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Abstract: - The paper deals with the analysis of the model of incompressible, viscous, stationary flow through a
plane cascade of profiles. We present a classical as well as weak formulation of the problem and prove the existence
of a weak solution. We consider the Navier–Stokes equation with Bernoulli’s pressure and the corresponding “do
nothing” boundary condition on the outflow.
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1 Introduction

The plane flow through an infinite cascade of profiles
represents one of the most important mathematical
models of real 3D flows through turbines, compres-
sors, pumps and other similar devices. The theory
and numerical methods for such flows are already rel-
atively deeply elaborated. In this context, the potential
theory and methods of analysis of functions of com-
plex variable were extensively used by E. Meister [15]
and M. Feistauer [2]. The well–known Martensen’s
method, see e.g. [14] and [16], applies results from
the theory of integral equations to the solution of an
inviscid, irrotational and incompressible flow through
a plane cascade of profiles.

The modelling of viscous incompressible flows
through a 2D cascade represents a complicated theo-
retical problem especially due to the variety of bound-
ary conditions. While the boundary conditions on the
inflow and on a profile are of the Dirichlet type, the
reduction of the problem to one space period leads to a
condition of a space–periodicity on another part of the
boundary and finally, a different boundary condition
is reasonable on the outflow. From the point of the
situation on the outlet, the flow through a cascade has
similar features as a flow through a channel. J. Hey-
wood, R. Rannacher and S. Turek [7] explicitly did not
involve any boundary condition on the outflow into the
weak formulation and by means of a backward inte-
gration by parts have shown that this induces the so
called “do nothing” boundary condition

� �
��������
	 ����
��

(1)

Here
�����������������

is the velocity,	 is the kinematic
pressure and� denotes the outer normal to the bound-
ary. However, this approach causes difficulties in
attempts to prove the existence of a weak solution
because condition (1) does not exclude a backward
flow on the assumed outlet and the backward flow can
eventually bring back to the channel a non–controlable
amount of kinetic energy. Thus, the energy estimate
breaks down. This problem can be avoided by appro-
priate tricks: S. Krǎcmar and J. Neustupa in [8] and [9]
prescribed an additional boundary condition which re-
stricted the kinetic energy brought back on the outflow
and they have therefore described and solved the prob-
lem by means of variational inequalities of the Navier–
Stokes type. P. Kǔcera and Z. Skalák solved the prob-
lem for “small” data, see [11], [10]. In our previous
paper [3], we have subtracted the term�� ����� �!�#"$�
(where the superscript� denotes the negative part)
from the left–hand side of (1) and we obtained the
boundary condition

� �
������ �%	 � �'&(

���)���!� " �*��+,�
(2)

This condition also enables us to restrict the kinetic
energy broughtback by the backward flow on the outlet
and consequently, to derive the energy estimate and to
prove the existence of a weak solution.

In this paper, we present a different approach. We
study the steady problem and use the notation

- ���,�.� �/� ��/0 � �
��� ���0 � (3)

1 � 	2� 3 � 3 �( (4)
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where- ���4� is thevorticity of theflow and 1 is theso
calledBernoulli pressure.We write the 2D Navier–
Stokessystemin theform� - ���,�5�6�7� � � 1��0 �8� �/9 �$� �;: ��� (5)- ���,�5� � � � � 1��0 � � �/9 � � �;: � � (6)

If we furtherdenote< �=� : � � : � � and�?>=�@� � � � ��� � �A� (7)

wecanwrite thesystem(5), (6)asonevectorequation:- ���4�B� > � �DC 1 � �/9 � � < � (8)

Thisequationwill alwaysbeaccompaniedby thecon-
dition of incompressibilityE/FHG �I�KJL�

(9)

Figure1: Domain M

NPO NRQ
ST� UV�

S8W UXW

NZY NP[
N " \

The geometricconfigurationof the flow field is ap-
parentfrom Fig. 1. Our basicdomain,which in fact
representsonespatialperiodof the flow field in the
profile cascade,is denotedby M . Theboundarycon-
dition usedon the inflow

