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Abstract: - The method proposed by Herrera et al. [11] devises a consistent preference relation that is restricted
by the set of n —1 values{p,,, Ps3,.-.» P, 1, } - Therefore, for convenience and flexibility, the following uses

the incomplete fuzzy preference relation with the least judgments (that is, # — 1 judgments) to develop a simple

and practical method for constructing a consistent complete fuzzy preference relation in which experts can

compare any row, column or diagonal.
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1 Introduction

Preference relations is widely employed in most
decision processes [1,3,10,15]. A well-known
approach that can effectively deal with decision
problems is the Analytic Hierarchy Process (AHP)
proposed by Saaty [8]. The AHP methodology
involves separating a complex decision issue into
elemental problems to establish a hierarchical model.
When the decision problem is divided into smaller
constituent parts in a hierarchy, pairwise
comparisons of the relative importance of elements
are performed in each level of the hierarchy to
establish a set of weights or priorities. Although AHP
is widely employed in diverse fields [2,5,6,7,10,16],
inconsistency occurs given increasing hierarchies of
criteria or alternatives. Additionally, each of these
preference relations necessitates the completion of all

@ judgements throughout its top triangular

portion. However, it is sometimes difficult to yield
such a complete preference relation, particularly for
high order preference relations. To resolve this
dilemma, Herrera-Viedma et al. [11] presented the
consistent fuzzy preference relations for facilitating
decision-making, thus enhancing its effectiveness
and accuracy of selections. However, in this method
the construction of a consistent preference relation is
restricted by the set of n—1 values

{D12s Posoves Pt} -

For convenience and flexibility, this study
developed a method, based on the consistent
incomplete fuzzy preference relation involving lease
judgements, for constructing a consistent complete
fuzzy preference relation using the multiplicative
transitivity property. The increasing complexity and

uncertainty of the socio-economic environment is
assumed to reduce the likelihood that single decision
makers will consider all aspects of a decision making
problem; consequently, numerous real world
decision making processes occur in multi-person
settings, so this investigation designs a multi-person
decision making approach based on the constructed
consistent complete fuzzy preference relations,
which fuses individual preferences into collective
ones and aggregates the overall information
regarding each decision alternative to rank
alternatives and select the optimal one(s). Finally, an
illustrative example is presented to verify the
developed approach.

2 Decision Making

Preference Relations

Most decision processes are known to be based on
preference relation because it is a useful tool for
modelling decision processes, particularly when
aggregating the preferences of experts to produce
group preferences[4,8,9]. Herrera et al. [11] proposed
consistent fuzzy preference relations in accordance
with two preference relations, namely multiplicative
preference relation and fuzzy preference relations
[12,13,14].

Using the

(1) Multiplicative preference relation.
The preferences of experts regarding a set of

alternatives X can be denoted via a preference
relation matrix 4 € X x X', 4=(a;), a, €[$.9],

where a;; denotes the ratio of the preference degree
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of alternative X, over x; . Since a; =1 indicates
indifference between x; and x i a =9 indicates

that x, is strongly preferred tox ;. A is assumed to

be a multiplicative reciprocal, namely
a.-a, =1 (1)

Definition 1. A reciprocal multiplicative preference
relation 4 =(a;) is consistent if

a,-a; =da, Vi, j,k=1,..,n. 2)

(2) Fuzzy preference relation.

Expert preferences regarding a set of alternatives X
are denoted via a positive preference relation
matrix P X xX , with membership function:
M, XxX >[0]] w,(x;,x;)=p;
indicates the ratio of the preference intensity of

alternative x; to that of x;, . If p, =7 implies

where

between X; and X,

indifference
(x;, ~x,), p; =lindicates x, is absolutely preferred
tox;, p, =0 indicates x, is absolutely preferred

tox,, and p; >7 indicates that x, is preferred to

X, (x,>x;). P is assumed to be an additive

reciprocal, given by
p;tp;= 1 3)

Proposition 1. Assume the existence of a set of
alternatives, X = {x,,x,,..,x,} , which is
associated with a reciprocal multiplicative preference
relation A=(a,) , with a,€[$,9] . The
corresponding reciprocal fuzzy preference relation,
P =(p;) with p, €[0,1] , associated with 4 s

then given as follows:
py =glay) =7 (+log,a, @)

