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Abstract: - In the present paper it will be shown how dimensional reduction theories can drastically deteriorate
the place and intensity of maximal stress results, which can lead to the premature structure failure. In addition,
bridging of continuum (finite element) and atomistic (molecular dynamics) mechanics is more accurate if
continuum approach is based on reliable fully three-dimensional numerical approach, mainly because it prevail
spurious results and enable extension of the continuum region deep toward the atomistic scale. It is primarily
because in reliable finite element approaches we can benefit from robust finite element behavior in which
aspect ratio of finite element can be drastically increased and near incompressibility can be traced without
suffering from locking effects. Keeping in mind that dimensional reduction approaches are traditionally
established only because of the faster and easier hand-out and early computer calculations of the mechanical
systems, the goal of the present paper is to prove that it is possible to develop numerical procedure which is
both, based on the full multifield mixed theories and time efficient, and also reliable throughout the scales.
Presently, the reliable primal-mixed finite element approach in semi coupled thermo-mechanical analysis is
used for comparison.
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which displacement and stresses are simultaneous
calculated. Nevertheless, new materials, as
composite sandwiched plates with foam in its core,

1 Introduction

39

When it comes to numerical simulation [1], i.e.
approximation of the mathematical model given by
differential equations by some chosen numerical
method, the accuracy of the numerical results
strongly depends on the reliability [2] of the
numerical scheme, quality of the material’s
characterization and model idealization (dimensional
reduction and detail suppression technique). The
finite element (FE) method is certainly the first
numerical method of choice in thermo-mechanical
analysis of solid bodies for several decades.
Although, theoretical settings of different
approaches, as primal, mixed [3] and hybrid, were
simultaneously developed, only primal approach,
were there is only one solution variable, gained
greater attention of the industry and commercial
software developers. In addition, the finite elements
based on dimensional reduction [4] theories (beam
and plane) are still the most used elements. It is
primarily due to the limitation of the speed of the
available computer recourses and opinion that is not
possible to develop reliable mixed approaches in

functionally graded materials, and analysis at higher
temperatures (fire) when material properties
drastically change, require the fully 3d reliable
numerical procedure toward incompressibility [5, 6].
Next, the use of mixed/hybrid FE approaches [7. 8]
is favorable because of the possibility to introduce a
priori known stresses, as residual, directly in
calculation as the known initial conditions. It is
opposite to primal approaches (e.g. displacement
finite element method) in which initial stresses are
introduced as a contribution to the force vector,
while residual stresses are simply added a posteriori
to calculated stresses, which entails a lost the
accuracy and is applicable only in elastic range.
Further, when the state of the initial stress is
heterogeneous along the thickness it is not possible
to use plate theories, even if the theory behind is
mixed. Further reason against the use of plane
theories is so-called locking effects which slowed
convergence [8]. A similar effect called volumetric
or dilatational locking is widely known in relation to



weakly compressible bodies. Under certain
conditions, even the classical model based on the
Kirchoff-Love hypotheses may lead to membrane
locking. Though there are new approaches proposed
to improve the convergence of numerical solution
for new classes of problems for thin and nonthin
shells with a curvilinear (circular, elliptical) hole,
and different types modern methods overcome the
locking [8], all of them rely on some artificial
stabilization techniques which deteriorate reliability.
Let’s emphasize that design benchmark examples
which go in hand to plane theories, are mainly
responsible for the wide popularity of the
dimensional reduction theories in engineering
numerical calculation.

Nowadays the speed and cost of the modern PC
computers are of the best supercomputers in the past.
Next, the highly time efficient numerical procedures
for the solution of the large scale systems are
available [9]. Further, the number of mixed and
hybrid and multifield coupled approaches are
proposed [ja, barbara]. Even more, there is a
growing need for the multiscale [10] and micro-
macro approaches [6], because it is still difficult to
inflate atomistic models to the size of specimens and
components..

