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Abstract: - To design a good control system, it is essential to have accurate dynamic models of the system being
controlled. Frequency response techniques can be used to develop such dynamic models. In this paper, a new
approach for direct solution of the frequency response of 2D heat transfer problems with nonlinear source terms
and dynamic boundary conditions is proposed. Three typical boundary conditions are used in the frequency
domain. A nonlinear source term due to radiation is employed to determine whether the new approach can be
applied to nonlinear systems. Using the frequency response of the system, the transfer function of the linearized
system can be obtained subsequently. The performance of the proposed approach has been validated against the
results obtained from full-scale computational fluid dynamics (CFD) simulation and excellent agreement has

been obtained.
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1 Introduction

The idea of frequency response was proposed by
Fourier over 200 years ago. It was then further
developed by Nyquist [1] in 1930’s. The frequency
response technique is widely used in the control
engineering to describe the dynamic properties of
systems and in aid of control system designs. Even
though frequency response techniques have been
extended to nonlinear systems through so-called
Describing Functions, it is mainly applicable for
linear systems. Therefore, in many industry
applications, nonlinear dynamic systems are often
linearized first so that their dynamic behaviours can
be described in terms of frequency responses and the
available linear control system design techniques can
be applied for controller synthesis. The linearization
is normally under the condition that the amplitude of
the input signal around a certain steady-state
condition is small enough so that the nonlinear
aspects of the system can be reasonably
approximated [2]. In a stable linearized system, if a
low amplitude sinusoidal signal is applied to its
input, all related system variables will also be in the
form of sinusoidal signals of the same frequency at
the steady state. Choosing a variable as the reference,
the rest of the system variables can be represented in
terms of changes in gains and phase shifts with
respect to the reference. If a sequence of sinusoidal
signals at different frequencies is applied, the relative

gains and phase shifts at the applied frequencies will
constitute the frequency response [3].

The frequency response can be determined by
experiments if the physical system is available.
Alternatively, one can also solve the underlying
governing partial differential equations using
computational fluid dynamics (CFD) method with
sinusoidal inputs at different frequencies to obtain
the frequency response [4, 5, 6, 7]. In the CFD
approach, the frequency response of a system could
be acquired by solving the unsteady governing
equations for input signals at different frequencies
when all the transients die out.

The frequency response of an industrial furnace
was developed by Jiang ef al. [6, 7] using the CFD
approach. When the furnace inputs consist of low
amplitude sinusoidal signals around the steady-state
condition, the furnace outputs demonstrate dominant
sinusoidal signals of the same frequency. Based on
this approach, a PID controller has been designed to
control this furnace. Although this is a successful
application of CFD approach to determine the
dynamic behaviour of a complex system, such an
approach has several limitations: (1) the accumulated
errors due to the discrete time steps in CFD will
affect the accuracy of the phase shift, and (2) to
determine the gain and phase shift at each frequency,
it requires at least twenty time steps in the CFD
simulation. This is extremely time-consuming in
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particular at low frequencies. Realizing the
drawbacks of this CFD approach, a new method was
proposed by Zhang et al. [8] to obtain the frequency
response directly from the partial differential
equation in the frequency domain, which is derived
from the governing partial differential equation in
time domain. Therefore, the error comes only from
the grid size used to discretize the partial differential
equation in the frequency domain. The
computational complexity is in the same order as that
for solving a steady-state problem. However,
previous work [8] is only applicable to a system with
a dynamic temperature boundary condition. This
current work extends previous work [8] to more
general cases. In this study, three types of heat
transfer boundary conditions are considered. A 2D
heat transfer problem is employed to demonstrate its
capability to solve the heat transfer problem with
different types of boundary conditions.

