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Abstract: A fundamental solution, given by Kadioglu and Ataoglu, has been revised to be used in reciprocal
theorem for the solutions of axially symmetric transient problems of elastodynamics. And using this in reciprocal
identity, the boundary values of a sample problem, representing a sudden explosion in a cylindrical cavity, have
been obtained. To calculate the inner values of the displacement field of any axially symmetric problem a second
elastodynamic state has been also derived. And, this new elastodynamic state has been used in reciprocity theorem
to compute the inner values of the displacement of the sample problem.
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1 Introduction
The dynamic reciprocal identity, sometimes also
referred to as the dynamic Betti-Rayleigh theorem
presents an integral equation between two elasto-
dynamic states of the same body. The definition
of elastodynamic state was introduced by Wheeler
and Sternberg [1]. The first elastodynamic state
in the expression of the reciprocal theorem rep-
resents a problem to be solved as the second one
represents the displacement and stress field in an
unbounded medium due to a sudden application
of a time-dependent point load. Second state is
also named as the fundamental solution or a sin-
gular state. These definitions have also been given
by Achenbach [2]. The resulting integral equa-
tion mentioned above is also the starting point of
the boundary element method. An analytical solu-
tion based on the reciprocity theorem is presented
for both spherically and axially symmetric prob-
lems by Kadioglu and Ataoglu [3], [4]. Here, the
fundamental state given by Kadioglu and Ataoglu
[4] has been revised eliminating some zero terms.
And, using this as the first elastodynamic state in
reciprocity theorem, an integral equation has been
obtained for a sample problem, representing a sud-
den explosion in a cylindrical cavity. The unknown

of this integral equation is boundary value of the
radial displacement. Solving this integral equa-
tion, numerically, the variation of radial displace-
ment versus time have been determined. But, the
first elastodynamic state mentioned above cannot
be used to find out the radial displacement at any
point inside the region. Then, a second elastody-
namic state has also been derived for this purpose.
The inner values of the sample problem has been
obtained writing the reciprocity theorem between
this second elastodynamic state and the sample
problem.

2 Basic Formulations
If a region with interior volume V and boundary
S is considered, the ordered triple S[u, τ ,f ] de-
fines an elastodynamic state on (V × T ), where
V is the closure of V and T is an arbitrary in-
terval of time. u(x, t) is the displacement vector
and x, t, f denote the position vector of an arbi-
trary point, time, body-force density, respectively.
They satisfy the following relations.

τij,j + ρfi = ρüi (1)

τij = λuk,kδij + µ(ui,j + uj,i) (2)
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where ρ, λ and µ denote the density of the mate-
rial filling V and Lamé’ s elastic constants, respec-
tively. ü is the second time derivative of u and δij
represents Kronecker’ s delta. Summation conven-
tion is valid. The expression of the dynamic recip-
rocal identity which is written between two elas-
todynamic state S [u, τ ,f ] and S∗ [u∗, τ ∗,f∗ ] is∫

S
T ∗ u∗ dS + ρ

∫
V

f ∗ u∗ dV

=
∫

S
T ∗ ∗ u dS + ρ

∫
V

f∗ ∗ u dV (3)

.

Ti = τijnj , T ∗i = τ∗ijnj (4)

T and T ∗ are surface traction vectors in two
states, respectively, and n is the outward normal
of the surface S. Sign ∗ represents Riemann con-
volution as follows:

f(x, t) ∗ g(x, t)

=
∫ t

0
fi(x, t− τ)gi(x, t− τ)dτ (5)

From now on, it is accepted that S [u, τ ,f ] repre-
sents a first boundary value problem to be solved.
And the body force f will be neglected. The sec-
ond elastodynamic state S∗(u∗, τ ∗,f∗) represents
the displacement and stress fields due to a sud-
den application of a time-dependent load f∗ in
an infinite medium. This state is also named as a
fundamental solution. There are two steps in find-
ing the solution of an elastodynamic problem by
reciprocal identity. At first, boundary values of
the displacement vector and the unknown stress
component must be determined. After this, using
boundary values, displacement and stress fields at
interior points are calculated. In general, a singu-
lar body force is considered for the construction
of necessary fundamental solution. But, here, for
both steps, a different fundamental elastodynamic
state is used for the solutions of axially symmetric
problems via reciprocity theorem. The first state
which is proper for finding boundary values in an
axial symmetric problem via reciprocity theorem
is given by Kadioglu and Ataoglu [4]. But this

state cannot be used for determining the displace-
ment and stress fields at interior points. Then here
a second fundamental state is also constructed for
this purpose.