In the present paper it will be shown that by the use
of the multifield primal-mixed finite approach [11,
12, 13] which has all wvariable of interest,
temperature, heat flux, displacement and stress as
solution variable, all above shortcomings are cured
and the approach is reliable, time efficient and
adequate for atomistic coupling. It is shown that
present multiscale numerical approach, based on
one-to-one correspondence between molecular
dynamics on atomistic scale and primal-mixed finite
element scheme on macroscale, is reliable and
efficient. The seamless semi-coupling between
length scales is achieved. Presently, the original
primal-mixed finite element method is used, to
describe the nonlinear deformation behavior of
materials at the local macroscopic scales, that is, on
continuum-mechanics-based  framework,  while
molecular dynamics and embedded-atom
interatomic potential is used on atomic scale. The
reliability of present approach relies on robustness of
primal-mixed finite element scheme, which is
insensitive to distortion of the finite element in the
mesh and high ratio of its maximal and minimal
axial dimensions. The reliability of the present
primal-mixed FE approach is proven in [11]
and [13].
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2 Dimensional reduction

Dimensional reduction is one of two generic
techniques for model idealization [14]. The solid
bodies with one or two axial dimensions much
smaller than other are traditionally examined by
plate, shell or beam theories based on dimensional
and solution variable reduction in the direction
normal to middle surface, or beam's cross section,
respectively.  Obviously, these  geometrical
simplifications produce errors in final solution,
which are traditionally considered to be negligible.
From the historical point of view, plate, shell and
beam theories were needed to enable simplified
engineering calculations. On the other hand, in order
to capture stress concentrations at local details, it is
often desirable to combine the reduced dimensional
element types with higher dimensional elements,
like hexahedral, in the whole global model.
Consequently, it requires some scheme for coupling
the element types that conforms to the governing
equations of the problem, which do not introduce
any spurious results of dual variable (stress, heat
flux) at the dimensional interface. However,
regardless of coupling technique there will be some
so-called transition error introduced.

Theories based on dimensional reduction suffer from
the aspect-ratio restriction, which is highly
inappropriate in multiscale analysis, where atomistic
region is bridged to continuum region and therefore
very narrow finite elements are welcomed. In
addition, these theories are inappropriate in analysis
of coated bodies or thin films of micron sized and
less.

Nevertheless, idealization of geometry in order to
reduce the complexity of the model is the major
factor limiting the wider application of FEA in
computational materials technology where material
is respected throughout the dimensional scales. In
addition, in the case when finite element approach is
primal, model problem is approximated by plates or
shells, and material undergoes plastic deformation or
applied external loading produce excessive bending,
the system matrix will become highly ill-
conditioned.

3 Multiscale robustness

There is a growing need to develop systematic
modelling and simulation approaches for multiscale
multimaterials model problems to provide the
accurate data about the state of stress, defect
structure, thermal and mechanical performance of
the subregions with different geometric scales.
These problems arose, for example, in the analysis
of coated components, where materials scientist use
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soft, hard, biomimetic, wear resistant or corrosion
protecting multiphase or multilayer coatings to gain
significant performance advantages (e.g. thermal
coating of metal based turbines with some
ceramics). The other example is multi-layered
microelectronic packaging or wind turbines, where
interfacial stress induced by thermal loading or
moisture during manufacturing or exploitation is
responsible for delamination-related failures.
Reliability of the present FE HCS8/27 makes it a
candidate of the first choice for the use in thermo-
mechanical ~ multiscale  analysis, such as
aforementioned examples where high aspect ratio of
FE is inevitable. The reliable use of present
approach in multiscale analysis where outer layers of
materials are of microscale is demonstrated in [13].

4 Primal-mixed formulation

The transient thermoelastic problem [11, 13]
consists in determining the response of the body in
terms of displacement u, temperature 7', stress ¢
and heat flux ¢, according to the compatibility

equations, equilibrium and thermal balance
equations, constitutive equations and boundary and
initial conditions. The detailed description of the
present field equations one may find in [11], where
it is shown that original and reliable transient heat
transfer and mechanical primal-mixed finite element
approaches result with next linear equation systems,

respectively:
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It is obvious from (1) and (2) that present primal-
mixed finite element approaches represent a saddle
point problems, where system matrix is indefinite
with additional sparsity concerning zeroes diagonal
entries. Solvers MAS57 and MA47 from Harwell
Subroutine Library, which are designed for the
solution of this kind of systems, are chosen as
suitable for testing. They are based on the
multifrontal method that is direct approach for
solving linear systems of equations. Like most
sparse direct solvers, algorithms are developed in
three distinct computational phases: analyze,
factorize and solve phase [15].

5 Numerical examples

The next three benchmark model problems are
specially chosen to show that plane theory and
resulting plane FE analysis, can mislead design
engineers in the behavior of the considered structure.
We will show that full approximation of stresses
using the hexahedral finite elements based on the
primal-mixed formulations give us realistic behavior
of the structure.

