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Abstract: - We consider the Oseen problem in an exterior domainΩ ⊂ R3. We prove the existence of the strong
solution inLq quotient spaces for allq.
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1 Introduction

The classical Oseen problem in an exterior domainΩ is
described by the velocity vectoruand by the associated
presurep as a linearized version of the incompressible
Navier-Stokes equations precisely as a perturbation of
v∞ the velocity at infinity;v∞ is generally assumed
to be constant in a fixed direction, say the first axis,
v∞ = |v∞|e1. In the next we consider|v∞| = 1 and
we will write the Oseen operator∂1v.

The first complete investigation of the existence
and uniqueness of the Oseen problem in exterior do-
mains was done by Faxén [8], who generalized the
method introduced by Odqvist [20] for the Stokes
problem. In the book of Galdi [19] we can found com-
prehensive answers on the questions of the existence
and the uniqueness in homogeneous Sobolev spaces
D1,p. Existence and uniqueness results for three
dimensional flows in weighted anisotropic Sobolev
spaces with weights reflecting the decay properties
of the fundamental solution have been proved by Far-
wig [5]. Then in case of anisotropic Sobolev spaces
results was improved inLp spaces with weights sat-
isfying so calledAp condition see [13, 14]. Modified
Oseen problem which appears in problem arising from
flow around a rotating body was studied by Kračmar
and Penel see [15], [16]. They considered one extra
terma∇v (which in case of rotating body in a fluid is
exactly term(ω×x) ·∇u). They got solution in an ap-
propriate Sobolev weighted spaces. To extend results
from R3 to an exterior domain the method of hydro-
dynamical potentials can be used. The application of
this method to the Oseen problem without weights is
well known. Moreover this method has been used in
the work of Farwig [5] for solution of the Oseen equa-

tions in weighted Sobolev spaces. Applying local-
ization procedure for the extension of anisotropically
weighted estimates from the wholeR3 onto the case of
an exterior domain we can find in the work of Kračmar
and Něcasov́a [17]. Another type of weighted space
with logarithnic weights or some kind of anisotropi-
cal structure we can find in work of Amrouche and
his collaborators [2]-[4]. These methods are efficient
for various modifications of Oseen problem connected
with additional assumptions see [11], [12], [6].

In case of homogeneous Sobolev spaces the exis-
tence and uniqueness of the strong solution inLq is
proved under conditionq ≤ (n + 1)/2 and the exten-
sion of the existence and uniqueness results was done
by Farwig [7]. The question of existence and unique-
ness forq ≥ (n + 1)/2 was left out. We will inter-
ested in case ofq ≥ (n + 1)/2 and we will proved the
existence and uniqueness in suitable quotient spaces.
We consider the Oseen problem in an exterior domain
Ω ⊂ R3

−ν∆u + ∂1u +∇p = f in Ω
div u = 0 in Ω

u = u∗ on∂Ω
u → 0 as|x| → ∞.

(1)

We rely on standard notation for the various func-
tion spaces, such asLq(Ω), Wm,q(Ω),Wm,q

0 (Ω) and
their duals. Moreover, with

|u|m,q = (
∑
|l|=m

∫
Ω
|Dlu|q)

1
q , (2)

for m ≥ 0, q ≥ 1, we denote byDm,q(Ω) thehomo-
geneousSobolev spaces :

Dm,q(Ω) := {u ∈ L1
loc(Ω) : |u|m,p < ∞}, (3)
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and by Dm,q
0 (Ω) the completion ofC∞

0 (Ω) in the
norm (3). The dual space ofDm,q

0 (Ω) is denoted by

D−m,q′

0 (Ω), 1/q + 1/q′ = 1. Throughout the paper,
the spaceD(Ω) is the subspace ofC∞

0 (Ω) of smooth
solenoidal vector-valued functions with compact sup-
port,Dm,q

0 (Ω) denotes the closure ofD(Ω) inDm,q(Ω)
andD−m,q′

0 (Ω) the dual ofDm,q
0 (Ω), 1/q + 1/q′ = 1.

We shall only be interested in domains with aC2

boundary, eventually more regular boundary. For more
details see [1], [19].

We introduce the following spacẽD2,q such that

D̃2,q(Ω) = D2,q(Ω), q ≥ (n + 1)/2

D̃2,q(Ω) = {u ∈ D2,q(Ω) : |u|1,r ≤ ∞,

r = (n+1)q
n+1−q}, (n + 1)/2 < q < n + 1

D̃2,q(Ω) = {u ∈ D2,q(Ω) :

‖u‖s + |u|1,r < ∞, s = (n+1)q
(n+1−2q , r = (n+1)q

n+1−q},

1 < q < (n + 1)/2.