NPO
is a non–homogeneous

Dirichlet condition � 3 ]_^ ��`a�
(10)

where
`

representsthe known distribution of the ve-
locity. Theboundaryconditionusedon theprofile

NP[
is theusualno–slipcondition� 3 ]_b ��
$�

(11)

Furthermore,weconsidertheconditionsof periodicity�D��0 � ��0 � �dc �.� �D��0 � ��0 � �
(12)������ ��0 � ��0 � �dc �.� � ������ ��0 � ��0 � �
(13)1 ��0 � ��0 � �dc �.� 1 ��0 � ��0 � � (14)

for egf ��0 � ��0 � �
on theartificial boundary

N " . (The
points

��0 � ��0 � �)c � , for
��0 � ��0 � �?h N " , form thecurveNZY

.) Theconditionusedon theoutflow
NRQ

will natu-
rally arisesimilarly asthe “do nothing” (1) from the
weakformulationwhichwill begivenin thenext sec-
tion. However, we cannotethat if theweaksolution�

is “smoothenough”thenit will satisfy� � ������ � 1 ���i+
(15)

on
N Q

. By analogywith [3], it canbe shown that a
classical(respectively strong)solutionof theproblem
(8)–(14),extendedperiodicallyin thedirection

0 �
with

theperiod c , is a classical(respectively strong)solu-
tion in theinfinite andunbounded(in thedirectionof0 �

) cascadeof profiles.

2 Weak formulation

We shall usethe following functionspacesandnota-
tion.� �_�j�k�l�_W

is thescalarproductof scalar–valued(respec-
tively vector–valued, respectively tensor–valued)
functionsin m � � M � (respectively in m � � M � � , respec-
tively in m � � M �on ).�ip � � M � is the usualSobolev spacewith the scalar
product ������qr�#�s�utLvw����q � C �x� C qr� E e �

�ip � � M � � � p � � M �Xy p � � M � , the spaceof vector
functionswith thescalarproduct���D�{z�� � � �| O~} � ��� O ��q O � �
where

�d�=�������������
,
z%�=��qB�j�������4h p � � M � � .��� ����z�h����s� M � �P� z���
��Z� NPOr�sNP[ �zw��0 � ��0 � �;c �a��zw��0 � ��0 � �6�2��0 � ��0 � �?h N "�� ,�u� ����z�h � � E/FHG z���J F � M � ,�u� is theclosureof � in p � � M � � ,��� is theclosureof � in p � � M � � .

By the sameprocedureas in the proof of Theorem
6.6.4in [12], we canshow that� ����z�h p � � M � � � z���


in
N O �sN [ �zw��0 � ��0 � ��c ����za��0 � ��0 � �
for

��0 � ��0 � �4h N "�� �
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The identitieson
NPO

,
NP[

and
N " areinterpretedin the

senseof traces. Similarly as in [4], pages142–143,
we canprove that� ����z�h � � E�FHG z���JD�L���R� F � M � �
In thespace� , weshallusethenorm

3 3 3 � 3 3 3
inducedby

thescalarproduct���D�{z����)�=� C �!� C z��_W��
(16)

It canbeshown that thenorm
3 3 3 � 3 3 3

is equivalentwith
thenorm � � � � in � .

In ordertoderiveformallytheweakformulationof
theproblem(8)–(14),we multiply equation(8) by an
arbitrarytestfunction

z��=��q � ��q � �?h � , integrateoverM andapply Green’s theoremandusethe boundary
conditionsandthe periodicity (10)–(14). We finally
arrive at theequation  ���¡�{z��x�@� < �{z�� W �;¢ �£+4�{z¤�A� (17)

where   �����!�{z��¥� � C �¡� C z�� W �  � ���¡�{z��{¦§�¥� tLv - ���,�Bz > ��¦ E e �  ���!�{z��¥�   � ���!�{z�� �   � ���!�{�!�{z��A�¢ �£+4�{z��¥� � t ]o¨ +���z E�© �
All theseforms aredefinedfor

�
,
z

,
¦.h p � � M � � ,< h m � � M � � and

+;h m � � N Q � � .
Now theweakproblemreadsasfollows:

Definition 1 Let thefunction
`�h p
ª � NPO � � (for some« h�� �� � &­¬ ) satisfythecondition ® ��ST�A�w� ® ��S W � . (Re-

call that
SDW

and
S �

are the end points of
NPO

.) Let< h m � � M � � and
+gh m � � NRQ � � . Theweaksolution of

theproblem(8)–(14)is a vectorfunction
�¯h p � � M � �

which satisfiesthe identity (17) for all test functionsz�h � , the conditionof incompressibility (9) a.e. inM , theboundaryconditions(10), (11) in thesenseof
traceson

NPO
and

NP[
and the conditionof periodicity

(12) in thesenseof traceson
N " and

N Y
.

Thepressureterm 1 doesnot explicitly appearin the
definitionof theweaksolution,however, asit is usual
in thetheoryof theNavier–Stokesequations,it canbe
definedonthelevel of distributionsor it canberecov-
eredasafunctionfrom p � � M � , if theweaksolutionis
sufficiently regular.

We shall further needa suitableextensionof the
givenfunction

`
from

NPO
ontothewholedomain M in

theweakformulationaswell asin theproof of exis-
tenceof theweaksolution.In thefirststep,weprolong`

ontothewholeboundary
� M . Thepossibilityof such

aprolongationis guaranteedby thenext lemma.

Lemma 2 There exists an extensionof function
`

from
NPO

onto
� M (weshall denotetheextensionagain

by
`

) such that it belongsto p �o°�� �£� M � � andtL± v `s�³² E�© ��JL�
(18)

Moreover, there existsa constant́
�¶µ J

independent
of
`

such that � ` � �o°��­· ± v¹¸ ´ � � ` � ª · ]_^ � (19)

Theproof canbefoundin [3]. Thenormsin (19) are
thenormsin theSobolev–Slobodetskispacesp ª � NPO � �
and p �o°�� �£� M � � . Thenext lemma,which is alsotaken
from [3], shows that

`
canbeextendedfrom

� M to M .

Lemma 3 A function
`ºh p �o°�� �£� M � � which satisfies

(18)canbeextendedto a functioǹ
a»§h p � � M � � such

that `a» 3 ± v � `
(in thesenseof traces)

�
(20)E�FHG `�» � J F � M � (21)� `a» � � ¸ ´ � �#®w� �o°��­· ± v (22)

where theconstant́
�Xµ J

is independentof
`

.

Now weshallconstructtheweaksolution
�

in the
form

�¼�I` » �g½ where ½ h � is a new unknown
function. This form of

�
guaranteesthat

�
satisfies

theequation(9) andtheboundaryandperiodicitycon-
ditions (10)–(12). Substituting

���=` » �¾½ into the
equation(17), we get the following problem: Find a
function ½ h � suchthatit satisfiestheequation  �¿` » ��½ �{z��À�Á� < �{zk� W �;¢ �£+4�{zk� (23)

for all
z�h � .

3 Estimatesof the form ÂXÃAÄdÅ Æ2Ç
Thenext two lemmaswill give a sufficient condition
for coercivity of theform   .

Lemma 4 There exist positive constantśÉÈ and ´ n
such that  �¿` » ��½ � ½ �ËÊ 3 3 3 ½ 3 3 3 Ì � 3 3 3 ½ 3 3 3 � � ´ � ´ � � ` � ª · ]�^� ´ÉÈ,� ` � � ª · ]�^ � ´ n � ` � ª · ]_^ 3 3 3 ½ 3 3 3 Í (24)

for all ½ h � .
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Proof. Using the definitionsof the forms   ,   � and  � , we find that  �¿` » ��½ � ½ �a�   �³� ½ � ½ � �   ���¿` » � ½ � �   �Z�¿` » �_` » � ½ ��   �R�¿` » � ½ � ½ � �   �R� ½ �_` » � ½ � �   �R� ½ � ½ � ½ �A�
Since ½ > � ½ ��J

in M , the terms   � �¿` » � ½ � ½ � and  � � ½ � ½ � ½ � vanish.Hence,  �¿` » �;½ � ½ �sÊ   �³� ½ � ½ � � 3   �³�¿` » � ½ � 3� 3   �Z�¿` » �_` » � ½ � 3 � 3   �Z� ½ �_` » � ½ � 3 � (25)