5.1 Clamped square plate

By the next two examples we will show by the use
of the full mechanical theory that, the usual premise
that stress concentration point of a clamped plate is
on the clamped edge is not correct.

5.1.1 Clamped square plate

A clamped square plate model problem [11, 16] with
edge length a=2 and thickness ¢#=0.01, subjected
to the uniform pressure g =-100, is considered. The

Young’s modulus is E=1.7472-10", and Poisson’s
ratio is v=0.3. The analytical solution for the
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maximal deflection at the plate centre C calculated
by the Kirchhoff’s plate theory is w=1.26 [26].
Axial dimension of the finite elements in the
transversal direction is (1/100)/2=0.005. Only a

quarter of the plate, shown in Figure 12, was
analysed due to the symmetry. The essential stress

boundary conditions #* _o0p =100 are prescribed

at the nodes lying on the upper surface of the plate.
The present model problem was discretized by the
sequence of meshes with two layers of brick finite
elements HC8/9 per thickness, that is Nx N x2.

Further, clamped edges were simulated by zeroing
degrees of freedom connected to the displacement
(u,=u,=u,=0) and transversal shear stress

components ¥ =0, only. This case, denoted as the
Case A, is shown in Figure 1.

Fig. 1. Clamped plate finite element model — case A

The visualization of the stress pattern for the FE
mesh N =32 for the case A, that is, full theory, is
shown in Figure 2. We can see that stress
concentration point is not at the clamped edge, but in
its vicinity:

Viewing: S11

P 52038e+005 [ it
5.3610e+005
2.5183e+005 [
-3.2442e+004
-3.1672e+005
-6.0099e+005 [
-8.8526e+005

Fig. 2. Case A: the stress concentration point

If we want to simulate the plate theory, under which
stress concentration point is on the clamped edge, all
transversal shear stress components (7, t* and #*)
must be suppressed (set to zero) at least at the
clamped edge (or in the whole plate), That case is
denoted as Case B.

The visualization of the stress pattern for the FE
mesh N =32, where plane theory assumption that
shear stress components are neglected, is shown in
Figure 4. We can see that stress concentration point
is at clamped edge.
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Fig. 3. Clamped plate finite element model — case B

Viewing: S11

P 1 04430+006
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2.6246e+005
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-9.1024e+005
-1.3011e+006

Fig. 4. Case B: the stress concentration point

The detailed study of the convergence for the
present model problem can be found in [11].
Nevertheless, let’s discuss convergence shown in
Fig. 5.

-1.354
-1.26 4 -
-1.20+ =
o
$-1.05 =
-0.90 4 HCS8/9 L
—+—Case A
075 1N=8 —v— Case B

0 500 1000 1500 2000 2500 3000 3500
number of elements N x N x 2

Fig. 5. Clamped square plate: maximal deflection

From the numerical result obtained by the present
method in the case A, we may see that target results
converge from below to the solution that is a little
bit lower than one obtained by the Kirchhoff’s plate
theory. On the other hand, in the case B, where the
assumptions of the plate theory were respected as
much as possible, the target results for the sequence
of refined meshes instantly converge to the solution
which is a little bit less than one obtained by the
Kirchhoff’s plate theory. The possible explanation
for that phenomenon is that unrealistic neglecting of
the transverse shear stress component, minimize
shear stress influence which “softenes” the finite
element solution, so it may instantly undergo
apparently higher deflections. This explains fast
convergence of the different plate elements known
in the literature, also. From the present example, we
may draw the conclusion that by zeroing the stress
components on clamped edge following the
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assumptions of the plane theory, we may simulate
the plane theory itself. From the reason that it is
known that these stress components are not in fact
equal to zero, but “much lesser” than other stress
components, we prove that they can not be
neglected, because it smears the real stress picture,
in which stress concentration point is inside the plate
in the vicinity of clamped edge.

5.1.2 Clamped circular plate

In the present example we will also show that by the
use of the full mechanical theory that, the usual
premise that stress concentration point of a clamped
plate is on the clamped edge is not correct.

A clamped circular plate model problem [16] with
edge length a=1 and thickness 7=0.01, subjected
to the uniform pressure ¢ =-1, is considered. The

Young’s modulus is £=9.81-10"", and Poisson’s
ratiois v=10.3.