3 The First Elastodynamic State
This state S ′[u′, τ ′,f ′] will be used to determine
the boundary values of an axial symmetric, first
boundary value problem under transient loads.
For convenience cylindrical coordinates (R, θ) [5]
have been used. eR and eθ denote the base vectors
in this coordinate system. In an infinite medium,
a distributed body force in the direction of eR at
every point over the cylindrical surface with zero
radius is considered. At any point x(R, θ), the
nonzero components of the displacement vector,
strain tensor ε′ and stress tensor due this body
force acting at the origin are

u′R =
1
4π
{H(t− R

c1
)

1
c1

(
−R√

c21t
2 −R2

3 )

+ δ(t− R

c1
)

1
c21

(
1√

c21t
2 −R2

)} (6)

ε′RR =
1
4π
{H(t− R

c1
)

1
c1

(− 1√
c21t

2 −R2
3

− 3R2√
c21t

2 −R2
5 )

+ δ(t− R

c1
)

1
c21

(
2R√

c21t
2 −R2

3 )}

+ δ.(t− R

c1
)

1
c31

(− 1√
c21t

2 −R2
)} (7)

ε′θθ =
1
4π
{H(t− R

c1
)

1
c1

(− 1√
c21t

2 −R2
3 )

+ δ(t− R

c1
)

1
c21

(
1

R
√
c21t

2 −R2
)} (8)
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τ ′RR = λ(ε′θθ) + (λ+ 2µ)ε′RR (9)

τ ′θθ = λ(ε′RR) + (λ+ 2µ)ε′θθ (10)

where H(t), δ(t) are the Heaviside’ s unit step
function and Dirac delta function, respectively.
They satisfy the following relations.∫ b

a
δ(x)f(x)dx =

{
[H(a)−H(b)]f(0) x ∈ [b, a]
0 x /∈ [b, a]

(11)

H(x) =

{
1 (x > 0)
0 (x ≤ 0)

(12)

dH(x)
dx

= δ(x), δ̇(x) =
dδ(x)
dx

(13)

δ(x)f(x) = 0 for f(0) = 0 (14)

δ̇(x)f(x) = 0 for ḟ(0) = 0 (15)

And c1 is the velocity of P wave, defined as

c1 =

√
λ+ 2µ
ρ

(16)

Eqs. (6), (7) and (8) have been taken from Kadi-
oglu and Ataoglu [4] but the terms being equal to
zero have been ignored. Besides ḟ represents the
derivative of the function f with respect to the
argument of f .

4 A Second Elastodynamic State
After finding the boundary values, the first elasto-
dynamic state S ′(u′, τ ′) cannot be used for calcu-
lations of the displacement and stress components
on the inner points. For this another elastody-
namic state S ′′

(u
′′
, τ

′′
) state must be constructed.

If in an infinite plane region, a body force, hav-
ing the magnitude δ(t), acting at a specific point
y, in the direction of the Cartesian base vector
ek(k = 1, 2), exists, the displacement vector uk

due to this body force at an arbitrary point x and
at the time t can be expressed as [2]

uk(x, t) = ∇∇.F k −∇ ∧∇ ∧Gk (17)

where

F k =
1
4π
{H(t− ρ

c1
) [t ln(

c1t+
√
c21t

2 − ρ2

ρ
)

−

√
c21t

2 − ρ2

c1
] }ek (18)

Gk =
1
4π
{H(t− ρ

c2
) [t ln(

c2t+
√
c22t

2 − ρ2

ρ
)

−

√
c22t

2 − ρ2

c2
] }ek (19)

here ρ is the distance between x and y points and
c2 denote the velocity of S wave as given below:

ρ =
√

(x1 − y1)2 + (x2 − y2)2 (20)

c2 =
√
µ

ρ
(21)

Since this new elastodynamic state S
′′
[u

′′
, τ

′′
,f

′′
]

is suitable for axial symmetric problems, from now
on, cylindrical coordinates (R, θ) will be used. The
base vector eR1 at the point y(R1, θ1) can be ex-
pressed in terms of the base vectors eR and eθ at
an arbitrary point x(R, θ) as:

eR1 = eR cos(θ1 − θ) + eθ sin(θ1 − θ) (22)

To replace ek to eR1 is enough in Eqs. (18)
and (19) to determine the displacement and stress
fields due to a time dependent point load at
y(R1, θ1) in the R direction. Performing this op-
eration F R1(x(R, θ), t) function corresponding to
this load can be expressed in cylindrical coordi-
nates as

F R1 =
1
4π
{H(t− ρ

c1
)

1
c1

[f(ρ, t)]}

{eR cos(θ1 − θ) + eθ sin(θ1 − θ)} (23)
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where

f(ρ, t) = c1t ln(
c1t+

√
c21t

2 − ρ2

ρ
)

−
√
c21t

2 − ρ2 (24)

ρ =
√
R2 +R2

1 − 2RR1cos(θ1 − θ) (25)

Now a distributed load with magnitude δ(t)/2πR1

over the circle with radius R1 will be considered.
The direction of this load is eR1 at every point.
Dividing Eq. (23) by 2πR1 and integrating over
the circle of radius R1 is enough to determine the
F ′′(x, t) function corresponding to this load. Per-
forming these the first form of this function be-
comes

F ′′(x, t) =
1

4π2
{

∫ θ+β

θ−β
[H(t− ρ

c1
)

1
c1
f(ρ, t)

][eR cos(θ1 − θ) + eθ sin(θ1 − θ)]}dθ1 (26)

The vectors eR and eθ are constants in this inte-
gration and β is a constant angle in the interval of
[0, 2π]. Changing θ1 variable to ϕ + θ and elimi-
nating the terms including sin(ϕ) the second form
of F ′′(x, t) can be expressed as

F ′′(x, t) = F ′′(R,R1, t)

= eR
1

2π2

∫ β

0
{[H(t− ρ

c1
)

1
c1
f(ρ, t)

] cos(ϕ)}dϕ (27)

where f(ρ, t) has been given in Eq. (24) and ρ
takes the following forms.