Weobviously have  � � ½ � ½ �x� � � C ½ � C ½ �_W�Ê � 3 3 3 ½ 3 3 3 � � (26)

Letusfurtherestimatethetermsontheright-handside
of (25). If we usethe Cauchyinequality, thecontin-
uousimbeddingof p � � M � into m nZ� M � , Green’s theo-
remandthetheoremontraces,wesuccessively obtain3   � �¿`a»$� ½ � 3 � � � C `a»$� C ½ �_W¸ � � ` » � � 3 3 3 ½ 3 3 3 � (27)3   �Z�¿` » �_` » � ½ � 3 �ÏÎÎÎÎ tLv - �¿` » �Z` » > � ½ E e ÎÎÎÎ¸ � - �¿` » � � W � ` » �#ÐBÑ?� ½ �#Ð5Ñ¸ ´ÉÒ,� `a» � � � 3 3 3 ½ 3 3 3 � (28)3   �Z� ½ �_` » � ½ � 3 �ÏÎÎÎÎ t v - � ½ �Z` » > � ½ E e ÎÎÎÎ¸ � - � ½ � � W � `a» �#Ð Ñ � ½ �#Ð Ñ¸ ´ÉÓ 3 3 3 ½ 3 3 3 � � ` » � � � (29)

Substituting(26)–(29)into (25) andusing(19), (22),
we get  �¿` » �;½ � ½ �sÊ � 3 3 3 ½ 3 3 3 � � � � ` » � � 3 3 3 ½ 3 3 3� ´ÉÒ?� `a» � � � 3 3 3 ½ 3 3 3 � ´ÉÓ,� `a» � � 3 3 3 ½ 3 3 3 �Ê 3 3 3 ½ 3 3 3 Ì � 3 3 3 ½ 3 3 3 � � ´ � ´ � � ` � ª · ]�^ � ´ÉÒ�´ � � ´ �� � ` � � ª · ]�^� ´ÉÓÔ´ � ´ � � ` � ª · ]�^ 3 3 3 ½ 3 3 3 Í � (30)

Thiscompletestheproof. ÕÖ
Lemma 5 Thereexists × µ J

such that if� ` � ª · ]�^ÙØ × � (31)

thenthe form   �¿`a» ��½ � ½ � is coercive on the space� . It meansthatÚ F~ÛÜ Ü Ü ½ Ü Ü Ü Ý Y �   �¿`�» ��½ � ½ �Ù� ��Þ �
(32)

Proof. Lemma4 impliesthatit is sufficient to choose× � ��ß ´ n . ÕÖ

4 Construction of approximations

Theexistenceof aweaksolutionwill beprovenby the
Galerkinmethod.

The space � is a separableHilbert space. By
analogywith [2] or [17], we shallusea basis

��à O � �O~} �
in � which consistsof elementsfrom � andwhich is
orthonormalwith respectto thescalarproduct

�_�j���l���
.

For any á h§â
we set�/ã¾ä �uå¡��à � �{à � �$�j�j���{à ã � �

i.e. the linear hull of the functions
à �

,
à �

,
�j�j�

,
à ã .

Theapproximatesolutionof problem(23)will becon-
structedasanelementof �/ã :

½ ã � ã|æ } ��ç æ à æ � (33)

If we set ç �=� ç � �j�j�j��� ç ã � and3 ç 3 �éè ã|æ } �?ç �æ³ê �o°�� �
then3 3 3 ½ ã 3 3 3 � è ã|æ³ë ì } ��ç æ ç ì ��à æ �{à ì ��� ê �o°�� � 3 ç 3 � (34)