The visualization of the stress pattern for the F the
case A, that is, full theory, is shown in Figures 6
and 7. We can see that stress concentration point is
not at the clamped edge, but in its vicinity:

Viewing: S11
4.5964e+003
3.0643e+003
1.5323e+003
2.0654e-001
-1.5319e+003
-3.0639e+003 |
-4.5960e+003 |

e

Fig. 7. Case A: Deflection and ', FE meshes.

The visualization of the stress pattern, where plane
theory assumptions that shear stress components are
neglected, case B, is shown in Figure 8. We can see
that stress concentration point is at clamped edge.

Viewing: 511
P 5563204003
4.4497e+003
2.2362e+00
2.27200+00
-2.1908e+00
-4.4043e+00

R L
Fig. 8. Case B: the stress concentration point

5.1.3 Clamped plates - conclusions

With the visual inspection of the results in the
present and former example, we can see that stress
concentration point is always at the interface
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between the second and third row of the FE mesh.
That is, that place of the stress concentration point
converges to the clamped edge. Therefore,
conclusion is that clamped engineering components
must be strengthened in the vicinity of clamped
edge, instead to have a hole for rivets as in airplane
industry. The example is aircraft accident of the
Aloha Airlines Flight 243 - Maui Hawaii, April 28,
1988 [17], when a major portion of the upper crown
skin and structure of section 43 separated in flight
causing an explosive decompression of the cabin.
The damaged area extended from slightly aft of the
main cabin entrance door. The cause is fatigue
failure along lap joint S-10L. The root cause of the
problem was failure of an epoxy adhesive to bond
the aluminium sheets of the fuselage together when
the B737 was manufactured. Where it failed to bond
the two surfaces together, water could enter the gap
and start the corrosion process. Since the corrosion
products have a larger volume than the underlying
metal, the two sheets were forced apart, putting extra
stress on the rivets also used to hold them together.
The present explanation is that rivets were plased
also on the stress concentration points which inflated
all of the above mentioned problems.

5.2 Simply supported circular plate

A simply supported circular plate [18] under
uniform normal pressure p =1 shown in Figure 9, is

analyzed. The radius of the plate is r=5 and
thickness of the plate is #=0.1. The material is
isotropic, modulus of elasticity is E=1092000 and
Poisson’s ratio is v=0.3. The plate theory solution
for the central displacement and maximal radial
stress component in the centre of the plate are
w=-0.398137 and " =3093.75 [16], respectively.
The model problem has two planes of symmetry.
Therefore, one-quarter is analysed, only. The
resulting finite element mesh is distorted. The
present model problem is discretized by the two
layers of brick finite elements HC8/9 per thickness,
that is NxNx2. The essential boundary conditions
per displacements and stresses, for case A, are given
in the Figure 9.

We will also examine case B, where degrees of
freedom of transversal shear stress components are
suppressed (zeroed), as in the case of plate theories.

For comparison, the convergences of results are
shown in Figure 10. Results are compared with the
low order plate bending finite element with
thickness change and enhanced strains, proposed by
Piltner and Joseph in [18].
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CB:u_=0,t"=+t"=0
X

AB: ™ =

7 =
CA:u, =017 = 1 =0
Fig. 9. Circular plate: boundary conditions

From Figure 10 we may see that both analyzed cases
(Case A and Case B), converge to the same value,
which is a little bit lower than one obtained by the
Kirchhoff’s plate theory. The fast convergence of
the Case B is explained by the same analysis as the
case of previous example. This explains fast
convergence of the considered Piltner’s plate
element, also. On the issue of stress recovery of
primal FE approaches, reader can learn more
from [19].

COAL e :
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£0.38
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50.37 1
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=036

—4— HC8/9 case A
—v— HC8/9 case B
—O— Piltner E
***** plate theory: 0.398137 3

0 100 200 300 400 500 600 700 80
number of elements on the top of the plate

Fig. 10. Circular plate: maximal deflection

Next, the stress convergence is analyzed according
to the target stress result from [18]. We may see that
both present cases, Case A and Case B, converge to
the same value that is about 10% higher than target
result, which is shown in Figure 11. It is in
accordance with [20] where it is said “Comparison
of the test and analytical results reveals that the
stiffnesses of the dowel-fastened panels are between
10 and 20 percent greater than the analytically
determined stiffnesses of the simply supported
models.”

