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Abstract: - Scale-invariant forms of conservation equations in reactive fields are discussed. The modified forms 
of the conservation equations at eddy-dynamic, and cluster-dynamic scales are then solved to describe the hydro-
thermo-diffusive structure of laminar counterflow premixed flames. The predicted temperature profiles as well as 
the flame thermal thicknesses are found to be in good agreement with the measurements made on lean methane-
air premixed flames stabilized on a stagnation-point burner at different stretch rates reported in a previous study. 
The error-function type geometry of the predicted temperature profile is also in accordance with the modified 
hydro-thermo-diffusive theory of laminar flames introduced earlier. 
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1 Introduction 
The universality of turbulent phenomena from 
stochastic quantum fields to classical hydrodynamic 
fields resulted in recent introduction of a scale-
invariant model of statistical mechanics and its 
application to the field of thermodynamics [4].  In the 
classical kinetic theory of gas by Maxwell and 
Boltzmann, particles are treated as point-mass 
singularities without any spatial extent.  However, it 
is known that in reality molecules and atoms are not 
point-mass singularities but rather finite-size stable 
composite structures made of many smaller more 
elementary particles. Therefore, the fact that the 
classical approach of assuming point-mass entities 
has been successful in the description of molecular 
dynamics suggests that this same approach could be 
generalized to macroscopic scales. 
 Following such guidelines, a scale-invariant 
model of statistical mechanics for equilibrium fields 
of eddy-, cluster-, molecular-, atomic-dynamics 
corresponding to the scales β =  e, c, m, a, 
schematically shown in Fig.1  was introduced [4] and 
applied to the derivation of the invariant forms of 
conservation equations [5] and the introduction of a 
modified hydro-thermo-diffusive theory of laminar 
flame [6].  In the present study, the invariant forms of 
the conservation equations are employed to 
investigate the hydro-thermo-diffusive structure of 
laminar counterflow premixed flames.  
 
 
 

 
 
The predicted  temperature  and  velocity  profiles  as 
well as the laminar flame thickness are shown to be 
in accordance with the experimental measurements. 
 

2 Scale-Invariant Forms of the 
Conservation Equations for Reactive 
Fields 
Following the classical methods [1-3], the invariant 
definitions of the density ρβ, and the velocity of atom 
uβ, element vβ, and system wβ at the scale β are given 
as [4]  
 
ρ n m m f duβ β β β β β= = ∫

 
, uβ = vβ−1 (1) 

 
1m f d−

β β β β β β= ρ ∫v u u
 

, wβ =vβ+1 (2) 
 
Also, the invariant definitions of the peculiar and 
the diffusion velocities are given as [4] 
 

β β β′ = −V u v     ,      1β β β β′= − =V v w V +  (3) 
 
    Next, following the classical methods [1-3], the 
scale-invariant forms of mass, thermal energy, and 
linear momentum conservation equations at scale β 
are given as [5, 6] 
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Fig.1 Hierarchy of statistical fields for 
equilibrium eddy-, cluster-, and molecular-
dynamic scales and the associated laminar flow 
fields. 
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involving the volumetric density of thermal energy 

 and linear momentum .  Also, ρ hβ βε = ρβ β=p

βΩ  is the chemical reaction rate and hβ is the 
absolute enthalpy. 
    The local velocity  in (4)-(6) is expressed in 

terms of the convective  and the diffusive 
βv

βw βV  
velocities [5]  
 
 

gβ β= +v w Vβ )β

β

β

 ,     (7a) g D ln(β β= − ρV ∇
 

tgβ β β= +v w V  ,     (7b) tg ln( )β β= −α εV ∇
 

hgβ β β= +v w V  ,     (7c) hg ln( )β β= −νV p∇
 
 

where (Vβg, Vβtg, Vβhg) are respectively the diffusive, 

the thermo-diffusive, the linear hydro-diffusive 
velocities. 
 Substitutions from (7a)-(7c) into (4)-(6), 
neglecting cross-diffusion terms and assuming 
constant transport coefficients with , 
result in [5, 6]  

Sc Pr 1β β= =

 

2D
t
β

β β β β β

∂ρ
ρ − ∇ ρ = Ω

∂
+ w .∇  (8) 

 

2
p

T
T T h /( c

t
β )β β β β β β β β

∂
− α ∇ = − Ω ρ

∂
+ w .∇   (9) 

 

2 /
t
β

β β β β β β β

∂
− ν ∇ = − Ω ρ

∂
v

+ w v v v .∇  (10) 
 

An important feature of the modified equation of 
motion (10) is that it involves a convective velocity 

βw that is different from the local fluid velocity βv .  
 