Theapproximatesolution ½ ã cannow besearchedfor
asanelementof �/ã whichsatisfies  �¿` » �;½ ã �{z��À�@� < �{z��_W �;¢ �£+4�{z�� (35)

for all
z�h �/ã . Theproblem(35) is equivalentto the

system  �¿` » ��½ ã �{à æ �À�Á� < �{à æ � W �;¢ �£+4�{à æ � (36)

for í � & � ( �j�j�j�³� á . Expressingtheform   by means
of   � and   � , (36)canberewritten in theform  ���¿` » ��½ ã �{à æ � �   �R�¿` » ��½ ã �_` » ��½ ã �{à æ �� � < �{à æ �_W �;¢ �£+4�{à æ � (37)

for í � & � ( �j�j�j�î� á . Substituting(33) into (37), we
obtain  � �¿`a»��{à æ � � ã| ì } �$ç ì   � ��à ì �{à æ � �   � �¿`a»��_`a»��{à æ �

� ã| ì } �$ç ì5ï   � �¿`a»$�{à ì �{à æ � �   � ��à ì �_`�»k�{à æ � ¬
� ã|ì~ë ð } �Zç ì ç ð   � ��à ì �{à ð �{à æ � � � < �{à æ �_W� ¢ �£+4�{à æ �Ù�KJ

(38)
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for í � & � ( �j�j�j�î� á . This is a systemof á quadratic
equationsfor theunknowns ç � , ç � , �j�j� , ç ã . If we de-
noteby

S æ � ç � theleft–handsideof the í –thequation
andset S�� ç �À�@��S � � ç �A�$�j�j����S ã � ç ���A� (39)

thesystem(38)canbewrittenasoneequationS2� ç �À�uñ
(40)

in ò ã . (
ñ

denotesthezeroelementof ò ã .) We shall
furtherusethenext lemma.

Lemma 6 Let
S

bea continuousmappingof ò ã intoò ã . If there exists ó µ J
such thatS2� ç ��� ç Ê�J

(41)

for all ç h ò ã in the sphere with the radius ó , then
theequation S2� ç �À�uñ

(42)

hasat leastonesolution ç h ò ã such that
3 ç 3 ¸ ó .

Theproof of the lemmacanbe found in [2] (Lemma
4.1.53)or in [17] (LemmaII.1.4).

Obviously, ourmapping
S

, definedby (39),maps
continuously ò ã into ò ã . Using Lemma4 and the
theoremon traces,we can successively expressand
estimatethescalarproduct

S2� ç ��� ç in thisway:S2� ç �¤� ç � ã|æ } � S æ � ç � ç æ � ã|æ } � ç æ   � �¿`a»$�{à æ �
� ã|æ³ë ì } � ç æ ç ì   � ��à ì �{à æ � � ã| æ } � ç æ   � �¿`�»$�_`a»��{à æ �
� ã|æ³ë ì } �Zç æ ç ì5ï   � �¿` » �{à ì �{à æ � �   � ��à ì �_` » �{à æ � ¬
� ã|æ³ë ìHë ð } � ç æ ç ì ç ð   � ��à ì �{à ð �{à æ �
� ã| æ } �5ç æ ��ôZ�{à æ �_W � ã|æ } � ç æ ¢ �£õ��{à æ ��   � �¿` » � ½ ã � �   � � ½ ã � ½ ã � �   � �¿` » �_` » � ½ ã ��   � � ½ ã �_`a»�� ½ ã � � � < � ½ ã �_W � ¢ �£+ö� ½ ã ��   �¿` » ��½ ã � ½ ã � � � < � ½ ã � W � ¢ �£+4� ½ ã �Ê 3 3 3 ½ ã 3 3 3 Ì � 3 3 3 ½ ã 3 3 3 � � ´ � ´ � � ` � ª · ]�^� ´ È � ` � � ª · ]_^ � ´ n � ` � ª · ]�^�3 3 3 ½ ã 3 3 3 Í� ´j÷?�­<8� W 3 3 3 ½ ã 3 3 3 � ´Éø,� + � W · ] ¨ 3 3 3 ½ ã 3 3 3 � (43)

Now, if
`

is so small that it satisfies(31) with × ���ß ´ n , thenthe right handsideof (43) is greaterthan
or equalto zerofor sufficiently large

3 ç 3 , namely, for3 ç 3 � ó W , whereó W�� ù � ´ � ´ � � ` � ª · ]_^ � ´ÉÈ,� ` � � ª · ]�^ � ´j÷?�­<8� �W� ´­ø,� + � W · ] ¨Aú¶û ù � � ´ n � ` � ª · ]�^ ú � (44)

Lemma6 implies that equation(42) hasat leastone
solution ç with

3 ç 3 ¸ ó W . The function ½ ã given by
(33)is thesoughtapproximatesolutionof theproblem
(23). Dueto (34), 3 3 3 ½ ã 3 3 3 ¸ ó WP� (45)

Thus,we have proventhefollowing lemma.