Denote byΣq the subspace of̃D2,q(Ω)×D1,q(Ω)
formed by solutionsv, p to (1) withf = 0, u∗ = 0.

For fixedr > δ(Ωc) andl ≥ 0, ν ≥ 1 we set

‖u‖ν,R;l,q = ‖u‖ν−1,q,ΩR
+ Σl+ν

i=1|u|i,q,Ω.

The aim of our article is to prove the following theo-
rems.

Theorem 1 Let Ω be an exterior domain of class
Cm+2, m ≥ 0. Given f ∈ Wm,q(Ω), v∗ ∈
Wm+2−1/q,q(∂Ω), 1 < q < ∞ there exists a unique
solution to (1) such that

v, p ∈ D̃2,q(Ω)×D1,q(Ω)/Σq. (4)

Moreover,

v ∈
m⋂

k=0

Dk+2,q(Ω), p ∈
m⋂

k=0

Dk+1,q(Ω) (5)

and corresponding estimates (10)-(12) are satisfied.

Theorem 2 Assume thatΩ, f, v∗ satisfy the assump-
tions of Theorem 1 with1 < q < ∞ and letf ∈ Lt,
v∗ ∈ W 2−1/t,t(∂Ω), for 1 < t < 2. Then given
v0 ∈ R, A = {Aij}, trace (A) := 0, v0 6≡ 0 there
exists one and only one solution(v, p) to problem (1)
such that̃v∞(x) = v0 + Ax,w = v − ṽ∞, we have

w ∈ D̃2,t(Ω) ∩ (
m⋂

k=0

Dk+2,q(Ω)) (6)

p ∈ D1,t(Ω) ∩ (
m⋂

k=0

Dk+1,q(Ω)). (7)

Moreover,w andp satisfy the following estimate

‖w‖s + |w|1,r + |w|2,t + ‖p‖s + |p|1,t+
+

∑m
k=0(|w|k+2,q + |p|k+1,q) + ‖ ∂v

∂x1
‖q

≤ c(‖f‖t + ‖f‖m,q + ‖v∗ − ṽ∞‖m+2−1/t,t,∂Ω+
+‖v∗ − v∞‖m+2−1/q/q,∂Ω),

(8)
with r = 3t/(3 − t), s = 3t/(3 − 2t) and c =
c(N, q, t, m,Ω). Further, we have∫

Sn
|w(x)| = O( 1

|x|3−r ),∫
Sn
|∇w(x)| = O( 1

|x|3−t ),∫
Sn
|p(x)| = O( 1

|x|3−t ),
(9)

whereSn denotes the unit sphere ofR3. Finally if
q > n + 1 and1 < t < n + 1 then

lim
|x|→∞

∇w(x) = 0

uniformly. Also ifq > (n + 1)/2, 1 < t < (n + 1)/2
then

lim
|x|→∞

∇w = 0

uniformly.

2 Mathematical Preliminaries

Lemma 3 Let Ω, f, v∗, Ω ⊂ Rn of a classCm+2,
n ≥ 2, m ≥ 0, corresponding tof ∈ Wm,q(Ω), v∗ ∈
Wm+2−1/q,q(∂Ω), 1 < q < ∞ and letv ∈ D̃2,q(Ω)
be a solution to (1) corresponding tof andv∗. Then
v ∈ Dk+2,q(Ω), p ∈ Dk+1,q(Ω) ∀ = 0, 1, ...,m and
if q ≥ (n + 1)/2 we have

inf(h,π)∈Σq
{|v − h|2,R;m,q + ‖p− π‖1,R;m,q} ≤

≤ c(‖f‖m,q + ‖v∗‖m+2−1/q,∂Ω),
(10)
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if (n + 1)/2 < q < (n + 1)

inf(h,π)∈Σq
{|v − h|1,r + ‖p− π‖r+

+‖v − h‖2,R;m,q + ‖p− π‖2,R;m,q} ≤
c(‖f‖m,q + ‖v∗‖m+2−1/q,∂Ω),

(11)

wherer = (n+1)q
n+1−q

and if1 < q < n+1
2

‖v‖s + |v|1,r + ‖p‖r + ‖v‖2,R;m,q+
‖p‖1,R;m,q ≤ c(‖f‖m,q + ‖v∗‖m+2−1/q,q,∂Ω),

(12)
wheres = (n+1)q

n+1−2q .

Proof: see [18].