ρ =
√
R2 +R2

1 − 2RR1cos(ϕ)

=
√

(R1 −R)2 + 4RR1sin2(ϕ/2) (28)

But at that point a restriction on R1 is necessary.
This will be expressed as:

R1 > R (29)

But the integral in Eq. (26) cannot be calculated
analytically. To simplify this, some mathematical
manipulations are necessary. Defining a new vari-
able φ as ϕ = 2φ this integral can be expressed
as

I1 = 2
∫ β/2

0
F (ρ)cos(2φ)dφ (30)

where

F (ρ) = H(t− ρ

c1
)

1
c1
f(ρ, t) (31)

ρ =
√

(R1 −R)2 + 4RR1sin2(φ) (32)

Then F ′′(R,R1, t) is found as below:

F ′′(R,R1, t) = eR
1
π2

∫ β/2

0
F (ρ)cos(2φ)dφ (33)

The body force corresponding to the function
F ′′(R,R1, t) is

f ′′ = δ(t)δ(R−R1)
1

2πR
eR (34)

The G′′(R,R1, t) function corresponding to this
loading can also be calculated inverting c1 to c2 in
the expression of F ′′(R,R1, t). But this term has
not been written since it has a zero curl.
Now the components of the displacement vector
u′′ due to this body force can be constructed in
cylindrical coordinates as

u′′R(R,R1, t) = (∇∇.F ′′)R

=
1
π2

∫ β/2

0
{∂

2F (ρ)
∂R2

+
1
R

∂F (ρ)
∂R

− F (ρ)
R2

}cos(2φ)dφ (35)

u′′θ(R,R1, t) = (∇∇.F ′′)θ = 0 (36)

The integrand in Eq. (35) can be expressed as

(
∂2F (ρ)
∂R2

+
1
R

∂F (ρ)
∂R

− F (ρ)
R2

)cos(2φ)

= {∂
2F (ρ)
∂ρ2

(
∂ρ

∂R
)2 +

∂F (ρ)
∂ρ

(
∂2ρ

∂R2
)
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+
1
R

∂F (ρ)
∂ρ

(
∂(ρ)
∂R

)− F (ρ)
R2

}cos(2φ) (37)

By the way, there are following relations between
partial R and φ derivatives of ρ:

∂ρ

∂R
=
−(R1 −R) + 2R1sin

2φ

ρ
(38)

∂2ρ

∂R2
=

1
ρ
− 1
ρ
(
∂ρ

∂R
)2 (39)

∂ρ

∂φ
=

4RR1 sinφ cosφ

ρ
(40)

∂2ρ

∂φ2
=

4RR1(cos2φ− sin2φ)
ρ

− 1
ρ
(
∂ρ

∂φ
)2 (41)

(
∂ρ

∂R
)2 +

1
4R2

(
∂ρ

∂φ
)2 = 1 (42)

∂2ρ

∂R2
+

1
R

∂ρ

∂R
+

1
4R2

∂2ρ

∂R2
=

1
ρ

(43)

Then, using Eqs. (38) to (43) in Eq. (37), Eq.
(35) can be simplified as

u′′R(R,R1, t) =
1
π2

∫ β/2

0
{∂

2F (ρ)
∂ρ2

+
1
ρ

∂F (ρ)
∂R

− 1
4R2

∂2F (ρ)
∂φ2

− F (ρ)
R2

}cos(2φ)dφ (44)

The third term in the integral can be integrated
by partial integration as follows:∫ β/2

0
{ − 1

4R2

∂2F (ρ)
∂φ2

}cos(2φ)dφ = {

∣∣∣∣− 1
4R2

∂F (ρ)
∂ρ

∂ρ

∂φ
cos(2φ)− 2F (ρ)

4R2
sin(2φ)

∣∣∣∣β/2

0

+
∫ β/2

0

F (ρ)
R2

cos(2φ)dφ} (45)

Both (∂ρ/∂φ) and sin(2φ) vanish for φ = 0. Sub-
stituting these in Eq. (45), and using the new
expression of Eq. (45) in Eq. (44),

u′′R(R,R1, t) =

∣∣∣∣− 1
4R2

∂F (ρ)
∂ρ

∂ρ

∂φ
cos(2φ)− 2F (ρ)

4R2
sin(2φ)

∣∣∣∣
φ=β

+
1
π2

∫ β/2

0
{∂

2F (ρ)
∂ρ2

+
1
ρ

∂F (ρ)
∂ρ

}cos(2φ)dφ (46)

is found. F (ρ) had been defined by Eqs. (31)
and (24), this function and the first and second ρ
derivatives of it can be expressed as

F (ρ) = H(t− ρ

c1
)

1
c1
{c1tln(

c1t+
√
c21t

2 − ρ2

ρ
)

−
√
c21t

2 − ρ2} (47)

∂F (ρ)
∂ρ

= H(t− ρ

c1
)

1
c1
{ −

√
c21t

2 − ρ2

ρ
} (48)

∂2F (ρ)
∂ρ2

= H(t− ρ

c1
)

1
c1
{ c21t

2

ρ2
√
c21t

2 − ρ2
} (49)