2 Heat Transfer Equation and
Boundary Conditions in the

Frequency Domain
In this study, a 2D conduction heat transfer problem
is used to demonstrate the proposed approach. The
geometry of the 2D heat transfer problem as shown
in Fig. 1 has unit depth on the z-direction. The
radiation as a source term is applied on the two
surfaces in the z-direction, as shown in Fig. 1.
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Fig. 1 Geometry of the 2D heat transfer problem
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The governing equation for 2D transient
conduction heat transfer in the time domain is [9]:
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where 6 is the temperature and S, is the source term
due to radiation heat transfer and can be expressed as:

S, = eodlg} - 6") @)

where @ is the ambient temperature.
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Three types of heat transfer boundary conditions
are considered. They are Dirichlet boundary
condition (fixed temperature), Neumann boundary
condition (fixed heat flux), and Robin boundary
condition (convective). The boundary conditions for
this 2D conduction heat transfer problem under
steady-state condition, which are called the steady
boundary conditions, are specified as fixed
temperature on BCI, fixed heat flux on BC2,
convective heat transfer on BC3, fixed temperature
on BC4, and insulated condition on the rest of the
boundaries for the 2D domain as shown in Fig. 1.

2.1 Heat transfer equation in the frequency
domain

The 2D conduction heat transfer equation in the

frequency domain can be derived based on the

equation in the time domain, i.e., Eq. (1). Under the

linear assumption, the sinusoidal temperature signal

can be expressed by:

0(x,,1)=6,(x, y)sin[wr + p(x, )] (3)

where the angular frequency @ of the input signal,
the period 7 and the frequency f have a relation of

a)=277[:271 f . The solution will consist of two

terms: transient and steady state solutions:

0(x, »,t)= 0, (x,y)+ 0 (x, »,1)

. “4)
= 0y(x,»)+6,(x,y)sin[wt + p(x, y)]
The nonlinear source term, S, in Eq. (1) can be
linearized as
S, =0+R*6(x,y.1) 5)

where O = aaA[Qi -6, (x,y)]; R=-26046;(x,y).

In Eq. (5), the higher order terms of sinusoidal
signals are neglected due to the linear assumption.
Substituting Eq. (4) into Eq. (1) and subtracting the
steady-state governing equation from Eq. (1), the
following equation can be obtained

pc,00, cos(art + )

0, ..sin(wt +p)+6, . sin(wrt +p)

m,xx m,yy
- mgoi sin(a)t + (p) -0, (pfv sin(a)t + (p)
=kl + ﬁm(o’m cos(a)t + (p)+ ﬁm(o’yy cos(a)t + (p) (6)
+26, .0, cos(a)t +¢

+ 249,”,y¢)’}, cos(a)t + (p)

+ RO, sin(wt + @)
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Since Eq. (6) is valid for any instant time, let’s select
2 specific values of ¢, so that

wt+¢ =2k, a)t+(p=2k7z+%, k=12,3..

Substituting these two values into Eq. (6), it follows:

MOy +0,.,, )+ [R kg2 + 02 ), = 0 (7a)
6,0, + 6,0, +26,.0.+20, 0,) )

- pc,00, =0

Equations (7a) and (7b) are two independent
equations with 2 unknowns, amplitude ,, and phase
shift @.

2.2 Boundary conditions in the frequency
domain

To solve the heat transfer equation in the frequency

domain for sinusoidal signal inputs, it is necessary to

derive the dynamic boundary conditions in the

frequency domain.

Dirichlet boundary condition

When the Dirichlet boundary condition is used as the
dynamic boundary condition, the amplitude of the
dynamic temperature is set at the desired value and
the phase shift is set to 0 at the boundary nodes. This
will be the reference phase for all other variables. If
the desired amplitude of the temperature on the
boundary is represented as 6p, the corresponding
boundary condition can be expressed as:

‘gm,BND =0g; Ppnp =0 (®)

where BND is the node on the boundary and P is the
interior node adjacent to the boundary node. Their
locations are illustrated in Fig. 2.

0,700

Hm,BND >P D

Fig. 2 Locations of node BND and node P

When the Dirichlet boundary condition is used
only as a steady boundary condition, there will be no
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dynamic signal on the boundary nodes and the
boundary condition will become:

‘gm,BND =0; @gnp = Pp )

By setting @,,,, equal to@,, one will be able to

ensure the continuity of the phase shift at the
boundary. The heat flux can be calculated using

boundary

qmsin(a)t+(pq):— Z Eﬂm,Psin(a)tﬁL(oP) (10)

where ¢, and ¢, are the amplitude and the phase

shift of the dynamic heat flux respectively. This is a
vector summation of all the heat flux through the
boundary nodes.