Proposition 2. Reciprocal additive fuzzy preference
relations

Pyt Py+py=3 Vi jk (5)
pij+pjk+pki:% Vi<j<k (6)
Piivny T Piviyiszy Tt Py TP = 'j72i+1 Vi<j (7)
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Notably, according to Proposition 2, constructing
consistent fuzzy preference relations only requires
n—1 ({py>Pys-sP,1,s ) judgments; the other
incomplete elements can be done through additive
transitivity. If the preference matrix contains values
outside the interval [0,1], namely within the interval
[—a,l + a], a linear transform is required to preserve

the reciprocity and additive transitivity, that is
f:[-a,l+a]—[0,1]. The function is

xX+a
1+2a

f(x)= ®)

For more details can refer to the study of Herrera
etal. [11].

The method of Herrera et al. [11], can improve the
performance of decision processes by reducing
comparison times, but the construction of a
consistent preference relation is restricted by the set

of n —1 values {p,,, Pp3»-ess P, 1, + - Therefore, for

more convenience and flexibility, the following
develops a simple and practical method for
constructing a consistent complete fuzzy preference
relation, based on the incomplete fuzzy preference
relation with the least judgments (i.e. n—1

judgments), as follows:

Step 1. For a multi-person decision-making problem,
let D=1{d,,d,,...,d,} denote the set of decision
makers, while X = {x,,x,,.,x, } represents a
discrete set of alternatives. The decision maker
d, € D compares each pair of alternatives using the

nxn 2

: k
discrete term set U, , where U, =(u;)
ul]; €[+,9] . An incomplete preference relation

U, :(u;f)nxn is then constructed with only n —1

judgments, where experts can choice any row,
column or diagonal to compare.

Step 2. Utilize the known elements in U, and Eq.(2)
to determine all the unknown elements in U, and
thus derive a consistent and complete preference

. k
relation 4, = (a;)

nxn *
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Step 3. Utilize Egs.(4) and (8) to translate the 1 3 15 %'
complete preference relation 4, = (a;.)nxn into the 1] -
3
complete fuzzy preference relation F, = ( ff)nxn. U=@))o=4 - 1 - —
ij /5%
- _ 1 -
Step 4. Utilize the averaging operator ; )
fi=t(f; ®f;0f, ©.@f") forall i,/ (9) [ A
. -1 3 - -
to fuse all the consistent complete fuzzy preference ) . |
. . k _ . Uz =(u!/)5X5 =7 3 1 5 y
relations F, =(f;),., (k=L2,.,m) into a 1
collective complete fuzzy preference relation - - s -
F = (ﬁj)nxn' __ 4 - 1_
1 3+ 5 + 3
Step 5. Utilize the averaging operator to fuse all the 31 - - _
fuzzy preference degrees f; (j=12,....n) in the U. =) : {
. ’ = ul” « = | = —_ f— J—
'th line of the F', and obtain the average f, of the ’ e ; _ o~ 1 -
Ith alternative over all the other alternatives. 1o o
L3 A
Step 6. Rank all the alternatives x; (i =1,2,...,n) 13 - - -]
and select the optimal one(s) according to the values 115 - -
of f, (=120, Ui=ioc=|= 4 1 4 -
tep 7. End.
P - -3 1 !

3 Numerical Example

This section presents a decision-making problem Step 2. Utilize the known elements in
involving the evaluation of five U, (k=123,4) and Eq. (2) to determine all the
candidates x, (i =1,2,...,5) . The problem involves unknown elements in U, (k =1,2,3,4):

four decision makers d, (k=12,..,4) who

compare these five alternatives using the discrete 1 3 15 %_
term set U, , where U, :(ul.';)nxn , “,]; €[+,9], and 1 1 s L
3 2 3 15
rovide the following judgments: 1
P g judgm A4 =(a;)ss=|4 12 1 20 3%
1l 3 L L
diiub, =3, u,==%, u,=5 u=1 s s w1 a3
s
2 2 s
d2 Us, 7, u32=%, u34:5’ ”352% __5 15 1 25 1__
3 3 3 3 L 1 5 L
dyiuy =3, uzy =35, uy =5, u5 =3 I 5 7 3 =
4 4 4 4 3
d,uy =3, uy =5 uy =%, u;, =1 21 1 3 15 +
2
.. ) . Az = (ag/)5x5 =7 % 15 %
Obtaining the best alternative(s) involves the 711 ] 4
following steps: 5 015 5 20
280 4 4 20 1