During these derivations, the property of Dirac
delta function given in Eq. (14) has been used.
Substituting Eqs. (48) and (49) in Eq. (46) the
new form of u′′R(R,R1, t) becomes

u′′R(R,R1, t) =
1
π2

{ 1
4R2

[H(t− ρ(β)
c1

)
1
c1

]

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2RR1sinβcosβ

− 2{c1t ln(
c1t+

√
c21 t

2 − (ρ(β))2

ρ(β)
)

−
√
c21 t

2 − (ρ(β))2}sinβ]

∫ β/2

0
{H(t− ρ

c1
)

1
c1

[
1√

c21t
2 − ρ2

]}cos(2φ)dφ
}

(50)
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where

ρ(β) =
√

(R1 −R)2 + 4RR1sin2(φ) (51)

If a new variable z is defined as

z = t− ρ

c1

= t−
√

(R1 −R)2 + 4RR1sin2(φ)
c1

(52)

the new boundaries of the integral in Eq. (50) are

z = z1 = t− (R1 −R)
c1

for φ = 0 (53)

z = z2 = t− ρ(β)
c1

for φ = β/2 (54)

and the integral in Eq. (50) takes the following
form:

I1 =
1
π2

{ ∫ β/2

0
{H(t− ρ

c1
)

1
c1

cos(2φ)√
c21t

2 − ρ2
}dφ

}

=
1
π2

∫ z2

z1

{H(z)[−∂k(z)
∂z

]}dz

=
1
π2

∫ z1

z2

{H(z)[
∂k(z)
∂z

]}dz (55)

where

∂k(z)
∂z

= (
R2

1 +R2 − c21(t− z)2

2RR1

√
t2 − (t− z)2

)

(
(t− z)√

c21(t− z)2 − (R1 −R)2
)

(
1√

(R1 +R)2 − c21(t− z)2
) (56)

By partial integration Eq. (55) is reduced to

I1 =
1
π2
{ |H(z)k(z)|z1

z2

−
∫ z1

z2

δ(z) k(z) dz} (57)

and performing the integral in Eq. (57) using Eq.
(11),

I1 =
1
π2
{H(z1)k(z1)−H(z2)k(z2)

− lim
z→0

{[H(z1 − z)−H(z2 − z)]k(z)}}

=
1
π2
{H(z1)[k(z1)− k(0)]

−H(z2)[k(z2)− k(0)]}

=
1
π2
{H(z1)

∫ z1

0

∂k(z)
∂z

dz

−H(z2)
∫ z2

0

∂k(z)
∂z

dz}

=
1
π2
{H(z1)

∫ z1

0

∂k(z)
∂z

dz

−H(z2) [
∫ z1

0

∂k(z)
∂z

dz −
∫ z1

z2

∂k(z)
∂z

dz]}

=
1
π2
{[H(z1)−H(z2)]

∫ z1

0

∂k(z)
∂z

dz

+H(z2)
∫ z1

z2

∂k(z)
∂z

dz} (58)

is obtained. Then returning back to φ vari-
able from z in the integrals and substituting this
form of Eq. (58) in Eq. (50), the new form of
u′′R(R,R1, t) is found as follows:

u′′R(R,R1, t) =
1
π2

{
[H(t− R1 −R

c1
)

1
c1

−H(t− ρ(β)
c1

)
1
c1

]

∫ α

0

cos(2φ)dφ√
c21t

2 − (R1 −R)2 − 4RR1sin2(φ)
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+H(t− ρ(β)
c1

)
1
c1
{ 1
4R2

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2RR1sinβcosβ

− 2{c1tln(
c1t+

√
c21 t

2 − (ρ(β))2

ρ(β)
)

−
√
c21 t

2 − (ρ(β))2}sinβ+

∫ β/2

0

cos(2φ)dφ√
c21t

2 − (R1 −R)2 − 4RR1sin2(φ)
]}

}
(59)

Where angle α, corresponding to the φ value for
z = 0, is defined as:

sin(α) =

√
c21t

2 − (R−R1)2

4RR1
(60)

Eq. (59) is not convenient for derivation since the
first integral is singular for φ = α. To bring the
upper boundary to π/2 in the first integral, an-
other variable ψ will be defined as

sin(φ) = sin(α)sin(ψ) (61)

Using this variable and Eq. (60) in the first in-
tegral of Eq. (59), the last form of u′′R(R,R1, t)
is

u′′R(R,R1, t) =
1
π2

{
[H(t− R1 −R

c1
)

1
c1

−H(t− ρ(β)
c1

)
1
c1

]

∫ π/2

0

(1− 2sin2(α)sin2(ψ))dψ√
4RR1

√
1− sin2(α)sin2(ψ)

+H(t− ρ(β)
c1

)
1
c1
{ 1
4R2

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2RR1sinβcosβ

− 2{c1tln(
c1t+

√
c21 t

2 − (ρ(β))2

ρ(β)
)

−
√
c21 t

2 − (ρ(β))2}sinβ]+

∫ β/2

0

cos(2φ)dφ√
c21t

2 − (R1 −R)2 − 4RR1sin2(φ)
}
}

(62)

Now the nonzero components of the strain tensor
ε′′(R,R1, t) and the stress tensor τ ′′(R,R1, t) re-
lated to this displacement field u′′(R,R1, t) are
calculated in the cylindrical coordinates as follows:

