
Multilevel Optimization Approach Applied to Structural Design Including 
Material Consolidation 

 
STEVAN MAKSIMOVIĆ1 

VLADIMIR ZELJKOVIĆ2

MARINKO UGRČIĆ1 

1Military Technical Institute, Belgrade 
2Institut of Technical Sciences, Belgrade  

SERBIA 
 
  

Abstract: - Optimization approach is applied to multidisciplinary structural design problems like: minimum weight 
of aircraft nose landing gear structure under various strength and stiffness constraints (including material 
characteristics consolidation), directional aircraft stability and control during taxiing and take off. Optimality 
criteria approach (Dual algorithms) and finite element method (FEM) for stress analyzes subjected to strength 
constrains, in system level, are applied to achieve minimum weight of nose landing gear structure. In local levels 
the nose wheel castering length and damping of damper are considered as optimization parameters in stability 
maximization and controlability during taxiing and take off. The use of finite element methods in parallel with 
optimization techniques such as dual and multicriterion optimization techniques make it possible to attack large-
scale and complex structural problems such as aircraft landing gear or composite structures. 
 
Key-Words: - Optimal design, Minimum weight, Multilevel Optimization, Aircraft landing gear, FEM, Dual 
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1  Introduction 
Structural optimization has been an active 

area of research since the early 1970s. The two basic 
optimization problems typically addressed in 
structural optimization have been sizing and shape 
optimization [1-3, 14]. In sizing optimization, 
variables define local geometric characteristics. In 
shape optimization, the optimum shape of structure is 
sought by varying the boundary shape defined by an 
appropriate spline function, the design variables 
defined in a function form [5, 14]. In the designing of 
large-scale structural systems such as aircraft 
structures, the major tasks is the sizing of the 
structural members to obtain the desired 
performances, strength, weight, and stiffness 
characteristics. The use of finite element methods 
(FEM) in parallels with optimization techniques such 
as nonlinear mathematical programming (NMP) or 
optimality criteria (OC) make it possible to attack 
large and complex aircraft structural problems [13].  

The motivation of this study is to come up 
with a multilevel optimization method using 
optimality criteria and mathematical programming 

techniques. Multilevel optimization permits a large 
problem to be broken down into a number of smaller 
ones, at different levels according to the type of 
problem being solved. This approach breaks the 
primary problem statement into a system level design 
problem and set of uncoupled component level 
problems. Results are obtained by iteration between 
the system and component level problems. The 
decomposition of a complex optimization problem 
into a multilevel hierarchy of simpler problems often 
has computational advantages. It makes the whole 
problem more tractable, especially for the large 
engineering structures, because the number of design 
variables and constraints are so great that the 
optimization becomes both intractable and costly. 

In the designing aircraft nose wheel it is 
necessary to consider many different (sometimes – 
conflicting) requirements [4, 10]. Mainly, the 
requirements are: the good aircraft behavior during 
ground motions; mass minimization; convenient 
design and technology; easy maintenance; etc. 
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The investigation of nose wheel behavior 
during aircraft taxiing and take-off is very important 
within designing and testing fazes. From the pilot 
point of view, the way the aircraft respond to 
command and/or disturbances during taxiing and take-
off is very important. Two deferent requirements 
might be of interest: good stability on runway (low 
deviation from the path to outside noise) and easy 
control to obtain desired aircraft pointing. 

The mass is prime interest while aircraft 
designing. Bother, the nose wheel position and nose 
wheel design effect the mass of nose wheel. In this 
paper, the nose wheel design to the mass minimization 
will be considered. Nose wheel geometry is important 
because it affect load distribution, nose wheel 
cinematic, volume in retracting position, etc. 
Certain nose wheel parameters like the castering 
length, spring and damping have significant influence 
to the aircraft motion and parameters like: stability 
and control during ground motion; to the mass of the 
wheel; to the geometric values and other 
requirements. So, the optimization of those parameters 
during design phase is essential. For the parameter 
analysis and optimization, it is necessary to have 
convenient mathematical form. 

