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Numerical solution of weakly singular Volterra integro-differential
equations with change of variables
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Abstract: - We discuss a possibility to construct high order methods on uniform or mildly graded grids for the nu-
merical solution of linear Volterra integro-differential equations with weakly singular or other nonsmooth kernels.
Using an integral equation reformulation of the initial value problem, we apply to it a smoothing transformation so
that the exact solution of the resulting equation does not contain any singularities in its derivatives up to a certain
order. After that the regularized equation is solved by a piecewise polynomial collocation method on a mildly
graded or uniform grid. In particular, a numerical method based on the Haar wavelets can be constructed.

Key—Words: - Weakly singular integro-differential equation, Smoothing, Collocation method, Haar wavelet

1 Introduction
We consider an initial-value problem of the form

t

y(0) = alty(t) + o) + [ Ktolo)ds,

0
tel0,T)], T >0,

y(0) = yo, %o € R=(—00,00). 2

Such problems arise naturally in many mathematical
models of various physical and biological phenomena,
see, e.g. [2, 3]. In what follows, we assume that

a,be C™"(0,T], K € W™ (Ar),

meN={1,2,...}, veR, v< 1.

Here, C™"(0,T], m € N, —co < v < 1, is
defined as the set of all m times continuously differ-
entiable functions v : (0,7] — R such that the esti-
mation

1 if k<1l-—u,
W® @) <ed 14 |logt] if k=1—v, (3)
ti-v=k if k>1-v

holds with a constant ¢ = ¢(u) for all ¢ € (0,7 and
k=0,1,...,m.

Note that C"[0, 7], the set of m times contin-
uously differentiable functions on [0, 7], belongs to
C™¥(0,T] for arbitrary v < 1. On the other hand, a

function uw € C™¥(0,T] (m € N, v < 1) is uniformly
continuous on (0,7 and therefore has a continuous
extension to the closed interval [0, 7]; below such an
extension will be denoted again by w.

The set WY (A7), m € N, —oo < v < 1, with

Ar={(t,s) €R?: 0<t<T,0<s<t}

consists of all m times continuously differentiable
functions K : Ap — R satistying

i J
(8) (2 8) e
1 if v4i<0, “)
¢ 1+|log(t—s) if v+i=0,
(t—s)7 vt if v+i>0,

with a constant ¢ = ¢(K) for all (¢,s) € Ap and all
non-negative integers ¢ and j such that i 4+ 7 < m.

It follows from (4) (withi =57 =0,0 < v < 1)
that the kernel K (¢, s) of equation (1) may possess a
weak singularity as s — t. In the case v < 0, the
kernel K (¢, s) is bounded on Ap, but its derivatives
may be singular as s — ¢. Often the kernel K of
equation (1) has the form K (¢, s) = K, (¢, s), with

K,(t,s) =k(t,s)(t—s)7", 0<v<l,

or

KO(t7 S) = ’%(t7 8) IOg(t - 8)7
where & is a m times continuously differentiable func-
tionon Ar = {(t,s) e R?: 0 <s <t <T}
Clearly, K, € W™ (A7) and Koy € W™ (A7).
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The regularity of the solution of equation (1) can
be characterized by the following lemma.

Lemmal [4] Let a,b € C™Y(0,7], K €
W™V (Ar), m € N, —oo < v < 1. Then the
Cauchy problem {(1),(2)} has a unique solution y €
cmLv=10, 7).

Thus, under the conditions of Lemma 1, the solu-
tion y(¢) of equation (1) and its first derivative /()
are continuous for t € [0, 7] but 3" (t),...,y") (t)
may be singular as ¢ — 0. If one wants to construct
for {(1), (2)} a numerical algorithm possessing a high
order convergence on the whole interval [0, 7], one
has take into account, in some way, the possible sin-
gular behaviour of the exact solution. In collocation
methods this behaviour can be taken into account by
using special graded grids

HN:{tQ,...,tN:0:t0<t1 <...<tN=T}
%)

with the nodes
tj =T(/N), 7=0,...,N. (6)

Here the real number r € [1,00) characterizes the
non-uniformity of the grid IIy. If » = 1 then the grid
points (6) are distributed uniformly; if » > 1, then the
grid points (6) are more densely clustered near the left
endpoint of the interval [0, 7] where the derivatives of
the solution of equation (1) may be singular.