Step 1. Use Eq. (1) and the above information
provided by d, (k=123,4) to derive the

incomplete preference relations U, = (uf)

nxn

¢ 9

respectively, where
variable.

represents the unknown



1 1
1 3 : 3
31 15 2 9
— (3 -1l _L 1 3
4, = (aj/)SXS =5 5 1 3 3
5 3 25 1 15
1 1 5 L
13 9 3 15 1 i
1 3 15 5 1
1 S 1
7 L5 3 3
— 4 — |1 1 1 1
A4 - (a[j)5><5 |15 3 1 315
1 3 1
s 05 3 1 3
1 3 15 5 1
1 1 1 1 1 aly
a,, =da a,=—|T—-d, =—
23 21"y =iy =00
1 1 1 _ aiy
Ay =dy " Gyy =1
1 _ 1 1 _ as
Aps = Ay " Gys =1
L _ 1 1
a42 - a£4 052 - “%5
1 1 1 al, 1
a,, =da a, =—F/—=—
32 3070 =0T
1 1 1 _ ay 1 _
U3y = Q3 "0y = Q3 =7
31 34
11 1 _ as 1
us = Ayy " ys = - Asg =7
14 45

Step 3.Use Egs. (4) and (8) to obtain the
corresponding consistent complete fuzzy preference
relations:

0.5 0.6707 0.2847

03293 05  0.1140 0.5793 0.0793
F=(f)ss=|0.7153 08860 0.5 09653 0.4653
02500 04207 0.0347 0.5 0
107500 0.9207  0.5347 1 0.5

0.7500 0.2500

0.5 0.0432  0.2080
0.9568 0.5 0.6648 0.9063 0.4568
0.7920 0.3352 0.5 0.7415 0.2920
0.5505 0.0937 0.2585 0.5 0.0505

1 0.5432  0.7080 0.9495 0.5

0.4495 0

F, :(f;'jz)SXS =

0.6707 |
0.8413

0.5 0.3293 0.7500 0.2500
0.6707 0.5 0.9207 0.4207
F, = (j;.;)SXs =10.2500 0.0793 0.5 0 0.4207
0.7500 0.5793 1 0.5 0.9207

0.3293 0.1587 0.5793 0.0793 0.5
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0.5 0.7028 1
0.2972 0.5

07972 0.5
0.7972 0.5943 0.2972
F,=(f)ss=| 0 02028 05 02972 0
02028 0.4057 07028 0.5  0.2028
05 07028 1 07972 05

Step 4. Utilize Eq. (9) to fuse all the consistent
complete fuzzy preference relations £, =( ff)nxn
(k=12,...,4) into a collective and complete fuzzy

preference relation F' = (f,),.,-

0.5 0.4365 0.5607
0.5635 0.5 0.6242  0.6252
0.4393 0.3758 0.5 0.5010
0.4383 0.3748 0.4990 0.5
0.6448 0.5813 0.7055

0.5617 0.3552
0.4187
0.2945
0.2935

0.7065 0.5

F= (fg/)SxS =

Step 5. Utilize the averaging operator to fuse all the
fuzzy preference degrees f; (j=12,...,5) in the

Ith line of F to obtain the average f; of the Ith
alternative over all the other alternatives.

x =0.4828x, =0.5463 x, =0.422] x, =0.421,1x, =0.627

Step 6. Rank all the alternatives x, (i =1,2,...,5) and
identify the optimal one(s) according to the values of

£ (i=12,.5).

Xg =Xy =X, = Xy = X,

thus, the best alternative is x;.

4 Conclusions

This investigation has developed a simple and
practical method, which utilizes the incomplete fuzzy
preference relation involving the least judgments
(that is, n — 1 judgments) to construct a consistent

complete fuzzy preference relation. The most notable
characteristic of the proposed method is that it
requires the least judgments provided by the decision
maker to create a consistent complete fuzzy
preference relation, and thus it can not only reduce
the time pressure faced by the decision maker but
also avoid the need to check the consistency of fuzzy
preference relations.

The approach adopted in this investigation may
represent a new method of solving group decision
making problems in complex environments. Future
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works can further study incomplete fuzzy preferences
with multi-criteria.
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