ε′′θθ(R,R1, t) =
u′′R(R,R1, t)

R
(63)

ε′′RR(R,R1, t) =
∂u′′R(R,R1, t)

∂R
=

1
π2

{

[δ(t− R1 −R

c1
)

1
c21

+ δ(t− ρ(β)
c1

)
1
c21

∂ρ(β)
∂R

]

∫ π/2

0

(1− 2sin2(α)sin2(ψ))dψ√
4RR1

√
1− sin2(α)sin2(ψ)

− δ(t− ρ(β)
c1

)
1
c21

∂ρ(β)
∂R

{ 1
4R2

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2RR1sinβcosβ

− 2{c1tln(
c1t+

√
c21 t

2 − (ρ(β))2

ρ(β)
)

−
√
c21 t

2 − (ρ(β))2}sinβ]+

∫ β/2

0

cos(2φ)dφ√
c21t

2 − (R1 −R)2 − 4RR1sin2(φ)
}

+ [H(t− R1 −R

c1
)

1
c1
−H(t− ρ(β)

c1
)

1
c1

]
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1√
4RR1

[
E(α)[

1
R

(
1

4sin2αcos2(α)
− 2)

+
1
R1

(− 1
4sin2(α)

+
1

4cos2(α)
)]

+ F (α)[
1
R

(1− 1
4sin2(α)

) +
1
R1

(
1

4sin(α)
)]

]

+H(t− R1 +R

c1
)

1
c1
{

∫ π/2

0

(Rcos2ϕ−R1 cos
22ϕ)dϕ√

c21t
2 − (R1 −R)2 − 4RR1sin2ϕ

3

− 1
2R3

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2RR1sinβcosβ

− 2{c1tln(
c1t+

√
c21 t

2 − (ρ(β))2

ρ(β)
)

−
√
c21 t

2 − (ρ(β))2}sinβ]+

1
4R2

[

√
c21 t

2 − (ρ(β))2

(ρ(β))2
2R1sinβcosβ

+
∂ρ(β)
∂R

(

(ρ(β))2 − 2c21t
2

(ρ(β))3
√
c21 t

2 − (ρ(β))2
2RR1sinβcosβ

+
2
√
c21 t

2 − (ρ(β))2

ρ(β)
sinβ)]}

}
(64)

Where F (α) and E(α) represent the first and the
second kind of complete elliptical integrals, respec-
tively. These integrals are

F (α) =
∫ π/2

0

dψ√
1− sin2α sin2ψ

(65)

E(α) =
∫ π/2

0

√
1− sin2α sin2ψ dψ (66)

The third kind complete elliptical integral Π(α)
is also come out during the R derivation of
u′′R(R,R1, t). But this integral has been eliminated
using following relation [6]

Π(α) =
∫ π/2

0

dψ
3
√

1− sin2α sin2ψ
=
E(α)
cos2α

(67)

In Eq. (64), the multiplier of δ(t − (R1 − R)/c1)
can be simplified as follows:

1
π2
{δ(t− R1 −R

c1
)

1
c21

∫ π/2

0

(1− 2sin2(α)sin2(ψ))dψ√
4RR1

√
1− sin2(α)sin2(ψ)

}

=
1
π2

{
δ(t− R1 −R

c1
)

1
c21

π

4
√
RR1

}
(68)

And the nonzero stress components are

τ ′′RR = (λ+ 2µ)ε
′′
RR + λ ε

′′
θθ (69)

τ ′′θθ = (λ+ 2µ)ε
′′
θθ + λ ε

′′
RR (70)

5 Sample Problem
An infinite medium, without body forces, having
a cylindrical cavity with radius a = 50cm, under a
variable pressure p (t) is considered. The variation
of pressure function has been given as

p (t) =

{
po(1 + 40 sin(200t) e−200t) (t > 0)
0 (t ≤ 0)

(71)

where t has been given in seconds, and the multi-
plier 200 has the dimension of 1/sec. po is initial
and final value of the pressure function represent-
ing a sudden explosion. The effect of explosion
is ended nearly in 30 milliseconds. For numeri-
cal calculations Poisson’ s ratio and wave velocity
have been selected as ν = 0.3 and c1 = 2000m/s,
respectively. The variation of the non-dimensional
pressure p(t)/po versus time is plotted in Fig. 1.

Proceedings of the 2nd WSEAS Int. Conference on Applied and Theoretical Mechanics, Venice, Italy, November 20-22, 2006      190



0

2

4

6

8

10

12

14

16

0 0.003 0.006 0.009 0.012 0.015 0.018 0.021 0.024 0.027 0.03

t

p(t)/p o

Fig.1. Variation of dimensionless pressure versus
time (s)

The boundary is defined as R = a. Where a is the
radius of the cavity. In this problem, the stress
tensor and displacement vector are as follows:

τ =

 τRR 0 0
0 τθθ 0
0 0 τzz

 (72)

u = uReR (73)

where all the components are the functions of R
and t only. Body force has been ignored. Then,
S [u,τ ,0] forms an elastodynamic state. The sur-
face tractions on the boundary for S and S ′ de-
fined in Sect. 3, are

T (a, t) = p(t)H+(t)eR (74)

T ′(a, t) = −τ ′RR(a, t)eR (75)