Lemma 4 Let v, p be a solution to (1) in an exte-
rior domain Ω ⊂ Rn of a classCm+2, n ≥ 2,
m ≥ 0, corresponding tof ∈ Wm,q(Ω), v∗ ∈
Wm+2−1/q,q(∂Ω), 1 < q < ∞. Assume that

v ∈ D2,q(Ω).

Then v ∈ Dk+2,q(Ω), p ∈ Dk+1(Ω) for all k =
0, 1, ...,m and for anyR > δ(Ωc) it holds that

‖v‖1,q,ΩR
+

∑m
k=0{|v|k+2,q + |p|k+1,q}

≤ c(‖f‖m,q + ‖v∗‖m+2−1/q,q,∂Ω + ‖v‖q,ΩR
+

‖p‖q,ΩR
),

(13)
wherec = c(n, m, q, R) andΩR = Ω∩BR, BR(x) =
{y ∈ Rn, |x− y| < R}.

Proof: It follows immediately from [19].

Lemma 5 Let Ω be an exterior domain of classC2

and setd = dim(Σq). Then

d =


n + n2 + 1, q ≥ (n + 1),

n, q ∈ [(n + 1)/2, n + 1],

0, q ∈ (1, (n + 1)/2).

(14)

Proof : We give only the sketch of the proof. The
proof is based on the following observations.

Observation 1: For any v∞ ∈ Rn − 0 there is a
unique (nonzero) solution v, p ∈ C∞ to (*) such that

lim
|x|→∞

|v(x)− v∞| = 0.

This solution satisfied that

u ∈ D̃2,q(Ω), for q ≥ (n + 1).

Proof: It follows from [19] [Theorem 7.1] [Chapter
6].

Observation 2: For any matrix A = {Aij}, Aij 6=
0 with trace (A) = 0, there is a a unique (nonzero)
solution v, p ∈ C∞(Ω) to (1) such that

lim
|x|→∞

|v(x)−A · x| = 0.

This solution verifies the condition v ∈
D̃2,q(Ω), for q ≥ (n + 1).

Proof: We make a suitable solenoidal extension of
the fieldV0 ≡ A · x. Let w denote a solution to the
problem

∇ · w = ∇ϕ · V0 = g in Ω′w = 0 at∂Ω′ (15)

whereϕ = ϕ(|x|) ∈ C∞(Ω) with ϕ = 0 for |x| ≤ ρ
and equals one for|x| ≥ R/2, δ(Ωc) < ρ < R/2,
Ω′ is a locally lipschitzian subdomain ofΩ that con-
tains the support ofϕ. Since

∫
Ω′ g = 0, g ∈ C∞

0 (Ω′)
and from results properties of Bogovskii operator , we
can takew ∈ C∞

0 , vanishes near∂Ω and equalsV0

at large distances. It implies thatD2a ∈ C∞
0 and

from existence of generalized solution we can show
the existence of generalized solutionv to (1) such that
v = u + a andu ∈ D1,2

0 (Ω). It is not difficult to show
that D2v ∈ Lq(Ω) for all q > 1. Sincev does not
belong to spaceD1,r(Ω) and to spaceLs(Ω), then

v ∈ D̃2,q(Ω)for q ≥ (n + 1),

which completes the proof of Observation 2.

Now, lethi, πi, i = 1, ...n be the solutions to (1)
of the type of Observation 1 corresponding to the three
orthonormal vectorsv∞i = ei. Likewise, letuij , τij

ben2 − 1 solutions to (1) of the type of Observation
2 corresponding to then2 − 1 matrices of zero trace
Eij , where

Eij =
{

ei × ej , if i 6= j
ei × ej − en × en if i = j 6= n.

It can be seen that the system constitued by the
n2 + n − 1 vectors{hi, uij} is linearly independent.
Now, if v, p is a solution to (1) withv ∈ D̃2,q for some
q > 1, from [19] [Chapter 7] it follows that there
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existsvo ∈ Rn and a traceless matrixB such that as
|x| → ∞ we have

v(x) = v0 + B · x + O(1/|x|n−2).

From the properties of the Oseen equation the proof is
accomplished.

