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Characterization of Mathematical Models of Tumour Angiogenesis
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Abstract: We deal with well known two kinds of mathematical models of tumour angiogenesis. We first study the
solvability and the asymptotic profile of the solution to a parabolic ODE system proposed by Othmer and Stevens.
Next we deal with the model of tumour induced angiogenesis by Anderson and Chaplain in the same line. Finally
we discuss how the models link to each other and provide some frameworks of the solvability and the asymptotic
profile of the solution to them for which our method is applicable.
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1 Introduction

We begin with a brief explanation about tumour an-
giogensis.

1. Tumour produces TAFs(some chemicals) as a trig-
ger of tumour angiogenesis. They diffuse and reach
neighboring capillaries and other blood vessels.

2. In response to TAFs EC(endothelia cells) surface
begins to develop pseudopodia which penetrate the
weakened basement membrane.

3. Capillary sprouts continue to grow in length out
of the parent vessels and form loops leading to micro
circulation of blood.

4. The resulting capillary network continues to
progress and eventually invades the tumour colony.

The above sequent procedure is called tumour
angiogenesis, which permits the tumour to grow fur-
ther.

In [8] Othmer and Stevens derived a parabolic
ODE system formulating the reinforced random walk
model (cf.Davig[3]), where unknown functions P =
P(x,t) and W = W (x, t) stand for the density of the
particle and that of control species, respectively. That
is,

Py = DV [PV (log(P/®(W)))], (1.1)

Wy = F(W, P), in Qx(0,00) (1.2)

PV (log(P/®(W)))-v =0, onoQ2x(0,T) (1.3)
(no-flux condition)

P(z,0) = Py(x) >0, W(z,0) =Wy(z) >0, (1.4)

where 2 is a bounded domain in R™ with smooth
boundary 02, D > 0 isaconstant and v denotes the

outer unit normal vector. Infact, [8] providesthe rein-
forced random walk on lattice points as in Davis [3],
takes the renormalized limit and gets the above sys-
tem. By the numerical computation [8] classified the
solution according to its behaviour ast — +o0 :

1.(aggregation) ||P(-,t)||L= < C for al ¢,
liminfy o0 | P(, £)[[zoe > [|P(-,0)]Loe-
2.(blowup)|| P(-, t)|| .~ becomes unbounded in finite
time.

3.(collapse)lim sup; oo, [| P(+, ¢)|[Loe < [|P(+, 0)| £os -

Levine and Sleeman[7] apply it to the under-
standing of tumour angiogenesis where P is the den-
sity of EC, W is TAFs concentration and the sensitiv-
ity function @ (1) is of the form:

W+ «
W+

where o, § > 0 and a is a constant. In this paper,
we first review (1.1)-(1.4), so called, Othmer-Stevens
model (cf.[4]-[6]). We deal with the existence of time
globa solution to (1.1)-(1.4) with (1.5) for a > 0
and F(P,W) = W P(exponential growth), here-
after referred to as [O-SE]. We introduce the prob-
lem (1.1)-(1.4) with (1.5) for a > 0 and F(P,W) =
—W P(uptake) , which is written by [O-SU] simply
hereafter.

In the same line, we show the existence of time
global solution to a parabolic ODEs system mod-
eling tumour angiogenesis by Anderson and Chap-
lain[1][2], which is called Anderson-Chaplain model
and is sometimes denoted by [A-C] hereafter. [A-
C] has been provided based on physiological and
morphological observations and experiments indepen-
dently of Othmer-Stevens model.We finally discuss a

(W) = ( ), (1.5)
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connection between these models and find a generic
framework of the solvabhility and the asymptotic pro-
file of the solution to them.

2 Othmer-Stevens model

2.1. Exponential growth casefor a < 0

In this subsection we consider the problem (1.1)-
(1.4) for e < 0 and F(W,P) = WP, that is, [O-
SE]. Mathematical analysis of this model was done by
Levine and Sleeman [7]. In fact, taking log W = ¥,
we get ¥, = P because of W;/W = P and it holds

aD(B — a)e¥

Ql[‘l/] = ‘Ijtt_DA\IIt+V'((€\I; n Oé) (e‘I’ n ,3)

T, V)

=0, in Qx(0,T) (2.1)

from (1.1) and (1.2). Then our problem is reduced to
the the following:

O[] =0 in Q x (0,T)

(TM)q ZU|pa =0 on 99 x (0,7T)

Uy(x,0) = Py(z), Y(z,0)=logWy(x).