The separate optimization problems like 
stability and controllability, the nose wheel mass 
minimization, the convenient geometry are functions 
of nose wheel parameters (especially the nose wheel 
castering length). Each of those optimizations gives 
the different optimization point. That is why 
combined multicriterion optimization is considered. 
Different waiting coefficients are addressed to each 
separate optimization problem, and the effect of 
change of waiting matrix to optimization point is 
analyzed. The method is illustrated by numerical 
example for light training aircraft. 
 

2   THEORY OF MULTYLEVEL 
OPTIMIZATION 

Today, it is a common practice to use 
optimization methodologies to deal with 
multidisciplinary industrial design. Let D and d 
represent the sets of system and component design 
variables, respectively. Then the problem can be 
stated as: Find vectors D and d such that 

W D( ) min⇒                                           (1) 

subject to 

G D d( , )≥ 0 q Q∈q      ,                         (2) 

and 

   , g d Dlj j( , ) ≥ 0 l L j M∈ ∈;             (3)    

The Gq (D,d) represents constraints that are 
strongly dependent on the D vector and they are 
implicit functions except for the side constraints. The 
glj(dj ,D) represent constraints that are primarily 
dependent on the j component variables dj , and they 
are either explicit or implicit functions of dj, 
depending on the type of constraints. The symbols Q 
and L denote the set of system and component level 
constraints respectively, M denotes the number of 
components and dT =[ d1

T, d2
T,..., dM

T] .  Then system 
and local analyses and optimizations are carried out 
separately and tied together by an iterative scheme 
going from one level of design modification to the 
other and vice-versa seeking an overall optimum 
design.  
 

2.1  The System Level Optimization 
The two optimization problems typically 

addressed in structural optimization have been sizing 
and shape optimization. In sizing optimization, the 
variables define local geometric characteristic such as 
thickness, width, etc. In shape optimization, the 
optimal shape of a structure is sought by varying the 
boundary shape defined by an appropriate spline 
function, with the design variables defined in a 
function form. To achieve minimum weight of nose 
wheel structure here both types optimization (sizing 
and shape optimization) are included. Using standard 
optimization procedure based on combining OC and 
finite elements the weight optimization can be 
expressed as [1-3] : Find vector D such that 

              ∑
=

⇒=
N

i i

i

D
wDW

1

min)(               (4) 

and 

    (5) QqdDGq ∈≥ ;0),( *

where  d* implies that the parameters strongly 
dependent on the detail design variables d (i.e, 
directional aircraft stability and control during taxiing 
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and take off) do not change during a system level 
design modification stage. The wj are positive fixed 
constants corresponding to the weight of the set of 
finite elements in the j-th linking group when Dj=1. 
The set of independent design variables after linking 
is denoted by N. The selection of design variables, 
especially in shape optimization, is very important in 
the optimization process. One has to decide a priory 
where to allow for design changes and to evaluate 
how these changes should take place by defining the 
location of the design variables and the moving 
directions. In many investigations, the design 
variables were chosen as the positions of the nodes on 
the boundary, or the coefficients of polynomials 
defining the boundary and control points of the Bezier 
and B-spleens. In the present study, the coordinates of 
the key points are specified as design variables. The 
use of the coordinates at key points as design 
variables leads to fewer design variables and more 
freedom in controlling the shape of the structure. 
Shape design sensitivity analysis is an important part 
of optimization. The exact semi analytical sensitivity 
analysis method5 is used (the exact derivative of 

 can be evaluated – where k is elemental 
stiffness matrix and a

iak ∂∂ /
j is the nodal coordinate of the 

element). 
 
