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Abstract: - Model reference adaptive control is applied to linear time varying systems and to nonlinear systems
amenable to virtual linearization. Asymptotic stability is guaranteed even if the perfect model following
conditions do not hold, provided that some sufficient conditions are satisfied. Simulations show the scheme to
be capable of effectively controlling certain nonlinear systems.
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1 Introduction

The simple adaptive control approach to direct
MRAC of multi-input multi-output plants was first
proposed by Sobel, Kaufman and Mabius [1], This
approach uses a control structure which is a linear
combination of feedforward of the model states and
inputs and feedback of the error between plant and
model outputs. This class of algorithms requires
neither full state access nor satisfaction of the
perfect model following conditions. Asymptotic
stability is ensured provided that the plant is almost
strictly positive real (ASPR): that is, for a plant
represented by (4, B, C) there exists a feedback

gain matrix K, (not needed for implementation)

such that Z(s):C(sI—A+BIN(eC)_1BiS strictly
positive real. BarKana [2] extended the original
algorithm (which required the plant to satisfy the
ASPR condition ), to a class of plants which
violates this condition. This approach involved
designing a supplementary feedforward filter to be
included in parallel with the original plant resulting
in a new augmented plant which had to satisfy the
same strictly positive real condition, unfortunately,
the tracking error was not the true difference
between the plant and the model outputs since it
included the contribution of the supplementary
feedforward filter. Thus, the approach was
susceptible to a steady state error. Neat et al [3]
suggested the incorporation of the feedforward
filter of BarKana

[2] into the reference model's output as well as the
plant's output in a manner so as to yield asymptotic
tracking. Barkana [4],[5] gives more studies about

the ASPR condition and the convergence of the
adaptive gains.

This paper gives a new algorithm in order to
overcome the ASPR condition for a class of
systems. We design a direct adaptive controller that
is indeed robust with respect to significant
parameter uncertainty and unmodeled dynamics.

In this paper the command generator tracker (CGT)
concept [1] has been proven to be a very useful tool
in the development of model reference adaptive
control (MRAC) algorithms [2].

In this paper, the time varying CGT concept [3] is
developed, thus allowing the application of MRAC
to linear time varying systems and to nonlinear
systems which can be operated upon using virtual
linearization.

2 CGT Concept
systems [7]

The linear varying system can be described by the
following equations :

for time varying

{xp(r)=Ap(z)xp(z)+B,,(z)u,,(z) "

y,)=C, x,(1)

where x ,(7)is the (nx1)state vector, u () is
the (mx1)control vector, y,(t)is the (gx1)

plant output vector, and 4,, B, are matrices with

appropriate dimensions.
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The linear invariant model to be followed is
described by :

2

{56,,, )=A4,x,0)+B,u,()
Yu®=C, x,(1)

where x, (t)is the (n, x 1) state vector, u, (1) is
the (m,, x 1)control vector, y, (t)is the (gx1)

plant output vector, and A, , B, are matrices with

appropriate dimensions.
If the perfect model following is achieved, that

means y,())=y,(1) for 121, then the
resulting trajectories of control and the state are
noted respectively u;(t) and x; (t)and by

definition, the ideal variables must satisfy :

(i) C,x,(1) =C,x, 3)
(i) %,(0)=A4,()x,)+B,(0u,( (4)
- ﬁW_&ﬁNdﬂﬁm}

w L;(z)}[sm) Sali)flunm) @
Where the S, (f)matrices are appropriately

dimensioned time varying matrices.

Provided that um =0, theS,(¢) matrices will

have to satisfy the following set of equations [5] :

A,0)8,(0+B,(1)S,,0)=S,()+S,,4, (6)
A, ()8, +B,(1)S,,1) =S,1)+S,0B, (7)
CpSII(t) =C, (®)
CpS]2 (1)=0 )

The equations (6) — (9) can be writen as :

{Ap(va(t)} [Su(z) S,z(r)}
c, 0 |*[Sy0 S,
(10)

[s W+5,04, S,0)+5, (r)Bm}

C 0

m

One suppose that m = ¢ , then if the matrix

4, B,
c, 0

p
is invertible, equation (10) gives :
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|:S11(t)S12 (t):| — |:911(t) Q]Z (t):|

SZI(t)SZZ (v ‘QZI(t) QZZ (f) 11
| Su®+S,04, S, ()+S,)B, .
C, 0
where

2,0 2,0]_[408,0"
2,0 2,0]7| C, 0 (12

P

Using equation (11), the differential system to be
solved is given by :

Q) Su(t) =8,0-2,1) 8,04, -2,1)C,
(13)
Qu08,0)=S,1-2,0)S,08, (14
S, 1)=,,(1 Su(t)‘*‘ Q,1)S,m4, +2,,1)C,
(15)
Spt)=02,0)S,()+2,1)S,1)B, (16

We see that equation §,,(#) and S,,(2)

depend of §,,(#) and S,,(t) by using (15) and

(16), then, just equations (13) and (14) must be
solved.