In[7], Levine and Sleeman replaced the coeffi-
cient by a constant,

a(B — a)e?
(e¥ +a)(e¥ + )

= a(ﬁ _ a)W = constant

(W + a)(W + B)
(2.2)

under theagreementthat o <K W < gor f K W <
«. Their argument is verified in [7] if W is bounded
for any ¢t > 0. However, there is a case that W = €Y
obtained in [7] is unbounded, where this simplifica-
tion is not valid. Hence in this paper we do not con-
sider the simplified case but the argument discussed in
this section holds in the simplified case, too.

On the other hand, the simplified case has been
studied as a special case of the original problem. If
a K W <« j, according to the above argument it is
seen that ®(W) = a constant x W, In this case
(TM) isreduced to the following:

\Iftt — _DA\I/t +aDV - (\I/tv\lf) =0 (23)

(CH)S Z¥|s0 =0

Uy (x,0) = Py(x), ¥(x,0)=logWy(z)
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For (CH), Levine and Sleeman [7] constructed the
solutionwhenn =1, D =1anda = 1,—1. They
showed the existence of acollapse solution in the case
of n =1 and a = —1 and that of blow up solution in
thecaseof n = 1 anda = 1. Yang, Chenand Liu[10]
proved that both time global and blow up infinitetime
solutions exist dependent on their choice of initial data
evenif n = 1 and a = 1. Further they stated that one
may obtain a collapse solution to (CH) for a =—1
and general spacial dimension in the same line.

In [4]-[6], we studied (T'M) for a < 0. We put
U(z,t) = yt+u(x,t)in(2.1) and derive the equation
concerning u = u(x,t) :

[yt +u(z,t)] = Pilu] = wy — DAwy

-V [yA(t, u)e*A’t*“VU} -V [A(t, u)e*w*“utVu]

-0 (2.4)
where
B B aD(a — fB)
A=Altu) = (1+ae 7 u)(1+ pe7u)
(2.5)

If B > a, a < 0, the second order terms of (2.4) is
a hyperbolic operator, that is, (2.4) is hyperbolic with
the strong dissipation. In this paper we deal with only
parabolic ODE system of which can be reduced to this
type of the equation.

Hence we assume the following assumption:

(4) B-a>0,a<0 ((4), 8-a>0,a>0)

(2.6)

(T'M) isreduced to
([ Pi[u] =0 in  Qx(0,00)
gu = on 99 x (0,00)

(TM),
u(z,0) = ho(z),us(0,2) = hi(z) In Q

L Uy = fQ hidz = 0.

Here, the additional assumption w; = 0 leads to
Jo utrdx = 0 by the standard argument(see Kubo and
Suzuki[4]).

Theorem 2.1.([6; Theorem 2.1])  Let the ini-
tial value (hy, k1) be sufficiently smooth, and the con-
dition (A)_ be satisfied. Then, if v > 0 is large,
we have a unique classical solution v = wu(t¢,z) to
(T'M), and it holds that

lim sup|u| =0. (2.7)
Q

t——+o0
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From the above theorem, we get the solution
(P,W) to [O-SE] by putting P(z,t) = v + w(x,t)
and W (z,t) = ev*+u(®@t_ Then, it follows that from
(2.7) that

lm |[P(-t) = yllpe(@) =0. (2.8

t—+4o00

On the other hand, we have P(z,0) = ~v + hyi(z)
and it is possible to take hy = hi(z) satisfying
|P(-,0)|z> > 7. Thus, we have the following.

Corollary 2.1.([6;Corollary 2.1]).  If the same
assumption as in Theorem 1.1 is satisfied, there is a
collapse in [O-SE]. More precisely, (2.7) holds and
consequently, it holds that

lim inf W(-,t) = +o0.
t—+o00 Q

2.2. Uptakecasefor a > 0

In this subsection we deal with [O-SU] for (A),
that is, (1.1) for a > 0, (1.2) for F(W,P) =
—PW ,(1.3),(1.4). Putting ¥(z,t) = —vt — u(x,t)
for v > 0, (2.1) isreduced to the following:

—Qi[=yt—u(z,t)] = Polu] = uy—V- [’YAGJ’F“VU]

—V - [e """ Ay Vu] — DAuy =0 (2.9)
where A. = A(t,u) = (a+8_ﬁf),f)’3(gﬁ_7t_u). Our
problem is rewritten by

PQ[U] =0 in

Q x (0,00)

(TMU);{ Zu=0 on 09 x (0, 00)

u(z,0) = ho(z),u:(0,2) = hy(z).