Neumann boundary condition

For the Neumann boundary condition, the heat flux is
specified on the boundary node BND. When it is
treated as a dynamic boundary condition, the heat
flux can be expressed as:

0, sin(awt + @)

4(t)= g sin(er)= kL 0, . cos(er + fﬂ)LND "

The amplitude of the dynamic heat flux is assumed to
be ¢, , and the phase shift of the heat flux is set to 0
and used as the reference to all other variables.
Because the heat flux is a derivative of the
temperature on the boundary nodes, the temperatures
on the boundary nodes need to be updated in each

iteration. To obtain the amplitude of the dynamic
temperature on the boundary node &;,,, , , one can

set wt = /2. Subsequently, Eq. (11) becomes:

(z
0, snp  SIN 5 + @enp

qp =k (12)

Vid
+0,, sxpPon. . COS 5 + @enp

For small ¢, , cos(z/2+@g,)~0, which leads
to ¢, ~ k6

m,BND ,x can be

Therefore, 6,

approximated by:

0, 5x0 =0, , + 45 Ax/k

m

(13)

To determine the phase shift on the boundary node,
one can set @t =—@g,,,

qp sin(— Penp ) = kem,BND(/)BND,x (14)
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where @, is given by:

Ppvp =P, t 45 Axsin(— Psnp )/kgBND (15)
If the heat flux is used as the steady boundary
condition, the dynamic heat flux is set to 0, the
boundary condition becomes an insulated condition
in the frequency domain, and the boundary condition
is given by:

0,550 = Cp3 Pevp = Pp (16)
Robin boundary condition
When the Robin heat transfer boundary condition is
used as a dynamic boundary condition, the
convective heat transfer coefficient 2 and ambient

temperature €, will contain dynamic signals. They
can be expressed as

h(t)= hy + h,, sin(wr) (17)
(18)

where h(t) 1s the instantaneous heat transfer

0,(t)=6,+8,, sin(wr)

coefficient and it is the sum of /,, the heat transfer

coefficient under steady condition, and fz(t) , the
dynamic heat transfer coefficient. Similarly, &, (t) ,

6, and é(l‘) are the instantaneous, steady state and

dynamic ambient temperatures, respectively.

When the heat transfer coefficient contains a
dynamic signal and the ambient temperature is at its
steady value, the dynamic energy conservation for
the node P can be shown as:

j pe,Vod 8,

L k;A—dt

i (19)
)
ABND [ho QBND +h (HO,BND - eoo )]dt

Ul

where the subscript i denotes the interior nodes
adjacent to the node P. The term on the left hand side
of Eq. (19) is the change in the internal energy in the
volume surrounding the node P from time ¢, to time ¢,
This internal energy change is due to the conductive
heat flux from the adjacent interior nodes, which is
the first term on the right hand of Eq. (19), and the
convective heat flux from the boundary, which is the
second term on the right hand of Eq. (19). The system
has been simplified to a linear system after the higher
order term in the convective heat flux is neglected.
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To determine the amplitude of the dynamic
temperature, one can integrate Eq. (19) and select

two specific time, ¢, and £, , to ensure
ot + @, =2k, o, +@, = 2k7r+%, k=012

Letting AQ =0, —@ps Ay,
A@, =@, —@,, we have:

~Pp>

= Pnp

pchPem,P

B ZA 6, [cos( +A(pl] cos(Ag,)
A +0, _

a
—+A (20)
hoem,BND COS( 2 (pBND)

Agnp - COS(A PnD )

@ cos(” + A(oh]
+ hm (eo,BND - Hoo 2
~cos(Ap; )

Equation (20) is the energy balance for the node P in
one fourth of a period. Then, the amplitude of the
dynamic temperature on the boundary node can be
expressed as:

wpc V0,

i=1 i

{em,i |:COS[727 + Aq’l] - COS(Awi ):| + em,P}

cos[z +Ap j
- ABND hm (QO,BND - 000 2 !