4 Symmetric Counterflow Laminar 
Premixed Flames 
 The importance of combustion in stagnation-
point or counterflow burning configurations to the 
modeling of strained flamelets in turbulent 
combustion is well recognized [3, 7-21].  Therefore, 
the objective of the present study is to understand 
the structure of two identical laminar premixed 
flames in axi-symmetric counterflow as shown in 
Fig.2. 
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Fig.2  Schematic drawing of axi-symmetric 
counterflow premixed flames. 
 
 

For cylindrically symmetric counterflows, the 
steady forms of (8)-(10) under the assumption 

( ,  y) / r 0′∂ θ ∂ ≈  become [6, 22] 
 

2
( 1)

z 2

dy d yw D ye (
dz dz

β θ−
fz )′ ′= − Λ δ

′ ′
 (11) 

 
 

2
( 1)

z 2

d dw ye
dz dz

β θ−θ θ
f(z )′ ′= α + Λ δ

′ ′
 (12) 

 
 

2
( 1)

r z 2

v v vw w v ye (z
r z z

β θ−∂ ∂ ∂
f )′ ′ ′+ = ν + Λ δ

′ ′ ′∂ ∂ ∂
 (13) 

 
 

The velocities w and v are respectively the 
convective and the local velocity and (z ,  r )′ ′ are the 
axial and the radial coordinates.  The following 
dimensionless parameters have been defined  
 

θ = (T - Tu)/(Tb - Tu) , y = YF/YFu,  
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ρ = ρFu = ρYFu     ,   Λ ≡ (νFWFB/ρ) e− β/χ   (14) 
 

The adiabatic flame temperature Tb, the Zeldovich 
number β, and the coefficient of thermal 
expansion χ are 
 

Tb = Tu + QYFu/νFWFcp 
 

β = E(Tb - Tu)/RTb2      ,     χ = (Tb - Tu)/Tb (15) 
 

and one assumes that  β >>1.  Also, unity Prandtl Pr 
= ν/α, Schmidt Sc = ν/D, and Lewis Le = α/D  
numbers are assumed, such that θ,  y, and v fields 
will be similar under identical boundary conditions.  
 
5 Solution of the Modified Equation of 
Motion for Axi-symmetric Stagnation-
point and Counterflow 
The solution of the modified equation of motion for 
the classical problems of laminar axi-symmetric 
stagnation-point flow and counterflow jets were 
discussed in a previous study [22].  It was shown that 
the solution within a thin boundary layer next to the 
wall should be determined at LCD scale with the 
relevant lengths (lc = 10−7, λc = 10−5, Lc = 10−3) m.  
The convective velocity field  outside of 
the boundary layer is expressed as 

rc zc(w , w )′ ′

 

rc cw′ = Γ r′ z′    ,      (16) zc cw 2′ = − Γ

involving the velocity gradient Γc = Γ/ π  with Γ  
defined in (23). The subscript (c) refers to the 
laminar cluster-dynamic (LCD) scale β = c and the 
relevant kinematic viscosity for this scale is νc = 
lcuc/3 = λmvm/3 [5]. Under the additional boundary 
layer assumption rc rcv / r v / z′ ′∂ ∂ ∂ ∂ , and with 
introduction of the dimensionless velocities 
 

zc zc c c( ( ′ ′ ′ ν Γrc zc rc zcv v w v v w, , ) = , , )/  (17) 
 

and coordinates 
 

c cr /′ξ = δ   ,   c cz /′ζ = δ   ,  c c / cδ = ν Γ  (18) 
 
 

the solution of the steady form of (4) and the r-
component of (10) in the absence of chemical 
reactions Ω = 0 can be expressed in terms of the 
stream function [22] 
 

 

 

c2
c c 0

erf (y)dy
ς

Ψ = −ξ ∫  (19) 
 

that leads to the velocity components 
 

c
rc c c

c c

1v erf ( )∂Ψ
= − = ξ

ξ ∂ς
ς  (20) 

 

 

 

cc
zc 0

c c

1v 2 er
ς

f (y)dy∂Ψ
= = −

ξ ∂ξ ∫  (21) 

 

The velocity profiles calculated from (20) and (21) 
are shown in Fig.3 for the range 

c0 2< ζ < . 
 
 

         2 4 6 8
ζc

0.2

0.4

0.6

0.8

1
−vz

vr

 
 

Fig.3 Laminar axi-symmetric stagnation-point 
flow inside and outside of the boundary layer [22]. 
 