3500 e e e
3400
&) ]
<3300
énoog
72 ]
Z 31001

%3000 A 1C8/9 case A ]

£ 29004 | —v—HC8/9 case B ]

- late th :3093.75 1

3

0 100 200 300 400 500 600 700 800
number of elements on the top of the plate

Fig. 11. Circular plate: maximal stress
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5.3

A hollow long steel shaft coated by a bond layer and
a ceramic layer shown in Fig. 12, is analyzed.
Thermal conductivity of the steel and bond is
k=25W/(mK). Thermal conductivity of the

ceramics is k = lW/ (mK) . The outer and inner radii

Thermal barrier coating

of shaft are 7, =0.lm and 7 =0.005m. It is assumed
that height is #=0.1m. Five model problems with
decreasing thickness ¢ of coating (bond and
ceramic), varied from 102m to 10°m , are presently
considered. Thus, for the last example we are
entering the area of the multiscale analysis. The
temperature boundary conditions are prescribed: on

the inner and outer surfaces, T3:500°C, and

T, =1000°C , respectively.

Fig. 12. Thermal barrier coating model problem

The results obtained by present finite element
configurations HC8/9 and HC20/21 are compared
with  results obtained by two-dimensional
conventional boundary element approach (CBEM)
and analytical (target) results, which are reported
in [21]. One-eight segment of the cylinder is
analyzed due to the symmetry of geometry and
thermal loading. All five model problems are
discretized by only eight finite elements along
circumference, and one finite element layer along
height. The results of the thermal stress analysis are
shown in Fig. 13. From the present example, we
may see that present approach retain accuracy
toward micro sized finite elements.

Thickness of bond and ceramics [m]

s 107 10° 3 B 10°
S 150 ; 1 10 :
] ]
5 1004 \I
£ 1
8 :
8 50 -~ % N 4
S 1 1
§ 0] Radial stress: Tangentia ]
% 1 —A—HC8/9 —4A— HC8/9 ]
= _505 —0— CBEM 2D —e— CBEM 2D ;i
s { —o—HC20/21 —e— HC20121 |
3 1 Target Target
& -100 ‘ ‘ ‘ g

1 2 3 4 5

Coating thickness parameter n=log(r /1)
Fig. 13. Coating model: Mechanical induced stress
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6 Nano-indentation

Despite the fact that the continuum mechanics
(including finite element method) have yielded
many useful results and continue to be the
workhorse of applied mechanics - notably in
industry, the continuum viewpoint of the fracture is
inherently limited to the extent that it neglects the
atomistic structure of solids [22].

A model problem of the quasi-static nano-
indentation [20] shown in Figures 15 and 15, is
considered. Namely, in MD simulation an
atomically sharp rigid indenter is coming into
contact with an ideally flat substrate. The substrate
material is considered to be Titanium with Young’s
modulus E =116GPa and Poisson’s ratio v=0.36.
The dimensions of the whole model problem (the
CM domain and the MD patch embedded in it) are
2.02-10*mx1.01-10*m. A domain of the model
problem directly under the nanoindenter is
calculated by the MD. The MD patch is of
dimensions 1.16-10°mx1.507-10*m .

/]
/]

|
(WA

Fig. 14. Nanoidentation model problem

Fig. 15. Atomic configuration upon indentation

The MD analysis is performed on constant
temperature of 100°C by using the Nose-Hoover
thermosetting method (as presented in [23]). The
MD part of the substrate is approximated by two-
dimensional triangular lattice, which is equivalent to
three-dimensional continuum under the plane strain
conditions [13]. On the other hand, on the CM
domain simulation is three-dimensional.

The transition from two-dimensional MD phase of
simulation to the three-dimensional CM phase of
simulation is performed by mirroring input values of
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MD displacements along the third dimension (i.e.,
along the thickness). Following equilibration, the
intrusion of nano-indenter into the substrate takes
place on the upper boundary of MD domain. It is
important to emphasize that that this is an ongoing
project, which renders a couple of simplifications
necessary for the sake of the expedient code
development. Specifically, the left and right
boundaries of MD domain are free to deform, while
the bottom boundary of MD domain is currently
fixed. Also, the MD domain is admittedly miniscule
at present—41x61 atoms—although order-of-
magnitude larger MD ensembles are feasible on the
PC used. At the onset of indentation, a dominant
atomistic mechanism of plastic deformation is the
local diffusional flow of the substrate atoms,
resulting in their pile-up around the indenter tip
(“wetting” of the tip). Subsequently, as the
deformation energy accumulates around the tip, the
edge dislocations are emitted from the tip region, as
indicated in Fig. 15. The dislocations glide on their
slip planes until they encounter the lateral (left and
right) MD-region boundary, which results in
formation of slip bands (slip discontinuities,
dislocation steps). The formation of these bands is
also captured by the localization of the deformation
and stress fields of the CM region depicted in
Figures 16 and 17.