—cos(Ag,)

T
Agyphy {Cos(z + A(/’191\/1)] - COS(A("BND )}

ey

Hm,BND =

Then taking the time derivative for Eq. (19), and
setting a specific value for ¢ to ensure
ot+¢@, =2krx, k=0,12..

The phase shift on the boundary node BND can
be derived as:

, sin Ago,)

kZ

- a)pch,ﬂm,P

= Apnphy, (QO,BND -0, )Sin(A% ) (22)
sin(Aq) ): = =
oD AgnphyB,,
Puxp = Pp + A@prp (23)
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Equations (21) - (23) are expressions for the
boundary condition when the convective heat
transfer coefficient contains a dynamic signal.
Similarly, the expression of the boundary condition
when the ambient temperature contains a dynamic
signal can be expressed as:

n A
opc,Vp0, p + kz A)é *
=1 X

{6’,”’{005(72[ +Ag, j - cos(Ago,. )} + HM’P}

(24)
cos(ﬂ +Ap, J
+ Agyphy0., ,, 2
—cos(Ap,, )
gm,BND = .
Agnphy {005(2 +A@gyp j - COS(A¢BND ):|
[ & 6 .sinlAgp,
kz A,- m,i ( (01 )
i=1 i
+ Apnphy0,, Sin(A Dy )
’ (25)
—wpc, VPgm,P
sin(A@gyp) == =
Agnpho6,, ,BND
Puxp = Pp + A@prp (26)

When a convective heat transfer is used as a steady
boundary condition, the boundary condition in the
frequency domain becomes:

Akx sin(a)t +@p )Hm’P
Hm,BND = k ( ) (27)
h+—sinlwt +
Ax Pp
Penp = Pp (28)

3 Comparison of the Frequency
Response by the Direct Solution and
Full-Scale CFD Approach

The material of the 2D conduction heat transfer
problem shown in Fig. 1 is aluminum with constant

properties of k=2024W /mK , p=2719 kg/m3
and ¢, =871 kJ/kgK . First, the temperature

distribution is obtained under the steady-state
condition. Then, the dynamic signals at different
frequencies are applied to different boundaries to
obtain the frequency responses. The steady-state
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boundary conditions are set as: BC1 has a fixed
temperature of ¢,., =1100K , BC2 has a fixed heat

flux of Q,., =—2*10°W/m*, BC3 is subject to a

convective heat transfer condition with the ambient
temperature of @, ,.,=250K and heat transfer

coefficient of /,., =200 W/m*K , BC4 has a fixed
temperature of #,., =500K , and the ambient
temperature is €, = 200K . In the frequency response

calculations, the dynamic signals with amplitude of
10% of its steady-state value are applied to the
different boundaries to ensure the linear assumption.
There are four dynamic signals:

(1) The dynamic temperature on the boundary BC1
0=0.1%0,., *sin(wt)=110*sin(wt) [K]

(2) The dynamic heat flux on BC2

QBC2 =0.1Q;, sin(wt)= —2-10* sin(wr) [W/mz],
(3) The dynamic heat transfer coefficient on BC3
EBQ =0.1/,5 sin(et ) = 20sin(or) [W/mzK]

(4) The dynamic ambient temperature on BC3
gw,Bm =0.16,, 3c3 sin(a)t)z 25 sin(a)t) [W/mzK].

In this study, the dynamic signals are applied only to
one boundary at a time and the steady-state boundary
conditions are applied to the rest of the boundaries.
The frequency of the dynamic signals starts from
o =le—4 rad/sec , and  increases by
w, =, *10°% radfsec (n=2,3...).
heat flux on BC4 is recorded.