 The flow field outside of the thin boundary 
layer must be determined at the next larger scale of 
LED with the relevant “atomic”, element, and system 
velocities (ue, ve, we) and the associated length scales 

. The convective 
velocity for outer flow is known and given by [2] 

e e
5 3 1

e , ,(l  ) m10 10  L 10− − −λ= = =  

 

rew r′ ′= Γ  ,        zew 2 z′ ′= − Γ  (22) 

where Γ is defined as the ratio of the jet velocity 
at the nozzles w'zo and the separation distance 
between the nozzles L (Fig.3) 
 

zeow / LΓ = ′  (23) 

The solutions of (8) and (10) that satisfy the 
boundary conditions and match the inner solutions at 
the edge of the boundary layer were presented earlier 
[22] and the resulting calculated velocity profiles that 
match the solutions within the boundary layer are 
also shown in Fig.3 in the range c2 < 8ζ < .  
 The hydrodynamic problem that is more 
relevant to the present study is that of two axi-
symmetric counterflow finite jets shown in Fig.2.  
The solution of the steady form of (4) and the z-
component of (10) with the additional assumptions 
that zev / r 0′∂ ∂ =  and that the thickness of the inner 
free viscous layer at LCD scale is negligible, under 
the appropriate boundary conditions results in the 
stream function [22] 

2
e

e eerf ( )
2
ξ

Ψ = − ζ  (24) 
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leading to the velocities 
 

ze ev erf (= − )ζ  (25) 
 

2e
re ev exp(= − )ζ

ξ
π

 (26) 
 

where e ez /′ζ = δ   and e e /δ = ν Γ .  The axial and 
radial velocity profiles calculated from (25)-(26) are 
shown in Fig.4 and are in qualitative agreement with 
experimental observations in Fig.8 of Tsuji and 
Yamaoka [16]. 
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Fig.4 Calculated velocity profiles for axi-
symmetric finite-jet counterflow (u = vre, v = vze) 
from (25)-(26). 
 
 

 Some of the streamlines calculated from (24) 
are shown in Fig.5.   
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Fig.5 Calculated streamlines from (24) for outer 
LED scale of axi-symmetric finite-jet counterflow. 
 
 

According to (24), the jets do not diverge until they 
reach the position of the hydrodynamic "boundary 
layer" at  that corresponds to the inner scale e 2.4=ζ

cζ → ∞ .  Hence, two axi-symmetric opposing jets of 
infinite radial extent that are infinitely far from each 
other will retain their one-dimensional axial flow for 
a very long distance (Fig.5) and only begin to 
diverge as they arrive near the stagnation plane as is 
to be expected. 

   The thickness of the hydrodynamic “boundary 
layer” at LED scale is obtained from the solution 
(25) as the location  where ve 2.4ζ = ze = 0.9995 such 
that 

H
L2.4 2.4
Re

ν
δ ≈ =

Γ
 (27) 

 

in exact agreement with the classical result [2]. For 
typical values L = 5 cm, w'zo = 50 cm/s, νc = 0.16 
cm2/s leading to Re = 1563, one obtains δH  = 3.0 
mm from (27).  However, according to (25) the edge 
of the boundary layer has already been reached to an 
accuracy of 0.995 at the shorter distance of e 2ζ ≈  
such that H e2δ ≈ δ

H

. 
 

6. Hydro-Thermo-Diffusive Structure 
of Counterflow Premixed Flames 
Next, the hydro-thermo-diffusive structure of 
symmetric premixed flames stabilization within the 
counterflow jets shown in Fig.3 is examined.  The 
behavior of the flames will depend on the relative 
magnitude of the jet axial velocity at infinity w'zo 
versus the laminar flame propagation velocity v'f.   
One can identify four distinguishable burning 
regimes listed below 
 
 

(a) When w'zo = 0 two free-propagating flames propagate at 
the velocity v'p = v'f towards  without 
experiencing any stretch. 

z′ → ±∞

 

(b) When w'zo < − v'f  two flames propagate at the reduced 
velocity v'p = v'f − w'zo towards   without 
experiencing any stretch. 

z′ → ±∞

 

(c) When w'zo = − (v'f  + ε) and ε <<1 two flames become 

stationary at 
f

z′ = ±δ  without experiencing any 
stretch. 

(d) When w'zo > − v'f  two flames are stationary at 
f H

z′ < ±δ  
and experience finite stretch. 

 

Cases (a) and (b) above would lead to flame flash-
back if one considers finite-jet counterflow burners 
with nozzle exits at z' = ± L/2. 
 The above considerations suggest a close 
correspondence between free-propagating laminar 
premixed flames on the one hand, and burner-
stabilized counterflow premixed flames on the other 
hand.  In particular, the case (c) corresponds to the 
classical stationary planar laminar premixed flame 
that does not experience any stretching effects. 
 