And further, for every R ∈ [0,∞)

uR(R, 0) = 0 (76)

where H+(t) has been chosen to be equal to unity
in the interval [0,∞) with zero derivatives. The
expression of the dynamic reciprocal identity Eq.
(3), which is written between S and S ′ states, is∫

S
T ′ ∗ u dS =

∫
S

T ∗ u′dS (77)

In Eq. (3), the second integral vanishes because of
absence of the body force f in S . The body force
in S ′ exists out of the volume V ; then, the fourth

integral in Eq. (3) is also eliminated. Before con-
structing the integral equation, the loading time of
f ′ will be changed to t = a/c1 from t = 0 in S ′ to
eliminate the singularities at R = a. After these,
using Eq. (5) in Eq. (77), substituting Eqs. (6)
to (9) and Eqs. (74) to (75), an integral equation
is obtained as follows:

−
∫ t

0

{[
λ+ 2µ

][
H(t− τ)

1
c1

[− 1
K3

1

− 3a2

K5
1

]

+ δ(t− τ)
1
c21

[
2a
K3

1

] + δ̇(t− τ)
1
c31

[− 1
K1

]
]

+
[
λ
][
H(t− τ)

1
c1

[− 1
K3

1

]

+ δ(t− τ)
1
c21

[
1

aK1
]
]}
uR(a, τ)dτ

=
∫ t

0
p(τ)

{[
H(t− τ)

1
c1

[− a

K3
1

]

+ δ(t− τ)
1
c21

[
1
K1

]
]}
dτ (78)

where

K1 =
√
c21(t− τ +

a

c1
)2 − a2 (79)

uR(a, t) is the dependent variable of the integral
equation given in Eq. (78) and the kernel of this
integral equation is strongly singular. The follow-
ing equalities can be used to reduce this singularity
to a weak form.∫ t

0
δ(t− τ)f(t− τ)u(τ)dτ =

−H(t− τ)f(t− τ)u(τ)
∣∣∣τ=t

τ=0
−

∫ t

0
H(t− τ)[ḟ(t− τ)u(τ)− f(t− τ)u̇(τ)]dτ (80)

∫ t

0
δ̇(t− τ)f(t− τ)u(τ)dτ =

− δ(t− τ)f(t− τ)u(τ)
∣∣∣τ=t

τ=0
−
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∫ t

0
δ(t− τ)[ḟ(t− τ)u(τ)− f(t− τ)u̇(τ)]dτ (81)

Using these relations, the terms involving δ(t− τ)
and δ̇(t − τ) in the integrals in Eq. (78), can be
eliminated. Then the new form of the Eq. (78)
becomes

(λ+ 2µ)
c1

{∣∣∣− δ(t− τ)
uR(τ)
c21

1
K1

+H(t− τ)
1
c1

[(
a− c1(t− τ)

K3
1

)uR(τ)

− 1
K1

u̇R(τ)]
∣∣∣t
0
+

∫ t

0
H(t− τ)[uR(τ)

3c21(t− τ)2

K5
1

+
u̇R(τ)
c1

2c1(t− τ)
K3

1

+
üR(τ)
c21

1
K1

]dτ
}

+
λ

c1

{∣∣∣H(t− τ)
1
c1

1
aK3

1

∣∣∣t
0

+
∫ t

0
H(t− τ)[uR(τ)(−c1(t− τ)

aK3
1

)

+
u̇R(τ)
c1

(− 1
aK1

)]dτ
}

=
∣∣∣−H(t− τ)

1
c21

p(τ)
K1

∣∣∣t
0
+

1
c1

∫ t

0
{H(t− τ)[

p(τ)c1(t− τ)
K3

1

+
ṗ(τ)
c1K1

]}dτ (82)

Substituting the end values, some of the terms out
of the integrals becomes zero, but some of them
take the form of 0/0. Calculating necessary deriva-
tives Eq. (82) takes the following form.

H(t)
1
c21

1√
c21(t− a

c1
)2 − a2

[
(λ+ 2µ)

c1
˙uR(0)− ap(0)]

+H(t)
∫ t

0
{[λ+ 2µ

c1
][uR(τ)

3c21(t− τ)2

K5
1

+
u̇R(τ)
c1

2c1(t− τ)
K3

1

+
üR(τ)
c21

1
K1

]

+ [
λ

c1
][− uR(τ)

c1(t− τ)
aK3

1

− u̇R(τ)
c1

1
aK1

]}dτ

=
1
c1
H(t)

∫ t

0
{p(τ)c1(t− τ)

K3
1

+
ṗ(τ)
c1

1
K1

} (83)

Equating the terms out of the integrals the initial
velocity is found as below:

u̇R(0) = c1
p(0)
λ+ 2µ

(84)

The remaining terms give a integro-differential
equation with weak singularity. Before solving
this, two new dimensionless quantities will be de-
fined as

t∗ =
c1t

a
, U(t∗) =

2µ
apo

uR(a, t) (85)

and substituting these variables the new form of
the integral equation in terms of U and t∗ becomes

λ+ 2µ
2µ

∫ t∗

0
{U(τ∗)

3(t∗ − τ∗)2

K5
2

+ U̇(τ∗)
2(t∗ − τ∗)

K3
2

+ Ü(τ∗)
1
K2

}dτ∗

− λ

2µ

∫ t∗

0
{U(τ∗)

(t∗ − τ∗)
K3

2

+ U̇(τ∗)
1
K2

}dτ∗

=
∫ t∗

0
{P (τ∗)

(t∗ − τ∗)
K3

2

+ Ṗ (τ∗)
1
K2

}dτ∗ (86)

where

K2 =
√

(t∗ − τ∗)
√

(t∗ − τ∗ + 2) (87)

P (t∗) =
p(t∗)
po

= 1 + 40 sin(200
at∗

c1
) e−200at∗

c1 (88)
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Variation of nondimensionless pressure, p(t∗), ver-
sus dimensionless time, t∗, has been given in Fig.
2.