For comparison purpose, the transient heat
transfer process due to dynamic boundary conditions
is also solved by the full-scale CFD approach using a
commercial package, FLUENT. The variation of the
dynamic heat flux on BC4 when the dynamic
temperature @ =110*sin(0.00316*¢) K is applied
on BCl1 is shown in Fig. 3. It can be seen that the
dynamic gain ( QBC ,) and phase shift (¢, ) are

Dynamic

clearly shown. While, it is also found that the
amplitude of the signals becomes very low at high
frequency. Therefore, there is an upper limit when
using CFD approaches to obtain frequency response.
In this case, the wupper limit is about
w=0.0178 rad /sec . On the other hand, the
proposed approach is analytical in nature and it does
not suffer from this limitation. Figures 4 and 5
illustrate the results using the proposed approach.
The figures show the distributions of the gain and
phase shift for the local dynamic temperature when a
dynamic temperature is applied to BC1 with medium
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and high frequencies of § =110%*sin(0.00316*¢) K

and 6 =110*sin(0.562*t) K, respectively. It can

be seen that at the medium frequency (Fig. 4), the
spatial distributions of the gain and phase shift are
smoother as compared with the case at the high
frequency (Fig. 5).
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Fig. 3 Dynamic heat flux on BC4 with the
dynamic temperature

Gain of local temperature (K)

Fig. 4 Gain and the phase shift of the dynamic
temperature distribution with dynamic
temperature § =110*sin(0.00316*¢) K on BC1

x

Gain of local dynamic temperature (K)

Phase shift of local dynamic temperature (rad)

Fig. 5 Gain and the phase shift of the dynamic
temperature distribution with dynamic

temperature 0 =110*sin(0.562%¢) K on BC1
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Fig. 6 Comparison of the gain with dynamic
temperature 9 =110*sin(et) K on BC1
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Fig. 7 Comparison of the phase shift with dynamic
temperature 9 =110*sin(wt) K on BC1
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Fig. 8 Comparison of the gain with dynamic heat
flux O,., = -2*10* sin(cwr) W/m* on BC2

The comparison of the frequency responses obtained
by the proposed approach and CFD approach is given
in Figs. 6 and 7. It can be seen that the agreement
between the two is excellent. However, the proposed
method has an advantage at higher frequency, as it
does not suffer from numerical errors. Figures 8 and 9
show the gain and phase shift on the boundary BC4
when the dynamic heat flux is applied on BC2.
Figures 10 to 13 show the comparison of the

17



Proceedings of the 7th WSEAS International Conference on Simulation, Modelling and Optimization, Beijing, China, September 15-17, 2007

New approach
® CFD approach

Phase shift ¢ (rad)

0.14

1E-4 1E-3 0.01 0.1

Input frequency o (rad/sec)

Fig. 9 Comparison of phase shift with dynamic
heat flux Q,., = —2*10* sin(a)t) W/m* on BC2
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Fig. 11 Comparison of the phase shift with the
dynamic heat transfer coefficient

hyes = 20sin(cwt) W/m* -K on BC3
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Fig. 13 Comparison of the phase shift with the
dynamic ambient temperature

0, 405 = 25sin(wt) K on BC3

frequency responses when the dynamic heat transfer
coefficient and ambient temperature (convective heat
transfer boundary condition) is applied on BC3. It
can be concluded that the agreement between the
frequency responses using both approaches is
excellent under all three types of dynamic boundary
conditions.

4 Conclusions

In this paper, a new approach is proposed to solve the
2D heat transfer problem in the frequency domain
with a nonlinear source term. The expressions of
three types of heat transfer boundary conditions in
the frequency domain are derived. The performance
of the proposed approach has been validated against
the results obtained from full-scale CFD simulation
and excellent agreement has been obtained. The
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comparison between the results from the proposed
approach and the CFD approach indicates that the
proposed approach can produce almost the same
results as CFD approach in low to medium frequency
range, but in high frequency range, the proposed
scheme  outperforms the CFD  approach.
Furthermore, once the heat transfer problem is
captured in terms of transfer functions, it practically
takes no time to obtain the system response. This
approach is suitable for heat transfer problems with
nonlinear source terms under all three types of heat
transfer boundary conditions.
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