By using a collocation method based on {(5),(6)}
and piecewise polynomials of degree m — 1, one can
reach a convergence of order N~ for sufficiently
large values of r. For instance, in case 0 < v < 1
the convergence behaviour of order N~ is available
forr > m/(1 — v), see [4, 5]. A problem which may
arise with the use of graded grids for large values of r
is that it can sometimes create significant round-off er-
rors in calculations over a long interval of integration,
since a number of these calculations is performed with
a very small step size in the neighbourhood of the left
endpoint of the interval [0, 7.

The purpose of the present paper is to construct
such high order algorithms for the numerical solu-
tion of problem {(1), (2)} which do not need strongly
graded grids. To this end, we first introduce an equiv-
alent integral equation reformulation of {(1),(2)}.
Then we apply to it a smoothing transformation so
that the singularities of the derivatives of the exact so-
lution of the resulting equation will be milder or dis-
appear. After that we solve the transformed equation
by a piecewise polynomial collocation method on a
mildly graded or uniform grid. In particular, a Haar
wavelet solution can be constructed.

Proceedings of the 5th WSEAS Int. Conf. on System Science and Simulation in Engineering, Tenerife, Canary Islands, Spain, December 16-18, 2006

Our approach is based on the ideas of [9, 10, 11,
12] (see also [1, 6, 7, 8]) and the smoothness proper-
ties of the exact solution of problem {(1),(2)} given
by Lemma 1.

2 Piecewise polynomial interpolation

For given integers m > 0 and —1 < n < m — 1,
let S5 )(H ~) be the spline space of piecewise poly-
nomial functions on the grid (5):

S%l)(HN) = {U,: u|[tj71’tj] =l Uj € Ty,

. k k
j:l,...,N; ug )(tj):ug'-&-)l(tj)’

k=0,...,n;j=1,...,N —1}.
Here 7,,, denotes the set of polynomials of degree not

exceeding m and u|[t]._17t].] is the restriction of u to
the subinterval [t;_1,%¢;], j = 1,...,N. Note that

elements of Sf{l)(HN) = {u: ulg; ;) € Tms
j =1,..., N} may have jump discontinuities at the
interior grid points £, ..., tN—1.

In every subinterval [¢;_1,¢;], we introduce m in-

terpolation points ¢;1, . .., tjm:

tik = tj—1 + ety —tj-1),
k=1,....m;57=1,..., N,

where the parameters 7, . . .
and N and satisfy

0<m<...<nm <1 8)

To a given continuous function z : [0,7] — R we
assign a piecewise polynomial interpolation function
Pyz = P](Vm)z € Sﬁn__l{(HN) which interpolates z at
the points (7): (Pnz)(tjx) = 2(tjx). k = 1,...,m;
j =1,...,N. Thus, (Pyz)(t) is independently de-
fined in every subinterval [t;_q,¢;],j =1,..., N, and
may be discontinuous at the interior grid points t = t;,
j =1,...,N — 1. Note that in the case n; = 0,
7m = 1 (see (8)), Pyz is a continuous function on
[0,T].

We introduce also an interpolation operator Py =

)

, Mm do not depend on j

P](Vm) which assigns to every continuous function z :
[0,T7] — R its piecewise polynomial interpolation
function Py z.

Lemma2 [4, 13] Let z € C™"(0,T], m € N,
—00 < v < 1, and let the interpolation nodes (7)
with grid points (6) and parameters (8) be used. Then

max }z(:n) — (Pnz2) ()|

xe[t]‘,ht]‘]
1 ifm<1-—v,
§C(tj—tj,1)m 1+|10gtj\ ifm=1-v,
t;_”_m ifm>1-u,
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where 7 = 1,..., N. Moreover, we have

sup |z(z) — (Pnz)(z)| < ngn,u,r) )
z€[0,T]

Here c is a positive constant which do not depend on
N and

N—™ m<l—v,r>1,
N-"™1+1logN), m=1—-v,r=1,
N—™ m=1—-v,r>1,
glmar) N—r(d-v) m>1—v,
1<r<m/(l1-v),
N—™ m>1—v,
\ r>m/(l—v).
(10)

In what follows, for given Banach spaces E and
F we denote by L(E, F') the Banach space of linear
bounded operators A: E — F with the norm ||A|| =
sup{||Az|| : z € E, ||z|| < 1}. By C(f2) we denote
the set of continuous functions on 2. In particular,
by C|0, T'] we denote the Banach space of continuous
functions z : [0, 7] — R with the norm ||z||cjo,7] =
max{|z(z)| : 0 <z < T}. By c,c1,c2,... we will
denote positive constants which may be different in
different occurrences.

