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Abstract: - We consider the Oseen problem in an exterior dorfihi@ R®. We prove the existence of the strong
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1 Introduction

The classical Oseen problem in an exterior dorfibis
described by the velocity vectarand by the associated
presurep as a linearized version of the incompressible
Navier-Stokes equations precisely as a perturbation of
Vs the velocity at infinity;v., is generally assumed

to be constant in a fixed direction, say the first axis,
Voo = |Usole1. IN the next we considgp| = 1 and

we will write the Oseen operatak v.

The first complete investigation of the existence
and uniqueness of the Oseen problem in exterior do-
mains was done by Far [8], who generalized the
method introduced by Odqvist [20] for the Stokes
problem. In the book of Galdi [19] we can found com-
prehensive answers on the questions of the existence

and the uniqueness in homogeneous Sobolev spaces

D'r.  Existence and uniqueness results for three
dimensional flows in weighted anisotropic Sobolev
spaces with weights reflecting the decay properties
of the fundamental solution have been proved by Far-
wig [5]. Then in case of anisotropic Sobolev spaces
results was improved i? spaces with weights sat-
isfying so calledA,, condition see [13, 14]. Modified
Oseen problem which appears in problem arising from
flow around a rotating body was studied by Enzar
and Penel see [15], [16]. They considered one extra
termaVv (which in case of rotating body in a fluid is
exactly term(w x x) - Vu). They got solution in an ap-
propriate Sobolev weighted spaces. To extend results
from R? to an exterior domain the method of hydro-
dynamical potentials can be used. The application of
this method to the Oseen problem without weights is
well known. Moreover this method has been used in
the work of Farwig [5] for solution of the Oseen equa-

tions in weighted Sobolev spaces. Applying local-
ization procedure for the extension of anisotropically
weighted estimates from the whak® onto the case of
an exterior domain we can find in the work of Kraar
and N&asowa [17]. Another type of weighted space
with logarithnic weights or some kind of anisotropi-
cal structure we can find in work of Amrouche and
his collaborators [2]-[4]. These methods are efficient
for various modifications of Oseen problem connected
with additional assumptions see [11], [12], [6].

In case of homogeneous Sobolev spaces the exis-
tence and uniqueness of the strong solutiorLinis
proved under conditiop < (n 4 1)/2 and the exten-
sion of the existence and uniqueness results was done
by Farwig [7]. The question of existence and unique-
ness forg > (n + 1)/2 was left out. We will inter-
ested in case af > (n + 1)/2 and we will proved the
existence and uniqueness in suitable quotient spaces.
We consider the Oseen problem in an exterior domain
QCR?

—vAu+oiu+Vp = f inQ
dvu = 0 inQ
U = Ux 0NN ()
u — 0 as|z| — oo.

We rely on standard notation for the various func-
tion spaces, such d(Q2), W™2(Q), W;"(Q2) and
their duals. Moreover, with

na= (> [ Dt
lil=m

for m > 0,q > 1, we denote byD"4(2) the homo-
geneousSobolev spaces :

D™ () = {u € Ljpe(Q) : [tm,p < 0},

(2)

|u

(©)
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and by D"?(Q2) the completion ofC°(£2) in the Theorem 2 Assume thaf2, f, v, satisfy the assump-
norm (3). The dual space @;"?(12) is denoted by tions of Theorem 1 with < ¢ < oo and letf ¢ L¢,
D,™(Q),1/q + 1/¢ = 1. Throughout the paper, ~v= € W* /%(99), for 1 < t < 2. Then given
the spaceD(1) is the subspace af°(Q2) of smooth o € R, A = {Aj;}, trace (A) := 0, vy # 0 there
solenoidal vector-valued functions with compact sup- €Xists one and only one soluti¢n, p) to problem (1)

port, Dj"?(€2) denotes the closure Bf(Q2) in D™4(2) such thatioo () = vo + Az, w = v — U, We have
andD, ™ () the dual ofDI"(Q),1/q + 1/¢ = 1. i m
We shall only be interested in domains with(& w € D(Q) N (] DM>1(Q)) (6)
boundary, eventually more regular boundary. For more k=0
details see [1], [19]. .
s e DY(Q)N D*La(Q)). 7
We introduce the following spad@?? such that b () (IQO () %

Moreover,w andp satisfy the following estimate
D24(Q) = D>(), ¢ > (n+1)/2

[wlls + [wlr + |wlas + [plls + |%1,t+
m

D29(Q) = {u € D>9(Q) : |u|1, < oo, + 2 kmo([Wlkr2.q + [Pler1a) + 11527 g

< el flle + [1flm.g + l1vx = Doollmra—1/t0,00+

_ (1) Fve = vosllm+2-1/9/0.09):
r=tB (n41)/2<g<n+1 | oolim+2-1/a/q ®)
- ) with » = 3t/(3 —t), s = 3t/(3 — 2t) andc =
D>1(Q) = {u € D*1(Q) : ¢(N, q,t,m,Q). Further, we have
_ 1
lulls + fulyp < 00,5 = (250E = Dy, s, lw@] = Olp=r).
Js, IV(@)| = O(h=), 9)