0

2

4

6

8

10

12

14

0 20 40 60 80 100 120 140

t*

p(t * )/p o

Fig. 2. Variation of dimensionless pressure versus
dimensionless time

To solve the integral equation given in Eq. (86),
the following numerical method is introduced: The
dimensionless time is divided to intervals with con-
stant length ∆t∗ = t∗k+1 − t∗k. It is accepted
that the function U(t∗) and its first derivative are
continuous while passing from an interval to an-
other. Besides instead of using original form of
P (t∗) function, this function is also represented
by a third order polynomial on each interval. This
function and its first derivative are also continu-
ous at end points of an interval. With these as-
sumptions, the functions U(t∗) and P (t∗) can be
expressed in the interval between t∗k and t∗k+1 as
follows:

U(t∗) = U(k)
[
1− (t∗ − t∗k)

2

(t∗k+1 − t∗k)2
]

+ U(k + 1)
[ (t∗ − t∗k)

2

(t∗k+1 − t∗k)2
]

+ U̇(k)
[
(t∗ − t∗k)−

(t∗ − t∗k)
2

(t∗k+1 − t∗k)

]
(89)

P (t∗) = P (k)
[
1 +

2(t∗ − t∗k)
3

(t∗k+1 − t∗k)3
− 3(t∗ − t∗k)

2

(t∗k+1 − t∗k)2
]

+ P (k + 1)
[ 3(t∗ − t∗k)

2

(t∗k+1 − t∗k)2
− 2(t∗ − t∗k)

3

(t∗k+1 − t∗k)3
]
+

Ṗ (k)
[
(t∗ − t∗k) +

(t∗ − t∗k)
3

(t∗k+1 − t∗k)2
− 2(t∗ − t∗k)

2

(t∗k+1 − t∗k)

]

+ Ṗ (k + 1)
[ (t∗ − t∗k)

3

(t∗k+1 − t∗k)2
− (t∗ − t∗k)

2

(t∗k+1 − t∗k)

]
(90)

P (k), P (k+ 1), Ṗ (k), Ṗ (k+ 1) values will be cal-
culated from original P (t∗) function given by Eq.
(88). It is noted that

t∗1 = 0 , U(1) = 0 , U̇(1) =
2µ

λ+ 2µ
(91)

Substituting Eqs. (89) and (90) in Eq. (86) the
following equation is obtained between the end
values of U(t∗) till t∗j+1

U(j + 1)A(j, j) + U(j)B(j, j) + U̇(j)C(j, j)+

j−1∑
k=1

{
U(k+1)A(k, j)+U(k)B(k, j)+U̇(k)C(k, j)

}

=
j∑

k=1

{
P (k + 1)A1(k, j) + P (k)B1(k, j)

+ Ṗ (k + 1)C1(k, j) + Ṗ (k)D1(k, j)
}

(92)

where

A(k, j) = {λ+ 2µ
2µ

[3I2(k, j) + 4I4(k, j)

+ 2I6(k, j)]−
λ

2µ
[I7(k, j) + 2I8(k, j)]}

1
(∆∗)2

(93)

B(k, j) = −A(k, j) +
λ+ 2µ

2µ
[3I1(k, j)]

− λ

2µ
[I5(k, j)] (94)

C(k, j) = −A(k, j)∆∗ +
λ+ 2µ

2µ
[I3(k, j)
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+ 2I5(k, j)]−
λ

2µ
[I4(k, j) + I6(k, j)] (95)

A1(k, j) = [− 2I9(k, j)− 6I10(k, j)]
1

(∆∗)3

+ [3I7(k, j) + 6I8(k, j)]
1

(∆∗)2
(96)

B1(k, j) = −A1(k, j) + I5(k, j) (97)

C1(k, j) = [I9(k, j) + 3I10(k, j)]
1

(∆∗)2

+ [− I7(k, j)− 2I8(k, j)]
1

(∆∗)
(98)

D1(k, j) = [I9(k, j) + 3I10(k, j)]
1

(∆∗)2

+ [− 2I7(k, j)− 4I8(k, j)]
1

(∆∗)

+ [I4(k, j) + 4I6(k, j)] (99)

I1(k, j) =
∫ ∆∗

0

(t∗(j + 1)− t∗(k)− τ)2

K5
dτ (100)

I2(k, j) =
∫ ∆∗

0

τ2(t∗(j + 1)− t∗(k)− τ)2

K5
dτ(101)

I3(k, j) =
∫ ∆∗

0

τ(t∗(j + 1)− t∗(k)− τ)2

K5
dτ (102)

I4(k, j) =
∫ ∆∗

0

τ(t∗(j + 1)− t∗(k)− τ)
K3

dτ (103)