Lemma3 [4] Let S: L*>(0,T) — C[0,T] be a lin-
ear compact operator. Then

]S — PNS||£(L00(O7T)7LOO(O’T)) —0 as N — oo.

3 Smoothing transformation

Following [10], [12], for givenm € Nand1 < d € R,
we denote by ®,,, 4 the set of all transformations of the
form ¢ : [0,7] — [0,7] that map [0, 7] onto [0, T
and satisfy the following conditions:

¢ € C™0,T], (11)
il < ' (z) < czxd_l, 0<z<T, (12)

|cp(j)(x)| <ex?I 0<z<T, 0<j< min{d, m},
(13)
where co > ¢1 > 0 and ¢ > 0 are some constants.
It follows from (11) and (12) that a transformation
¢ € ®,,4 has a continuous inverse ¢~ : [0,7] —
[0,T], o~1(0) = 0. Moreover, we have (see [10])

e(z2)] > colwy — 22| (z{ 7 +2471),

xr1,T2 € [O,T],

lo(z1) —

with a constant ¢p > 0 which is independent of
x1,T2 € [O,T].
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A simplest example of a transformation ¢ € ®,, 4
is given by

p(z)

We are interested in transformations ¢ € ®,, 4 with
d > 1 since they possess a smoothing property for
z(p(x)) with singularities of z(t) at t = 0, see
Lemma 4 below.

=774 0<z<T, deN. (14)

Lemma 4 [10] Assume that:

1)ze C"™"(0, T, meN,veR v<I1;

2) p € @y, 4, where d € N in case d < m and
d € Rincase d > m;

3) u(z) = 2(p(x)), z € [0,T].

Then u € C™"4(0,T] withvg =1 —d(1 —v).

4 Numerical method

First we consider a reformulation of problem
{(1),(2)}. It is based on introducing a new unknown
function

z=1y.
Using v/ = 2, {(1),(2)} may be rewritten as a lin-
ear Volterra integral equation of the second kind with
respect to z:

t s ’ (15)
+fK@:ﬁgd(yh>ds 0,7],
0

where

t
F(#) = b(t) + yoalt +m/Kts@temﬂ
0

(16)
Next we introduce in (15) a change of variables.
The aim of the change of variables is to obtain a new
integral equation whose solution does not involve any
more singularities in its derivatives up to a certain or-
der.
Letp € ®,, 4, m € N, d > 1. Introducing in (15)
the change of variables

t=(z), s=w(p), 7=1(0), z,p,0 €0,T],
we obtain an integral equation of the form
Zcp(x) = fcp

T

+ ] Kolw)([ 5l0)e

)+ ap(@ fzw dp

da)d,u, 0<x<T,
(17)

467



where

fo(z) = fle(z)), 0<z<T,

ap(z) =a(p(z)), 0<z<T,
Ko(w, 1) = K(p(@), ()¢’ (1), 0<p<z<T
and

zo(1) = 2(p(z)) (0<2<T) (18)

is a function which we have to find. Changing the
order of integration in the double integral of (17), we
present (17) in the form

2o = fo + Tpzp, (19)

where

T

(Toza)(a) = [ Lol )z, o € 0.7),

0
(20)
with

LSD(xnu') =

() | Koz, 0)do,
I

ap(2)¢' (1)
(21)
O0<pu<z<T.

Since a,b € C™"(0,T], K € W™Y(Ar), m € N,
v<1, ¢ € ®,, 4, we obtain that K, € C'(Ar) and

| Ky (2, )| = [K(0(x), ()] (1)

1 if v <0,
<e{ 14 |log(x —p)| ifv=0,
(x—p)™" if v >0,

where 0 < p < o < T. Now it follows from (21) and
(20) that L, € C(Ar), T, € L(L*>(0,T),C[0,T])
and

T, : L>*(0,T) — C[0,T)

This together with f, € C[0,T] yields that equa-
tion (19) (equation (17)) has a unique solution z, €
o, T7.