Under (A); P»[u] is the same type equation of (2.4)
for (A)_, that is, it implies that we can obtain the so-
lution of (T'MU), inthe caseof (A). for sufficiently
large v > 0 in the same way as in Theorem 2.1. In
fact, for smooth initia data (ho(z), hi(x)), there ex-
ists the smooth solution u(z, t) such that it satisfies

tlg& u(z,t) = 0. (2.10)

Putting P(z,t) = v + wl(z,t), W(a,t) = e 7",
itisseenthat (P(z,t), W (x,t)) isthe solution of [O-
SU] with (A) . (cf.[6]).

Theorem 2.2. Let the initial value (hg,h1) be
sufficiently smooth and let the condition (A); be
satisfied. Then, if v > 0 is large, there exists a
time global smooth solution u(z,t) to the problem
(TMU);.
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Taking account of (2.10), we have the following
asymptotic property of the solution.

Coroallary 2.2. Under the same assumption as in
Theorem 2.2, there is a collapse in [O — SU].

(Remark) the relationship between exponential
growth and uptake. In [O-SE] with (A)_, we
have W (z,t) = e T%(=:1) and in [O-SU] with (A4),
we have W (z,t) = e 7= Hence in [O-SU]
with (A4);(1.1) and (1.2) can be reduced to the fol-
lowing for W (xz,t) = W (z,t) and (W) =

(Z%i}) ¢ a>0:

P, = DAP — DV - (PVlog®(W)), W, = WP,

which is of the form of [O-SE].

3 Anderson-Chaplain model

In this section we deal with a parabolic ODES system
modeling tumour induced angiogenesis provided by
Anderson and Chaplain [1][2]. The equation describ-
ing EC(endothelia cells) migration is presented by,

% = DAn —V - (x(c)nVec) — poV - (nVf),

in  Qx(0,00) (3.1)
where n = n(x,t) is the EC density, which is cor-
responding to P(z,t) in Othmer-Stevens model, D
is the cell random motility coefficient, x(c) is the
chemotactic function with respect to TAF(tumour an-
giogenesis factors) concentration ¢ = ¢(z, t), whichis
corresponding to W (z,t) in Othmer-Stevens model,
f = f(x,t) isthe concentration of an adhesive chemi-
cal such asfibronectin, py isthe (constant) haptotactic
coefficient(see [1],[2]). It is assumed that x(c) takes
the form

(o) = X0
14+ ac

where x( represents the maximum chemotactic re-
sponse and « is a measure of the severity of desen-
sitisation of EC receptors to TAF. They assume that ¢
and f satisfy the following equations respectively:

% = Bn—"yonf, in Qx(0,00) (3.2)
Jdc .
5= —nnec, in Q x (0,00) (3.3)

where 3, vy and n are positive constants. The equa-
tions are normally posed in a bounded domain €2 with
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no-flux boundary conditions on 92. In this section we
consider this model in the following form:(AC)

( at” = DAn -V - (x(c)nVc) — poV - (nVf),
0 r _
5if = Bn —~onf,
%c = —nnc, in  Qx(0,00)

Tlon = 5¢loa = Glaa =0 on 99 x (0,00)

n(:c,O) = nO(m)v f(l‘,O) = fO(‘T)a

Sleeman, Anderson and Chaplain [9] constructed
asolution of (AC) in case ¢ and f depend on z only
in 1 or 2 dimension. In this section we find how the
models link to each other in the continuous form. Im-
proving the reduction process used in section 2, were-
duce (3.1)-(3.3) to the same type of a single equation
as (2.9) for (A),. That is, Anderson-Chaplain model
is essentialy regarded as the same type of parabolic
ODE system as [O-SU] for (A)4 in this sense. Ac-
cording to the way used in subsection 2.2, we can
show the existence of the time global smooth solution
(n, f,c) of (AC), of which n collapses. In fact, by
(3.2) and (3.3) we have I

5710817 = 2 = —sun, S toge = —m.