I5(k, j) =
∫ ∆∗

0

(t∗(j + 1)− t∗(k)− τ)
K3

dτ (104)

I6(k, j) =
∫ ∆∗

0

1
K

dτ (105)

I7(k, j) =
∫ ∆∗

0

τ2(t∗(j + 1)− t∗(k)− τ)
K3

dτ (106)

I8(k, j) =
∫ ∆∗

0

τ

K
dτ (107)

I9(k, j) =
∫ ∆∗

0

τ3(t∗(j + 1)− t∗(k)− τ)
K3

dτ (108)

I10(k, j) =
∫ ∆∗

0

τ2

K
dτ (109)

K =
√

(t∗(j + 1)− t∗(k)− τ + 1)2 − 1 (110)

Calculating the integrals, the values of U(j+1) is
obtained from Eq. (92) for j = 1, 2, ..., n. Using
these, the variation of dimensionless displacement
U(t∗) versus dimensionless time t∗ is given in Fig.
3. And using the U(t∗) function the dimensionless
unknown stress component τθθ/po can also be cal-
culated and the variation of this versus t∗ is given
in Fig. 4.
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Fig. 3. Variation of dimensionless radial dis-
placement, U(t∗), on the surface of circular cavity
versus dimensionless time, t∗

Now the displacement component uR(R1, t) at
any (R1, θ1) point will be calculated writing re-
ciprocal identity (Eq. (3)) between S (u, τ ,f)
and S ′′(u′′, τ ′′,f ′′) elastodynamic states. In that
case, in Eq. (3), second integral vanishes since
f = 0. u has been calculated on the boundary, T
and f ′′ have also been given by Eq. (74) and Eq.
(34), respectively. T ′′ can be written similarly to
T ′ (Eq. (75)) as
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Fig. 4. Variation of τθθ/po on the surface of cir-
cular cavity versus t∗

T ′′ = −τ ′′
RR(a,R1, t)eR (111)

Using these, reciprocal identity takes the following
form. ∫ 2β

0
p(t) ∗ u′′

R(a,R1, t)adθ =

∫ 2β

0
(−T ′′

RR(a,R1, t) ∗ uR(t))adθ

+ ρ

∫
V

[δ(t)δ(R−R1)
1

2πR
∗ uR(R, t)dV ] (112)

where dV = RdRdθ. Performing these integrals

uR(R1, t) = {1
ρ
p(t) ∗ u′′R(a,R1, t)

+
1
ρ
τ ′′RR(a,R1, t) ∗ uR(a, t)}2βa (113)

is found. The signals propagating from whole
R = a boundary cannot reach to a point (R1, θ1).
Only the effects coming from the interval,
[θ(1) = θ1 − β , θ(2) = θ1 + β], can reach to this
point and angle β can be calculated from Fig. 5
as follows:

cosβ =
R

R1
(114)

Fig. 5. Representation of angle β

Depending upon to this value of β, the terms, in-
cluding ∂ρ(β)/∂R in Eq. (64), vanish. uR(R1, t)
can be found by direct integration substituting
Eqs. (62) to (66), (68), (69) and (71) and the
boundary values of uR(a, t) which has been found
as the solution of Eq. (86) in Eq. (113). But, in-
stead of this a new dimensionless quantity, defined
below, has been calculated.

U(R1, t
∗) =

2µ
apo

uR(R1, a, t
∗) (115)

Result has been given in Fig. 6 for R1 = 2a.
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Fig. 6. Variation of dimensionless component of
radial displacement, U(R1, t

∗), versus dimension-
less time, t∗, at R1 = 2a

6 Conclusions
A fundamental elastodynamic state, which has
been presented by Kadioglu and Ataoglu [4] be-
fore, was simplified. This state will be used as the
fundamental solution in the reciprocity theorem
for the solutions of axially symmetric transient
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problems of elastodynamics. The reciprocity the-
orem will give an integral equation, if the first
state mentioned above is used for any problem.
The unknown of this integral equation is the ra-
dial component of the displacement vector. But,
this first elastodynamic state cannot be used to
determine the radial displacement at any point
inside the region. For this purpose, a second fun-
damental state has also been constructed. The
form of this state is really interesting and there is
not any similarity with the known classical elas-
todynamic state. Specially, an angle β, which has
been taken to be equal to π in classical formula-
tion, is introduced. It is physically seen that the
upper limit of this angle β is π/2 for hole prob-
lems. Furthermore, only one of the two different
expressions of this second state is valid for differ-
ent values of time. To check the formulation, a
sample problem, representing a sudden explosion
in a cylindrical cavity, has been solved. The body
forces has been neglected and this problem can be
represented by an elastodynamic state. If the re-
ciprocal identity is written between this state and
the first fundamental state mentioned above, an
integral equation, whose kernel is strongly singu-
lar, is obtained. The resulting integral equation of
the sample problem has been reduced to another
form whose kernel is weakly singular and has been
solved using a simple numerical technique. The

solution of this integral equation gives the bound-
ary values of the radial displacement component
for the sample problem. After determining the
boundary values, the radial displacement at a
point in the region can be calculated writing the
reciprocity theorem between the second elastody-
namic state mentioned above and the elastody-
namic state representing the sample problem.
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