We look for an approximation v = v ., to the
solution z,, of equation (17) in S( %(HN) m, NeN.
We determine

ve SCN ) (m>1) (23)

is compact. (22)

by the collocation method from the following condi-
tions:

o

jk
vj<tjk) :f (]k +a<p ]k f?} ,U
0
tik K
+ [ Ky(tjn, 1) ( [ v(o)¢'(0)do)du,
0 0
kzl, ,m,j:17 7N7

(24)
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where v; = v [t;_1.t;] is the restriction of v to the inter-
val [t;_1,t;], 7 =1,..., N, and the set of collocation
points {t;1} is given by (7).

Having determined the approximation v for z,
we can determine an approximation v = up ., for
y, the solution of the Cauchy problem {(1),(2)}, set-

ting
t
0= [ ot
0

Remark 5 The choice of parameters (8) with n1 =
0, nm = 1 in {(23),(24)} actually implies that the
resulting collocation approximation v belongs to the

0<t<T. (25)

smoother polynomial spline space 57(7?)_1 ().

Remark 6 Conditions (23) and (24) determine a sys-
tem of linear equations whose exact form is specified
by the choice of a basis in the space S( i(HN) (or

in 57(,?)_1(111\7) ifm = 0, ny, = 1). For example,
one can use on each subinterval [tj_i,t;] C [0,T]

(7 =1,...,N) a representation of the form
—ta
v(z) :ZCﬂH (tl—tjk)’ tj1 <x <ty
I=1 k=1

where {t;,} are the points (7) and {c; } are unknown
coefficients. Now the above-mentioned conditions ac-
quire the form of linear equations for the coefficients

{eu}

Theorem 7 Let a,b € C™"(0,T], K € W™"(Ar),
meN, —oo <v <1 Let p € @, q, withd € N
in case d < mand d € R in case d > m. Finally,
assume that the collocation points (7), with grid points
(6) and parameters (8), are used.

Then, for all sufficiently large N € N, say N >
Ny, and every choice of parameters (8) with n; > 0
or Ny < 1, the settings (25) and {(23),(24)} de-
termine unique approximations u € S, (0)(1_[1\/) and

v E S( i(HN) to the solution y ofthe Cauchy prob-
lem {(1) (2)} and its derivative ', respectively. If

in@® m =0, gm = 1, then u € S5 (Iy) and

v E S( ) ’1(IIn). Moreover, for N > Ny the following
error estimates hold:

(m,vq,r)

<

qmax [u(t) —y(t)] < cey ™, (26)
sup |o(p () — ¢/ (1) < = @)
0<t<T

Here vg =1 —d(1 —v), Eg\r,n Y4 s defined by (10)
and c is a positive constant not depending on N.
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Proof: We already know that equation (19) (equation
(17)) has a unique solution z, = (I —T,)"!f, €
C[0,T]. Here I is the identity mapping and (I —
T,)~t € £L(C[0,T),C[0,T)). It follows from [4] that
equation (15) has a unique solution z € C"™"(0,T.
This together with (18) and Lemma 4 yields that z, €
Ccmva(0,T), withvg =1 —d(1 —v).

Further, the conditions (23) and (24) have the op-
erator equation representation

v — PNTQO’U = PNf@, (28)

with T, given by (20), and Py, defined in Section
2. From (22), Lemma 3 and from the boundedness
of (I —T,)~'in L>°(0,T) we obtain that I — PyT),
is invertible in L°°(0,T") for all sufficiently large N,
say N > Np, and the norms of (I — PyT,)"! are
uniformly bounded in IV,

I(I = PnTp) "l ez om),zo00.m)) < ¢ N > No,
(29)
with a constant ¢ which is independent of N. Thus,

equation (28) has a unique solution v € Sf,:i (ITn)
for N > Ng. We have for it and z,, the solution of
equation (19) that

v—zp= (I — PNT,) "(Pn2zy — 2).  (30)
Therefore, by (29),
v — ZsOHLOO(O,T) < c||[Pyzyp — thHLOO(O,T)a (31)

where N > Ny and c is a positive constant not de-
pending on N. Further, we have

v = 24l Leory = sup |v(z) — 24(2)
z€[0,T 32)
= sup |u(p~'(t) —y'(t)l.
te[0,7

Taking into account that z, € C""4(0,T], vg =1 —
d(1—v), and applying Lemma 2, we obtain from (31)
and (32) the estimate (27). Since

u(t) = y(?)]