Lemma 7 Letusassumethat
`

is sosmallthat it sat-
isfies (31) with × � ��ß ´ n . Let á hüâ

. Then the
problem(35) hasa solution ½ ã h �/ã satisfyingthe
estimate(45).

We shall furtheralwaysassumethat × � ��ß ´ n and
`

satisfies(31).

5 Convergenceof approximate
solutions

Sincethespace� is reflexive, theboundednessof the
sequence

� ½ ã � impliesthatthereexistsasubsequence
(for thesakeof simplicity denotedagainby

� ½ ã � ) and
anelement½ h � suchthat½ ãg��ý ½ weaklyin � � (46)

Thenormin � is equivalentto thenormof thespacep � � M � � , hence½ ãg��ý ½ weaklyin p � � M � � � (47)

Thespacep � � M � � is compactlyimbeddedintom�þ � M � � for every 1 Ê & . This impliesthat½ ãg��ý ½ stronglyin m þ � M � � (48)

for every 1 Ê & .
6 The limit transition

Theequation(35)canbewritten in theform  �³�¿` » �{zk� �   �³� ½ ã �{zk� �   �R�¿` » �_` » �{z���   � � ½ ã �_` » �{z�� �   � �¿` » � ½ ã �{z���   � � ½ ã � ½ ã �{z��À�Á� < �{z��_W �;¢ �£+4�{zk�A� (49)
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Let
z�h � ð for fixed ÿ h�â

. Then
z

is infinitely dif-
ferentiablein M . Further, let á h�â

, á Ê ÿ . Weshall
write ½ ã �'��� ã � ��� ã � � , ½ �'��� � ��� � �

,
`a»�� ������ ������ �

az��=��q � ��q � �
. By (47),we have  �³� ½ ã �{z�� ��ý   �³� ½ �{z��A� (50)

Further, in view of (47),we get  � � ½ ã �_` » �{z�� �   � � ½ �_` » �{z���ut v - � ½ ãT� ½ �Z` » > ��z E e �Ôý JL�
(51)

Thenext termsatisfies  � �¿` » � ½ ã �{z�� �   � �¿` » � ½ �{z��� tBv - �¿` » �Ô� ½ >ã � ½ > �¤��z E e �6ý J
(52)

dueto the strongconvergenceof the sequence
� ½ ã �

to ½ in m � � M � � , see(48). Thepossibilityof the limit
transitionin the term   � � ½ ã � ½ ã �{z�� canbe proven as
follows:3   � � ½ ã � ½ ã �{zk� �   � � ½ � ½ �{z�� 3¸ 3   � � ½ ã � ½ ã �{zk� �   � � ½ ã � ½ �{z�� 3� 3   � � ½ ã � ½ �{zk� �   � � ½ � ½ �{z�� 3� ÎÎÎÎ t v - � ½ ã �Ô� ½ >ã � ½ > �k�³z E e ÎÎÎÎ� ÎÎÎÎ tLv - � ½ ãT� ½ � ½ > ��z E e ÎÎÎÎ¸ ´
	,� ½ ã � � � ½ ãV� ½ �#Ð5Ñ,� z �#ÐBÑ� ÎÎÎÎ t v - � ½ ãT� ½ � ½ > ��z E e ÎÎÎÎ
wheré
	 is aconstantindependentof á . Thefirst term
on theright–handsidetendsto zeroas á ý ��Þ due
to thestrongconvergenceof thesequence

� ½ ã � to ½
in m�þ � M � � , see(48). Thesecondtermtendsto zeroforá ý �TÞ dueto theweakconvergenceof