2.2    The Local level – Multicriterion 

Optimization 
In many engineering applications, including 

mechanical and structural design problems, however, 
there often exist several, usually conflicting, criteria to 
be considered by the designer. It has been a common 
practice in the literature to represent the objective 
function as a weighted sum of those desirable 
properties. Multicriterion optimization seems to offer 
a very promising possibility to consider effectively all 
the different, mutually conflicting requirements 
inherent in the design problem. The recent emergence 
of the multicriterion approach in structural mechanics 
can be seen from the author’s knowledge, were 
published in second half of the 1970s7,8 applied the 
control theory approach to a bicriterion problem with 
weight and stored energy as criteria, and obtained 
analytic solutions for some structural elements, calling 
the results `natural structural shapes`. Baier9 studied 
multicriterion optimization of structures from a 
general point of view, choosing weight and stored 
energies in separate loading conditions as design 
criteria. Several techniques for solving multicriterion 

nonlinear vector optimization problem have been 
presented in the literature. Usually they turn the 
original problem into a sequence of scalar 
optimization problems, which can be solved 
numerically by applying adapted methods of nonlinear 
programming. For this purpose weighting method is 
used in solving multicriterion optimization problem. 
Perhaps one of the most commonly used approaches 
to problems with several criteria is to form one scalar 
objective function as a weighted sum of the criteria. 
One drawback of this technique is the difficulty 
involved in choosing the weights for the criteria. In 
convex multicriterion problems, however, it is 
possible to apply the method in a parametric form to 
the determination of a pareto-optimal set. If the 
notation  is used for the vector of 
weighting coefficients, the problem takes the form 

⎣ n
T aaaa ...21= ⎦

 
  . )(min xJaT

x Ω∈

 
Without loss of generality, a can be 

normalized so that the sum of its components, which 
are non-negative and not all zero, is equal to one. Now 
Pareto-optimal solutions can be generated by 
parametrically varying the weights ai in the objective 
function. In this paper, the compromise between more 
optimization tasks is proposed as multicriterion 
optimization in the form 

n
NnnNN

m

Rx

xJcxJcxJcxJ

∈

+++= ,)(...)()()( 2211  (6)          

subject to 

f xi ( ) ≤ 0 

where is:  - multicriterion optimization form, J xm ( )
J xk N

( )  - absolute norm of each single 
optimal criteria (in this formula, 
norm means that the maximum 
value of the referred criteria is 
bring to one), 

c cn1 ,...  - weighting coefficient, ( ). 

By these coefficients ci , the 
designer (according to his 
judgment) gives more or less 
significance to the certain single 
optimization criteria J , 

ci

n
=∑ 1

1

xi ( )
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f xi ( ) ≤ 0 - posed constraints. 
To perform multicriterion optimization, the 

algorithm is as follows: 
1. Each optimality criteria J  has to be performed 

separately and optimization point b
xi ( )

i found which 
satisfy criteria  J b J x Ji

i
i i( ) [ ( )]max

max= =
2. The norm of each optimality criteria is defined as 

J x
J x
Ji N

i

i

( )
( )
max=  

3. The weighting coefficients c  are chosen, cn1 ,...
4. The constrained  are imposed, f xi ( ) ≤ 0
5. The multicriterion optimization  is 

performed, usually applying certain numerical 
methods. 

)(xJ m

By this process, the designer has optimal point bi 
for each separate criteria and optimal point b as results 
of combined criteria or multicriterion problem. The 
optimal solution of the parameters b = xopt  may be 
between separate optimization points, but close to 
some separate results, as a function of the chosen 
weighting coefficient. 
 
2.3 Nose wheel parameters optimization 

Both, aircraft and nose wheel equations of motion, 
as connected system, might be represented as 
liberalized second order system [4,10].  There are a lot 
significant parameters to the nose landing gear design, 
having into the consideration the system performances 
like stability, controllability, mass, technological 
aspects and the others. From the experience, the 
significant parameters are: castering length, spring 
stiffness, damping, tire, and others. In this paper, to 
show the optimization procedure, two parameters -the 
castering length and damping of damper- are selected, 
having the obvious effect to the stability, 
controllability, mass, and technology. 

The different criteria are applied to castering 
length and damping optimization, as: 
• stability index as ),(),(),(1 pnpp HlHlHlJ ωξ=    

(or σ1 - lower periodic root)  
• aircraft controllability index defined by transfer 

function gain as:  ψ
NuMKlJ =)(2

• geometry (technology) complexity index 
determined as  pp HllTTHlJ ⋅−⋅−= 5.0

103 ),(

• mass defined as 
 lHlHlJ pp ⋅⋅−⋅+= 20/9.0)2001/(95.0),( 2

4

Stability condition introduce positive nose wheel 
length as constraint, l>0.  