(e (s) — (s)lds, 0< e <T, O

<

o o

the estimate (26) is a consequence of (27). O

Remark 8 According to (26), in the case m > d(1 —
v), the estimate
t) —y(t)| < eN™™ 34
OrgtaSXTIU() yt) <c (34)
is guaranteed for r > m/d(1 — v). For v close to
1 (v < 1), this condition to v may be too restrictive.
Actually, to obtain the estimate (34), the condition on
r can be considerable relaxed, as shown in the follow-
ing theorem.
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Theorem 9 Let the conditions of Theorem 7 be ful-
filled. Then, with the notation of Theorem 7, we have
the following estimates for N > Ny:

1) if m<2-—vg=1+d(l1—v), then

(m,vg—1,r)
m t)—y(t) < :
OS%XTW( ) —y(t)] < cey )

2) if m>2—uvy, then

max [u(t) —y(t)]

0<t<T
N7 (2-va) for 1 <r<m/(2—wq),
<cq N7™(1+logN) for r=m/(2 — 1),
N—™ for r>m/(2—vq).
(35)

Proof: We consider only the case m > 2 — vy. For
m < 2—v,4 the argument is similar. Using the equality

(I—PNT,) ' =1+(I—PNT,) 'PnT,, N > Ny,
we rewrite the error (30) in the form

v—2o= PNz, — 2,

- (36)
—|—(I — PNTLp) PNTQO(PNZQD — Z@).

Due to continuity of L, (z, ) on Ar, the operator T,
is bounded as an operator from L*(0, T") into C0, T].
An observation shows that

|Pxl z(cro,m,zoe o)) < ¢, N €N (37)
This together with ' = z, ¢ € ®,, 4, (25) and (36)
yields
[u(p(z)) — y(e(z))] = | {[v(ﬂ) = 2o(m)] ' (1) dp
< Jlo(k) = zo(W)l¢' (1) dp

0
T
< C{ |(Pn2p)(s) = 2p(5)|ds,

where 0 < x < T and c is a constant not depending
on N. Then, by Lemma 2,

lu(p(z)) — y(p())|

N t
<cy [ U(Pnzp)(s) = 2,(s)ds
=1 t;_1
N 1
<o Y (= t_g)m Ty e,
=1



where 0 < x < T and the constant ¢; in independent
of N. It follows from (6) that

(tl _ tlfl)m—l—ltll_yd—m

< f]‘v2fz/dT.m+1]\/'fr(271/d)lr(qud)fmfl7
where [ = 1,..., N. Therefore

e lu(t) — y(t)| = max lu(p(x)) — y(p(z))|

N
< CN—T(Q—Vd) Z lr(2—1/d)—m—1’
=1
(38)
with a constant ¢ not depending on N. Furthermore,
for a fixed a € R we have

N Notl if a>-—1,
Zzagc l+logN if a=-1, (39)
=1 1 if a<-1,

with a constant ¢ which is independent of N. Apply-
ing (39) with « = r(2 — vy) — m — 1 to (38) it is easy
to see that the estimate (35) holds. O

5 Concluding remarks

This paper has been concerned with the numerical
solution of linear weakly singular Volterra integro-
differential equations. The solutions of such equa-
tions are typically nonsmooth at the left endpoint of
the interval of integration [0, 7], where their higher
order derivatives become unbounded. If one wants
to construct a high order numerical method for such
equations one has take into account, in some way, the
singular behaviour of the exact solution. It can be
done using polynomial splines on special non-uniform
grids. A problem which may arise with the use of
strongly non-uniform grids is that it can sometimes
create significant round-off errors in calculations. The
approach discussed in this paper allows us to construct
such high order algorithms for solving weakly singu-
lar integro-differential equations which do not need
strongly non-uniform grids. In particular, numerical
schemes of arbitrary high order on the uniform grid
can be constructed.
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