1<q<(n+1)/2. Js, Ip@)] = O(gp=>),

where S,, denotes the unit sphere é&. Finally if

2.9 lq
Denote by, the subspace dD=7(2) x D*4(2) g>n-+landl <t<n-+1then

formed by solutions, p to (1) with f = 0, u* = 0.

lim Vw(z)=0
For fixedr > §(£2¢) andl > 0, v > 1 we set |z[—00

uniformly. Also ifg > (n +1)/2,1 <t < (n+1)/2
then
!
HUHV,R;l,q = HUHV—L%QR + Ei:ﬂuh,q,ﬂ' lim Vw=0
|z|—o0
The aim of our article is to prove the following theo-

uniformly.
rems.

Theorem 1 Let  be an exterior domain of class
Cmt2 m > 0. Givenf € W™I(Q), v, € _ L
Wwm+2-1/2.4(90), 1 < ¢ < oo there exists a unique 2 Mathematical Preliminaries

solution to (1) such that
Lemma 3 LetQ, f,v,, Q C R" of a classC™*2,

v,p € D*9(Q) x DM(Q)/%,. (4) n > 2,m >0, corresponding tof € W™4(Q), v, €
WmH2-1/94(90), 1 < ¢ < oo and letv € D>9(Q)
Moreover, be a solution to (1) corresponding thandwv,. Then
- - v e DM24(Q),p € DFL(Q) VY =0,1,...,mand
- ﬂ DFF24(0), p e ﬂ DELIQ)  (5) if g > (n+1)/2 we have
k=0 k=0
and corresponding estimates (10)-(12) are satisfied. inf(, myex, v — M2, Rmg + 1P — 7ll1LRmg ) <

<l fllm,g + [0 llmt2-1/g.00);
(10)



if (n+1)/2<g<(n+1)

inf(h,w)ezqﬂv —hl1y +[lp = 7|+
v = hll2,Rimq + Ip = 7ll2,Rimq} <
c(”fHﬂ%q =+ ||U*Hm+2—1/q739)7

(11)

(n+1)q
n+1l—q

- +1
andifl < ¢ < 5=

wherer =

[0lls + [0l1r + [[llr + [[0]l2,R:m.q+

1Pl Rimg < €Ul fllm,g + lvellm+2-1/4,6,00),
_ (n+l)q
wheres = T

Proof: see [18].

Lemma4 Let v,p be a solution to (1) in an exte-
rior domain Q C R" of a classC™*?, n > 2,
m > 0, corresponding tof € W™4(Q), v, €
WmH2-1/49(90), 1 < q < co. Assume that

v € D*(Q).

Thenv € DFM24(Q),p ¢ DFY(Q) for all k =
0,1,...,m and for anyR > §(2°) it holds that

[vll1,6.08 + 2 keollvlkt2,q + [Plrt1q)
< (1 llmg + lvsllmr2—1/g,0.00 + [Vllg.0r+
”]3 Q»QR)7

(13)
wherec = ¢(n, m, ¢, R) andQr = QN Bpg, Br(z) =
{y € R", |z —y| < R}.

Proof: It follows immediately from [19].

Lemma5 Let ) be an exterior domain of clags?
and setd = dim(¥,). Then

n+n?+1,¢>(n+1),

d=< n,qge(n+1)/2,n+1], (14)

0, g€ (1,(n+1)/2).

Proof :  We give only the sketch of the proof. The
proof is based on the following observations.

Observation 1: For any v, € R™ — 0 there is a
unique (nonzero) solution v, p € C*° to (*) such that

lim |v(x) — veo| = 0.
|z|—o00
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This solution satisfied that

u e D>4(Q), forq > (n+1).

Proof: It follows from [19] [Theorem 7.1] [Chapter
6].

Observation 2: For any matrix A = {A;;}, Ai; #
0 with trace (A) = 0, there is a a unique (nonzero)
solution v,p € C*°(Q) to (1) such that

lim |v(z) —A-z|=0.

|z|—o0

This solution verifies the condition v S

D24(Q), forq > (n+1).

Proof: We make a suitable solenoidal extension of

the fieldVy = A - . Letw denote a solution to the

problem
V-w=Ve - Vh=ginQw=0atoY  (15)

wherep = ¢(|z|) € C*(22) with ¢ = 0 for |z| < p

and equals one fow| > R/2, 6(2°) < p < R/2,

Y is a locally lipschitzian subdomain 6t that con-

tains the support ap. Since [, g = 0,9 € C5°()

and from results properties of Bogovskii operator , we

can takew € Cg°, vanishes nead(? and equals/

at large distances. It implies th@?a € C$° and

from existence of generalized solution we can show

the existence of generalized solutioto (1) such that

v = u+aandu € Dy*(Q). Itis not difficult to show

that D?v € L4(Q) for all ¢ > 1. Sincev does not

belong to spac®'" () and to spacd.*(£2), then

v e D*(Q)forq > (n+ 1),
which completes the proof of Observation 2.