Each of these optimization criteria gives different 
optimization point for nose wheel castering length and 
damping. Stability criteria determine lower castering 
length, aircraft controllability criteria has no 
significant effect. Geometry complexity index tends to 
decrease castering length and so on. 

3 NUMERICAL EXAMPLES 

To illustrate the application and versatile 
multilevel approach some aspects of the optimal 
design of nose wheel structure is considered, Fig 1. 
Let consider light training aircraft with the next 
parameters: Iz = 3812 kgm2, Cnβ =0.152, dN = 1.408, 
Cnr = -0.213, HL+HP = 500, Cnδr = - 0.0018, b = 9m , S 
= 13m2 , FN = 2590 N  → static nose wheel load, KN = 
4  1/rad      →     for dry surface, KN =2.8 1/rad     →     
for wet surface. 

In this paper, to show the optimization 
procedure, the two parameters -the castering length 
and damping of damper- are selected, having the 
obvious effect to the stability, controllability, mass, 
technology. 

 

 
Fig 1 FE model  of landing gear  
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Single optimization for different criteria gives 
four different optimization points for nose wheel 
castering length and the damping as: mm 

and Nms, mm, 

mm and Nms, mm 

and Nms,  

0.221 =locl
0.1951 =lpc

pH l loc
2 80 0= .

l loc
3 0 0= . 0.03 =lpc

pH 0.04 =locl

0.04 =lpc
pH

Local level optimization gives optimal point 
as mm and Nms, and 
optimization level 

0.30=locl 0.255=lpc
pH

 .  812.0)255,030.0( === p
m HlJ

Local level optimization gives optimal point 
for nose wheel castering length as 30.0mm, Fig. 2. 
The optimization point is determined for ground speed 
as 10 m/s. 
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Fig. 2. Tree-dimensional plot of local level 
optimization form J = J(l,Hp)=c1J1(l,Hp)+ c2J2(l,Hp)+ 

c3J3(l,Hp)+ c4J4(l,Hp). The optimization parameters 
are: l – Castering length, Hp – Damper damping 

 
On the global level, material properties are described 
and introduced to the optimization process under 
various strength and stiffness constraints, to obtain 
mass  and shape minimization.  To achieve minimal 
mass of landing gear structure, Fig 1, the sizing and 
shape optimization techniques are used. Size 
optimization is applied on statical structural part that 
is modeled using shell finite elements. In order to 
reduce the computational burden to the size 
optimization problem approximation concept is used 
[11,12]. The number of the design variables was 
reduced by linking. The idea is reasonable as in 

practice some of the variables are the same as in this 
considered problem. The number of constraints was 
also reduced by considering only the critical or near 
critical constraints at each iteration. Detail description 
approximate concepts are given in reference [13].  
Shape oprimization [14] is applied on structural part 
of landing gear that is shown in Fig. 3. Figure 3 shows 
the shape of the nose wheel structural element, before 
and after shape optimization, and fig. 4 shows stress 
distributions in this structural element after 
optimization. 
 

 
 
Fig. 3 System level – structural optimization 
 

 
 
Fig. 4 Stress distributions in structural part after shape 

optimization  
 
4 CONCLUSION 

The obtained results demonstrate the 
practicality of multilevel optimization in the design of 
the multidisciplinary complex aircraft structures such 
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as aircraft nose wheel. In this study two-level 
optimization algorithm is applied; system- and 
component level. Combining FEA, approximation 
concepts and OC or dual algorithms has led to a very 
efficient method for minimum weight sizing of large-
scale structural systems. Finally, minimum weight 
designs obtained for the aircraft nose wheel structure 
illustrate the application of the multilevel approach to 
a relatively large structural system. 

Recent optimization technique contributed a 
lot to the system parameters determination during the 
design process. On the other hand, the engineering 
judgment remains the design tool. The contribution in 
this paper is in the combined effect: application of 
optimization methods including the engineering 
preference and experience. The engineering judgment 
and influence is expressed trout the weighting 
coefficients c in the multicriterion optimization 
functional. 
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