� ½ ã � to ½
in p � � M � � , see(47). Thus,  � � ½ ã � ½ ã �{z�� �6ý   � � ½ � ½ �{z��A� (53)

Thelimits in (50)–(53)finally imply thepossibil-
ity of thelimit transitionin (49),whichmeansthatthe
limit function ½ satisfies(23) for all

z�h � ð . Since
the naturalnumber ÿ waschosenarbitrarily, (23) is
satisfiedfor all

z�h � Y �ð } � � ð . This unionis densein� (becauseit obviously containsall elementsof the
basis

à �
,
à �

,
�j�j�

) andeachtermin (23) dependscon-
tinuouslyon

z
in thenorm of � . This consideration

enablesus to concludethat (23) holdsfor all
z¯h � .

Consequently, the function
�

definedby the identity� � `a» ��½ is a weaksolutionof the problemde-
fined in Definition 1. This resultis formulatedasthe
following theorem.

Theorem 8 (on the existenceof a weak solution)
Let thenorm � ` � ª · ]_^ satisfy(31)with × � ��ß ´ n . Then
there exists a weak solution

�
of the cascadeflow

problemdefinedin Definition1.

7 Conclusion

As we have alreadymentionedin Section1, if the
weaksolution

�
givenby Theorem8 is “smooth”,we

can integrateback by parts from (31). We can use
the Helmholtzdecompositionof m � � M � � into the di-
rect sumof two closedorthogonalsubspaces,oneof
thembeingthespaceof solenoidalfunctionswith the
normalcomponentequalto zeroon theboundary(in
thesenseof traces)andthesecondof thembeingthe
spaceof functionsof thetype C�� . Thus,we arrive at
the existenceof a function 1 which satisfies(15) on
theoutflow

NRQ
. The original pressure	 is thengiven

by (4). Thequestionup to which rateis theboundary
condition(15)physicallyrelevant,canonly bejudged
from thecomparisonof numericalresultswith exper-
imentally obtaineddata. However, the form (8) of
theNavier–Stokesequationis veryadvantageousfrom
theanalyticpoint of view, becausethenonlinearterm- ���,�B� > is pointwiseperpendicularto thevelocity

�
.

Thus,if we testtheequation(8) by
�

(i.e. we multi-
ply it by

�
), thenonlineartermdisappearspointwise

andit is not necessaryto simplify it or even remove
it by meansof the integrationby parts. This enables
to derivesimplythenecessaryestimateswithoutusing
artificial additionaltermslike e.g.

�� �������¡�#"��
in (2).

In themonographs[6], [13], [17] and[2], theex-
istenceof aweaksolutionof theboundaryvalueprob-
lemfor theNavier–Stokesequationsin aboundeddo-
main M with theDirichlet boundarycondition� ÎÎÎ ± v � `��

(54)

prescribedon the whole boundary
� M is established

under the assumptionthat
`ih p �o°�� �£� M � æ (whereí � (

or í ��

) andundertheassumptionthatt ] `s��� E6© �KJ

(55)

for eachcomponent
N

of the boundary
� M . In this

case,it is not necessaryto assumethe smallnessof
the function

`
in a suitablenorm,becausetheexten-

sion
`a»

of
`

into M can be constructedso that the
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norm � ` » � � is arbitrarily small. The generalprob-
lem,whentheboundaryof M hasseveralcomponents,
theDirichlet boundarycondition(54) is prescribedon� M andthefunction ® satisfiestheconditiont ± vD` ��� E�© �KJ

(56)

in the whole, but the integrals of
`d�L�

over the in-
dividual componentsof theboundaryarenonzero,is
solved in [5]. However, in this case,theproof of the
existenceof a weaksolutionrequirestheassumption
thattheflowsbetweenthedifferentcomponentsof

� M
aresufficiently small. Thequestionof existenceof a
solutionwithout this assumptionon smallnessrepre-
sentsa challengingopenproblem. Our problemhas
a similar character, the role of different components
of the boundarywith a “big” possibleflow between
themnow play

NPO
and

NRQ
. Thus,we have proved the

existenceof a weaksolutionunderthe restrictive as-
sumption(31).
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