Now, leth;, m;, i = 1,...n be the solutions to (1)
of the type of Observation 1 corresponding to the three
orthonormal vectors.,; = e;. Likewise, letu;;, 7;;
ben? — 1 solutions to (1) of the type of Observation
2 corresponding to the? — 1 matrices of zero trace
Eija where

Fo.— eiXEj,ifi#j
Y eixej—ey Xepifi=j#n.

It can be seen that the system constitued by the
n? 4+ n — 1 vectors{h;, u;;} is linearly independent.
Now, if v, p is a solution to (1) withy € D4 for some
g > 1, from [19] [Chapter 7] it follows that there
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existsv, € R"™ and a traceless matri® such that as
|x| — oo we have

v(z) =vg+ B-x+O0(1/|z]"2).

From the properties of the Oseen equation the proof is
accomplished.

Theorem 6 Let 2 be an exterior domain ink3, of
classC™2 m > 2. Givenf € W™4(Q),v. €
WmH2-1/44(9Q), 1 < q < 2, v € RN there exists
one and only one corresponding solutian p) to the
Oseen problem

~M+ R +Vp = f,  inQ
Vv = 0, in Q
Vo= Uy on o,
v Vs, x| — 00,

(16)
such that
v v €W {1, D (@) N D)),
p € MLy D*He(Q)

(N+1)g o _ (N+l)g
N+1—¢q’ °2 = N+1-2¢"

with S1 =
verify

Moreover (v, p)

arljv — U<>0Hm752 + RH%”m,q+
Yoitotaelvlizrs + vz, + IPliv1e)
< AR fllmg + 105 = Voollmt2-1/g,4)

(17)

wherec = ¢(m,q,n,Q, R), a1 min{1, R'/?},
as = min{l, RY/*}. However ifg € (1,3) and
R € (0,B] for someB > 0, ¢ depends solely on
m, N, q,Q and B, R denotes the Reynolds number.

Proof. see [19], [Theorem 7.1].

Lemma 7 Let(2 be an exterior domain iR"™ and let
v be a solution corresponding t6 € L with v €
D%*4. Thenifl < ¢ < (n+ 1) andt > (n + 1) we
have

‘ llim Vo(z) =0
uniformly and
| llim v(z) = o0

. . +1 +1
uniformly whilel < ¢ < 5= andt > 3=,

Proof: see [18].

22

3 Proof of the main theorems

Proof of the Theorem 1We approximatef and v,
by sequences of function§f,} C C§° {v.x C
WmH2=1/rr(9Q) anyr € (1,00). From [19]Chapter
7, [Theorem 4,2], for alk € N there exists a gener-
alised solution,, ps € DV2(Q2) x L?(2) correspond-
ingto fs, v4s, and tov,, = 0inthe case where > 2.1t
is easy to see that, € W29(Qg), ps € WH4(Qg)
for all R > 6(2¢). And then we get

vs € LY(Q), t > 2EL
Vous € L"(Q), r > 41
D%y, € L9(), ¢ > 1.

It implies thatv € D>4(Q) for all ¢ > 1. The solu-
tions (v, ps) will then satisfy (10), (11), (12) depend-
ing on the values af andn. Assume; > n+1. Given

e > 0 from (10) and from the linearity of problem (1)
for s’, s sufficiently large we deduce

(h,irr)léEq{‘”s/ — Vg = hlag + [Py —psr —mlg} <e
This relations implies thatvs, ps) is a Cauchy se-
quence in the quotient spaé&?(Q) x D9(Q)/%,
and there is an elemeft, p) € D>7(Q) x DV4(Q) to
which v, ps tend to quotient norm defined by the left
hand side of (3). Similarly fog € ((n+1)/2, (n+1))
andg < (n+1)/2.

Proof of the Theorem 2 : From Theorem 1 it follows
the existence of solution of (1), € D?¢, p ¢ DY/
satisfying

[0lls2 4 [vl1,51 4 [0l2,e + [[P]ls1 +
v

18
Pl + 121 < clllflle + [0lasjeeon). OO

Sincef € W™4(Q), v, € Wm+2+1/2:0.99 theny ¢
DF*+24 p € DF14 see [19], [Theorem 7.1], Chapter
7 and moreover

2 r=o(lvllkt2.4 + Plit1g) < (1Fllm,g+

(19)
[0xllm+2-1/q,0.00 + 10llg.0r + IPlg0r)-
Finally, applying the following inequalities
[Vlg0r < crllvlls, + c2lvlrs + €l D?vllg.qp,
Pla,ar < arllvlls; + c2fvf1g
(20)

We get estimate (12). From Lemma 7, [19] [Lemma
11.5.2], [Lemma VII.6.1], [Theorem VIl 6.2] we get
the rest of Theorem 2.
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