3 MRAC Algorithm
The MRAC problem will be solved for the
following process equations :

{xp (=4, x,0+B,0)u,)
(17)

y,)=C, x,(1)

The objective is to find a control u(¢) such that
the plant out put y (¢) follows the output v, ()

of the reference model :

{xm(t):Amxm(t)—’_Bmum(t) (18)

Yu®=C, x, 1)
To facilitate the development of the control law, the

time varying CGT concept is presented here.
The control law is chosen of the form

u(t) =K, ()(y, ()= () + K (t)x,(1) (19)
+K,(t)u, (1)

or
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u=Kr (20)

Where: K=(K, K K,6) and

T T T T
r :((ym_y) ’xm’um :

K(t) is generated according to the following
adaptive rule :

K(t)=K,(t)+K (t) @1)
Ki(t)=C,(y,(t)-y(t)r'T  (22)
K (t)=C(y()-y(t)r'T  (23)

with the error defined as :

e(t)=x (1)-x(1) (24)
The error dynamics will be :
&)= (1)=x(1) (25)
Using eqs. (17), (4 ), ( 5) and (21) we obtain :

e(t) = A, (1)e1)+ B, ([ S:(1)x,(1)+
Sun(tu, (1) =K (r(1) =K, ()r(1)]

4 Stability Analysis [6].
Stability will be analyzed using a Lyapunov
approach. Let the Lyapunov function be :

V(t)=e (t)P(t)e(t)+TR[S(K,(t)—K(t))T""

<(K,(t)-K(t)'S"]
27)

TR : trace of the matrix
T and P(t) are respectively constant and time

varying positive definite symmetric matrices, S is

a non-singular matrix and K is partitioned in the
same manner as K , i.e.

K(t)=[K (1)K (1)K, (1)] (28

and is assumed to be such that :
K=Cev)r ()T,()  9)
With 7',(t) atime varying matrix.

After some algebraic manipulations, the time
derivative of V' becomes :

V= eT(t)[P(t)+P(t)(A(t)—B(t)E;(t)Cp)
+(A,(t)-B, (1)K, (1)C,) P(t)]e(t) (30)
~2¢" (1)P(1)B,(t)(S"S)" B, P(t)e(t)r" ()Tr(t)

This expression arises if the output matrix satisfies

C,=(8"S)" B, (1)P(1) 31)

Andifsome[?;(t) , I?u(t) are chosen so that :
Ex(t):Sﬂ(t)and Eu(t)zszz(t)~

This derivative will be negative definite in e if':

1. T is positive definite

2. Tis positive semi definite
3C=(S"S)"B, (1)P(t)
4

P(1)+ P(1)(4,(1)=B,()K(1)C, )+
(4,(t)=B, (K (1)C,) P(1)

is negative definite for some Ee (t) not needed

form implementation.

Note that the matriceslz;(t),lz;(t),I?;(t),

P(t), as well as the S;(¢) matrices are not

needed for the implementation of the control law.

5 Treatment of nonlinear systems

The class of nonlinear systems which can be
operated upon wusing the virtual linearization
procedure can be controlled via the MRAC scheme
of section 3. The procedure is best explained
through an example:

Let

X)) =g (xut )+ h (%t )+ P(x,u,t )i = 1,2
(32)

And write

x=(g /X )x,+(h /%)%, +(P/uju  (33)

Where :
X, L}O|gi /x1|<oo
X, =5 0h, / x,| (o

uL>0|PZ. /u|(oo
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Then the linearized system will be :

)'c(t)zAp(t)x(t)Jer(t)u(t)
Where :

h
IR P /u
A,(0)=| 71 32| B(t)=
g2 M2 P, /u
X X ’

Note that this way of rewriting the system does
nothing but rearrange the terms in each equation so
that when x and u are specified, the systems
appears to be linear.

6 Illustrative Examples

Example 1 : MRAC for a linear system

Let a SISO system of transfer function
2(s+4)
G(s)=——
s —3s=2
Its representation in state form is given by :

xXp(t)=Ax (t)+Bu,(t)
y,(t)=C,x,(t)

where

Apz{ g ;},Bp:m,cpzp 4]

The transfer function of the model is given by

1
G (s)=
n(S) 0.2s+1

That means

Xn(t)=A x (t)+B,u (1)
Yu(t)=C,x, (1)

where 4, =[-5].8, =[5].c, =[I]
The input to the model is a wave signal of
amplitude £1 and a period of 60 secs

The application of the MRAC using the CGT
concept leads to a asymptoticaly stabe error.

Fig. 1 gives the outputs of the system and the
model which we can see the good following at
steady state, the control signal is given in Fig. 2
which we see that it have an acceptable values
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Fig. 1 — Outputs of the system and the model
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Fig. 2 — command signal

Example 2 Nonlinear Third Order system
The equations for the plant are :

X, =(1-x, —0.088)x, —0.877x, +0.47x,
+3.846x, —0.215u+0.28ux, +46u"x, +0.63u"

X, =X,
X, =-0.396x, —4.208x, —0.47x, —3.564x,

~20.967u +6.265ux, +46u"x, +61.4u’
y(t)=x,(1)

The model equations are :

{—0.5 0 1 } H

x,(t)=| 0 0 I |x (t)+|1u,,

-987 0 -1.7 1
Y, (t)=(10,0)x,(t)

The simulation was carried out for the initial
conditions :

x(0)=x,(0)=[000]", T=T =I,K,(0)=0
and a step size At =0.01.



The simulation results shown in Fig 3 indicates
that the plant output does following
asymptotically the model output.

Fig. 4 shows the command signal which is bounded
and smooth.
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Fig. 3 — Outputs of the system and the model

15

1

0a

ot

058k

! ! ! I I
1} 10 20 30 40 &0 &0

Fig. 4 — command signal

7 Conclusion

In this paper, One presents at first the concept of
CGT for nonlinear systems then, an extension of
adaptive  MRAC to nonlinear systems was
developed by wusing the procedure of virtual
linearization, a simulation on a third order
nonlinear system was tested, leading to an error
asymptotically stable between the system and the
reference model . This study will make it possible
the MRAC to be applied to the nonlinear systems
and even with the systems strong linearties which
is the case of the majority of the industrial systems.
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