e, ®F ®---® F' )" ©x(k +1)

AFTT@x©
A[C'(e, ®F®---® F )" ®F
X0 =(AF" ) Ox(k+ 1) A (C°F") ®F

(16)

where
F =¢e ®F®--®F"™ F'=¢

and the element number [-], is abbreviated for
simplicity. Utilizing eqs. (15) and (16), the latest
manufacturing  starting times which require
recalculation are determined iteratively towards
upstream. Recalling eq. (14), the manufacturing
starting times which require recalculation are setto T .
Thus, the latest starting times of all facilities X, for
the rescheduling can be represented in the following
way.

X, =x"

AXD A A XD

Utilizing eqgs. (15) and (16), the coefficients of
x(k+1) , X and y for X, are simplified as
follows.

A Ox(k+1)A[A"(e, ® F)]" Ox(k+1) A
o A[A(e, ®F ®---®F'™)]" Ox(k +1)
=(A°F") @x(k+1)

XOANFT@XO Ao fn F @F©
—F oz
C OF(k)AIC (e, ® F)]" ©F A
- A[C(e, ®F ®---®@F' )" ®F
=(C"F")' ®y
Therefore, the latest starting times of all facilities
X, (k) are obtained as shown below.

X, (k)= (A'F)) ©Ox(k+1)A(CLF,) ®F(k)

- (17)
AF @O (k)

The above equation is a general form that is applicable
for cases where the manufacturing starting times
and/or processing times are changed and they may
either smaller or greater than their original values.
However, this form has also a disadvantage that all
terms must be recalculated even if a single parameter
is changed, which it may be undesirable in terms of
calculation efficiency. Hence, in the next subsection,
we consider a simple and efficient calculation method
which can be applied for cases that are often common
in practical systems.

4.2 Moving up the schedule

We consider a simple rescheduling method for cases
where the manufacturing starting times or estimated
output times are put forward whereas the processing
times are invariant. First, consider a case where a
certain manufacturing starting time has moved up
from the initial value x, . For X, we update
elements whose manufacturing starting times are
changed and fixed, and keep the original values for
other facilities. Hence,

[X©], <[x,], forall i (1<i<n) (18)

is followed and the representation matrices are
invariant as shown below.

A"=A4",C"=C",F' =F" (19)

Hence, X, in eq. (17) can be obtained using eqs. (12)
and (19) as follows.

X, =(A"F) Ox(k+D)A(C'F) @y
AFTORO

T ~
=x, AF" ©x"
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Reference [3] proves that the diagonal elements of F”
are e(=0). Thus,

[F@%0), = A (LF],, +[¥"],)

m=1

mi

SAF], +[X0] < F], + [, =[x,

Since this holds true for all i (1<i<n), the
following formula is obtained for calculating X, (k).
X, (k)=F ' ®% (k) (20)

Next, consider a case where a due date is put
forward. It follows

[¥], <[y], forall i (1<i<q)

and eq. (19) is also satisfied. Since all manufacturing
starting times are not recalculated at this stage, set
X =x, . Utilizing egs. (12) and (1)-(3), eq. (17) can
be simplified in the following manner.
X, =(AF) Ox(k+1) A F Ox,
A(C'F ) ®y
=(A°F) Ox(k+)A(C°'F") @y
AF" OUAF ) Ox(k+1) A(C'F ) ®y]
=(A°F ®A"F'F") ©x(k +1) (21)
AC'F'F ) ®©ya(C'F)H @y
=(A°F" ) Ox(k+1)A(C°'F ) ®y
AC'F) ®F
=x, A(C'F) ®y
where we utilized the next relationship.
F'F =F’
Equation (20) means that the rescheduling can be

accomplished only by operating F "® to the updated

state variables X” if one or more manufacturing
starting times are put forward. Moreover, eq. (21)
means that the updated manufacturing starting times
can be calculating with a low computation load only if

only the due date is moved up.

5. Conclusion

This paper derived a MPL representation of backward
type taking into account the no-concurrency of
resource with subsequent event and considered a

method for obtaining the latest starting and input times.

The relevant researches have focused on MPL
representation of forward type that considers the

no-concurrency with previous job. Thus, they often
supplied a schedule which causes a delay for the due
date if the schedules of corresponding and subsequent
jobs are close together. On the other hand, since this
research takes the no-concurrency with the subsequent
job into consideration, such delays do not occur. Later,
we proposed a rescheduling method for cases where
the relevant parameters are changed after the job
commencement. Moreover, we proposed a simplified
method that is applicable for cases where the state
variables or output values are lessened from their
original ones.

The no-concurrency between previous or
subsequent job can be taken into account in this paper.
However, several practical systems process many jobs
simultaneously, by lot unit for instance. In such cases
the conventional or proposed method may not provide
an effective schedule. It is required to involve an idea
of model predictive control (MPC) to cope with this
problem. This extension remains as a future work.
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