L SSna
1] KX e
)< / X/\_ﬁ 5] \_'Q{ﬁj(l 1
/ = gl7821x1071Q]
\L } 107
|
\

Fig. 17. u, after first increment of analysis

It should be noted that in the present model problem
the HC8/9 finite elements with maximal axial size
ranging from size 3-10° to size of 4-10° are used
without locking effects [8].
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From Figures 16 and 17, we can see that there are no
spurious behaviors of the results. Therefore, we can
say that reliability of the present primal-mixed finite
element approach harmonize bridging continuum
and atomistic analyses in the multiscale materials
modelling. More investigation on this subject is to
be performed in future.

6.1 Hollow sphere with two materials and
convective BC's

Sensitivity of the present approach to the presence of
the material discontinuity is investigated in the
present example. A model problem is the steady
state heat transfer through a hollow bimaterial
sphere [26]. Inner, interfacial and outer radius of the
hollow sphere are 03m, 0.35m, and 037m,

respectively. The convection boundary conditions
are prescribed on its inner and outer surface, such

that #™ =200 W /m’°C and T,™ =70°C, and

B =150 W /m*°C and T™ =-9°C, respectively.
Thermal conductivities of the inner and outer
material are k™ =400 /m* °C and

k" =20 W /m°C . The target values are temperatures

on three characteristic radii: inner, interfacial and
outer, which are 7, =25.06°C, T,=17.84°C and
T, =13.16°C , respectively.

Only one-eighth of the hollow sphere is presently
analyzed due to the symmetry. The finite element
configurations used were HC8/9, HC8/15, HC8/27,
HC20/21 and HC20/27, and raw primal one H8. The
sequence of models with uniform meshes refinement
in all directions, were investigated. The coarsest
mesh is shown in Fig. 8. Relative errors of
calculated temperatures on characteristic radii at
point B versus the number of finite elements in the
mesh, is shown in Fig. 18. The obtained results
reveal that all considered finite element
configurations have high accuracy. In addition,
artificially enforced continuity of heat flux shape
functions along discontinuity surface of the abrupt
material change (Point B) does not deteriorate
results. Nevertheless, quadratic finite element
configurations H20, H20/21 and H20/27 have
relative error less than 0.01% immediately after the
second discretization, which points out to the high
accuracy of these configurations. It can be seen that
very good results are obtained even with small
number of elements in radial direction.

Further, the time efficiencies, i.e. execution time
versus number of degrees of freedom, of HCS8/9
finite element configuration (see Fig. 8) in
connection with several presently considered
solution schemes, are shown in Fig. 10.
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Fig. 18. Hollow sphere - uniform refinement: relative errors

From results reported in Fig. 19, it can be seen that
MA47+MC30 procedure [6] is far more time
efficient than other presently considered solution
procedures, i.e. it is fifty times faster than simple
Gaussian elimination procedure and twenty-five
times faster than MA47 procedure, on the same
computer platform.
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Fig. 19. Hollow sphere: time efficiency
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7 Conclusion

From the results of the above analysis we may see
that dimensional reduction as the source of
inevitable errors has to be abandoned in the future.
Instead it, fully reliable three-dimensional numerical
simulation should be utilized. Forward that opinion,
it is proven that reliable primal-mixed multifield
finite element approach HCS8/27 in semi-coupled
thermo-mechanical analysis, follows the physical
behavior of the real structures more closely than
plane theories at the same time being time efficient.
It was shown that it give us new insight in the
behavior of the thin bodies, not possible by the plane
theories. Further, it was shown that it trace stress
pattern more accurately than plane theories. More, it
is shown that present approach retains accuracy deep
toward micro scale. It is shown that HC8/9 finite
elements are used in multiscale analysis model
problem, with finite element maximal axial size
ranging from 3-10° to 4-10° meters, without
locking effects [8].
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