Theorem 6 Let Ω be an exterior domain inR3, of
classCm+2,m ≥ 2. Given f ∈ Wm,q(Ω), v∗ ∈
Wm+2−1/q,q(∂Ω), 1 < q < 2, v∞ ∈ RN there exists
one and only one corresponding solution(v, p) to the
Oseen problem

−∆v + R ∂v
∂x1

+∇p = f, in Ω
∇ · v = 0, in Ω

v = v∗ on∂Ω,
v → v∞, |x| → ∞,

(16)
such that

v − v∗ ∈ Wm,s2(Ω) ∩ {
⋂m

l=0 Dl+1,s1(Ω) ∩Dl+2,q(Ω)},
p ∈

⋂m
l=0 Dl+1,q(Ω)

with s1 = (N+1)q
N+1−q , s2 = (N+1)q

N+1−2q . Moreover(v, p)
verify

a1‖v − v∞‖m,s2 + R‖ ∂v
∂x1

‖m,q+∑m
l=0{a2|v|l+1,s1 + |v|l+2,q + |p|l+1,q}

≤ c{R‖f‖m,q + ‖v∗ − v∞‖m+2−1/q,q},
(17)

where c = c(m, q, n, Ω, R), a1 = min{1, R1/2},
a2 = min{1, R1/4}. However ifq ∈ (1, 3

2) and
R ∈ (0, B] for someB > 0, c depends solely on
m,N, q, Ω andB, R denotes the Reynolds number.

Proof: see [19], [Theorem 7.1].

Lemma 7 LetΩ be an exterior domain inRn and let
v be a solution corresponding tof ∈ Lt with v ∈
D̃2,q. Then if1 < q < (n + 1) and t > (n + 1) we
have

lim
|x|→∞

∇v(x) = 0

uniformly and

lim
|x|→∞

v(x) = ∞

uniformly while1 < q < n+1
2 andt > n+1

2 .

Proof: see [18].

3 Proof of the main theorems

Proof of the Theorem 1 We approximatef and v∗
by sequences of functions{fs} ⊂ C∞

0 {v∗k ⊂
Wm+2−1/r,r(∂Ω) anyr ∈ (1,∞). From [19]Chapter
7, [Theorem 4,2], for alls ∈ N there exists a gener-
alised solutionvs, ps ∈ D1,2(Ω)×L2(Ω) correspond-
ing tofs, v∗s, and tov∞ = 0 in the case wheren > 2.It
is easy to see thatvs ∈ W 2,q(ΩR), ps ∈ W 1,q(ΩR)
for all R > δ(Ωc). And then we get

vs ∈ Lt(Ω), t > n+1
n−2

∇vs ∈ Lr(Ω), r > n+1
n−1

D2vs ∈ Lq(Ω), q > 1.

It implies thatv ∈ D̃2,q(Ω) for all q > 1. The solu-
tions(vs, ps) will then satisfy (10), (11), (12) depend-
ing on the values ofq andn. Assumeq ≥ n+1. Given
ε > 0 from (10) and from the linearity of problem (1)
for s′, s′′ sufficiently large we deduce

inf
(h,π)∈Σq

{|vs′ − vs′′ − h|2,q + |ps′ − ps′′ − π|1,q} < ε.

This relations implies that(vs, ps) is a Cauchy se-
quence in the quotient spacẽD2,q(Ω) ×D1,q(Ω)/Σq

and there is an element(v, p) ∈ D̃2,q(Ω)×D1,q(Ω) to
which vs, ps tend to quotient norm defined by the left
hand side of (3). Similarly forq ∈ ((n+1)/2, (n+1))
andq < (n + 1)/2.

Proof of the Theorem 2 : From Theorem 1 it follows
the existence of solution of (1),v ∈ D̃2,t, p ∈ D1,t

satisfying

‖v‖s2 + |v|1,s1 + |v|2,t + ‖p‖s1+
|p|1,t + | ∂v

∂x1
|t ≤ c(‖f‖t + ‖v∗‖2−1/t,t,∂Ω). (18)

Sincef ∈ Wm,q(Ω), v∗ ∈ Wm+2+1/q,q,∂Ω, thenv ∈
Dk+2,q, p ∈ Dk+1,q see [19], [Theorem 7.1], Chapter
7 and moreover∑m

k=0(‖v‖k+2,q + |p|k+1,q) ≤ (‖f‖m,q+
‖v∗‖m+2−1/q,q,∂Ω + ‖v‖q,ΩR

+ ‖p‖q,ΩR
).

(19)

Finally, applying the following inequalities

|v|q,ΩR
≤ c1‖v‖s2 + c2|v|1,s1 + ε‖D2v‖q,ΩR

,
|p|q,ΩR

≤ c1‖v‖s2 + c2|v|1,q.
(20)

We get estimate (12). From Lemma 7, [19] [Lemma
II.5.2], [Lemma VII.6.1], [Theorem VII 6.2] we get
the rest of Theorem 2.
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