In subsection 2.2 the procedure from (2.1) to
(TMU),; play themost important roleto obtain the
solution of [O-SU] for (A);. Since (2.1) is derived
in exponential growth case, in order to deal with
(3.1)-(3.3) in the same procedure, instead of (3.2)-
(3.3) it should start with the following:

) . o,
Fp108lf =By [="n, 5 loge=nn. (3.4)

Setting log ¢(z,t) = n(z,t) = n 1 Uy(x,t),

we have

fla,t) =

Intermsof ¢ = 1(z) = co(x) " 10 (fo(x)
(3.1) and (3.4) are reduced to the following.

U(x,t),

—70

Byo e @D (fo(2)— By Deo(x)

— B ),

elIf
S VVY)

Qo] = Wy — DAY, + V- (1X°

V- (poTie 'V + V- (pon o Tee VYV D)
=0. (3.5)

If 4(x) > 0, Q2 with (A), can beregarded asthe
sametype equation of @1 with (A)_. Therefore we

c(x,0) = ¢o(x).
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can prove the time global existence of the solution of
[A-C] in the same way as in Theorem 2.1(cf.[6]).

( —Qa[—vt —u(z,t)] = P3[u] =0
in Qx (0,00)
(AC): a%“ =0 on 99 x (0,00)
L u(z,0) = ho(x),u(0,2) = hy(z).

Infact, we can obtain the solution of (AC), inthe case
of (A), for sufficiently large v > 0 in the same way
asin Theorems 2.1 and 2.2. In fact, for smooth initial
data (ho(z), hi(z)), there exists the smooth solution
u(z, t) such that it satisfies

tlgglo u(z,t) = 0.

Theorem 3. Let the initial value
(no(z), fo(z),co(x)) be sufficiently smooth and
let «(x) > 0. There is a classical solution
(n(z,t), f(x,t),c(x,t)) of (AC) such that

n(m,t) = 77_1(7 + ut(mat))a

Flat) = Bygt +e7 Dy ()
and that it holds
In(x,t) =noll =9y = 0, [le(z,1)[|L= (@) = 0,
I f(z,t) — %HL“(Q) =0 (t— +o0)
where n stands for the spatial average of ny(z).

c(z,t) = e 1tmu(z)t)

Corollary 3. Under the same assumption as in
Theorem 3.1, there is a collapse in (AC).

4 Conclusion

Othmer-Stevens model solvability |
Exponentia growth((A)_) (collapse)
P(:’C7 t) = ’Y + ut(l‘, t)
Wz, t) = U@ — foo(t — +00)
Uptake((A4)+)
1 Pz, t) =7+ w(z,t) Remark[
asymptotic
profile Wiz, t) = e Y=u®m) 50t — 400)
Ander son-Chaplain model
n(xat)(: P) = 77_1(’}/ + Ut(l‘,t))
c(z,t)(= W) = e 1l 5 0(f — +00)
f(z.t) = By + e 1@y ()

Since in above models P [u], Po[u] and Ps[u] are
in the same class of partia differentia equation, it
seems that the models belong to the same framework
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of the solvability. Especialy, further considering into
the asymptotic profile of the solution, it is seen that
[A-C] and [O-SU] with (A) belong to the same fam-
ily as the mathematical model. In fact, the approachs
used for obtaining the solution of [A-C] and [O-SU]
are quite same as shown in subsection 2.2 and section
3.

Finally, we show the way of linking [A-C] and [O-
SU] explicitely in the following. From (3.4) it follows
that

- Y0
10g|f—,8701| = ;logc. (4.1)

Putting

f=ct 46y (42)
and substituting f by (4.2) in (3.1), we have

%n =DAn —V - (x(c)nVe) — poV - (nV(c%O))
70

=DAn — V- (nV{% log(1 + ac) + log e Y)
¢ 20
= DAn -V - (nV{log(l + ac) < eroc ™ 1)

n

= DV - (nVlog - 5
{1+ ac);flepoc "D

) (43)

Therefore it is seen that the transition rate of the mas-
ter equation (3.1) is of the form:

X 10 —
{(1 + ac)<ermc™ }P" (4.4)

which is corresponding to (1) in Othmer-Stevens
model. The following result implies that (A-C) and
[O-SU] with (A) . are essentially the same type of the
parabolic ODE system.

Theorem 4. [A-C] is reduced to the same type
of the parabolic ODE system as Othmer and Stevens
model:

ny = DV - (nV log "

X0 J0 )7

{(1 + ac) e gpoc™ } D71

¢ = —nen,

which are of the form of (1.1) and (1.2) in [O-SU] with
(A ) respectively.
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