6.1 Far-Field Convective Coordinate 
Next, the hydrodynamic velocity field at LED scale 
for a reactive counterflow is considered.  At this 
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scale, the flame will appear as a mathematical surface 
of discontinuity located at the position z'f  given by  
 

f b zv v / 2 w 2 z′ ′ ′+ = − = Γ f′  (35) 
 

where v'f is the laminar flame propagation velocity.  
The velocity jump v'b across the flame is related to 
the laminar flame propagation velocity v'f by the 
mass balance across the flame sheet 

b f b u(v v ) v′ ′ρ =+ f
′ρ .  The temperature, mass fraction 

of deficient component, and the velocity profiles on 
either side of the flame sheet are obtained from the 
solution of (11)-(13) with as zev / r 0′∂ ∂ =
 

1 y 1θ = − =  fζ < ζ  (36) 
 
 

1 y 0θ = − =  fζ > ζ  (37) 
 

and 

ze f b
f

erf ( )
v (v v )

erf ( )
ζ

= − +
ζ

       f0 < ζ < ζ   (38) 
 
 

ze f f o
f

f

erf ( ) erf ( )
v v (v w )

1 erf ( )
ζ − ζ

= − + +
− ζ fζ < ζ < ∞

  (39) 

where ez /′ζ = δ  and e /δ = ν Γ . The radial velocity 
can be obtained from (4) and (38)-(39).  The 
schematic diagram of calculated velocity profiles for 
reactive flow at LED scale are shown in Fig.6.    
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Fig.6 Calculated velocity profile for reactive axi-
symmetric counter flow at LED scale (v = vze). 
 
The temperature profile as seen at this same scale is 
shown in Fig.6, but only for the half-plane 0ζ > . 
 
6.2 Outer Convective-Diffusive Coordinate 
To reveal the hydro-thermo-diffusive structure of 
the flame, one moves to the smaller scale of laminar 
cluster dynamics LCD (Fig.1) with the characteristic 
velocities (uc, vc, wc) and the associated length 
scales (lc = 10−7, λc = 10−5, Lc = 10−3) m.  For 

simplicity, unity Prandtl, Schmidt, and Lewis  
numbers will be assumed, ν = α = D.   
 In the neighborhood of the flame sheet at fz′   
(25) gives 
 

ze f( ) /v 2− ζ − ζ≈ π  (40)  
or 
 

ze f(z z ) /v 2 ′ ′− −′ ≈ Γ π  (41) 
 
 

In a previous study [22], it was shown that the 
appropriate scaling factor between LED and LCD 
fields was ¼.  Similarly, for the analysis of hydro-
thermo-diffusive flame structure, one introduces the 
stretched coordinate  
 

cz / / z / c′ ′η = ν Γ = δ

e

 (42) 
 

with the characteristic length . Under the 
assumption 

c e / 4δ = δ

cν = ν , this coordinate stretching is 
equivalent to a factor of 16 increase of the stretch 
rate c 16Γ = Γ . By (41) and the identity c ew v′ ′= , 
the convective velocity in the flame structure is 
given as 
 

zc fw 32 (z z )′ ′ ′= − Γ −  (43) 
 

By substitutions from (42)-(43) into (11)-(13) and 
noting the assumptions ν = α = D and  
one obtains  

zcv / r 0∂ ∂ =

 

2
( 1)

r2 f
d y dy

2( ye ( )
d d 16

) β θ−Λ
+ η − η = δ η

η η Γ
 (44) 

 

2
( 1)

r2 f
d d

2( ye ( )
d dx 16

) β θ−θ θ Λ
+ = − δ η

η Γ
η − η  (45) 

 

2
( 1)

r2
zc zc

f zc
d v dv

2( ye ( )
d dx 16

) v β θ−Λ
+ = − δ η

η Γ
η − η  (46) 

 

that must satisfy the boundary conditions 
 

η → ∞   y 1 v 1 0θ = − = + =  
 

η= ηf   (47) bzcv 1 v / 21/ 2 y 1/ 2 + + =θ − = − = 0
 

η → −∞  zc b1 y v 1 v 0θ − = = + + =  
 

It is important to note that the delta functions 
associated with the reaction terms in (44)-(46) have 
now been moved from the position of the flame fζ  
in (11)-(13) of the far field coordinate (Fig.6) to the 
position of the reaction zone  of the thermo-
diffusive coordinate η (Fig.7). 

rη
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 The solutions of the system (44)-(46) outside 
of the thin reaction zone where Λ = 0 and  subject to 
the boundary conditions (47) are 
 

f
11 y erfc( )
2

θ = − = η − η  (48) 
 

b
zc f f

vv v erfc(
2

= − − η − η )  (49) 
 
 

The schematic diagram of the calculated 
hydrodynamic flame structure is shown in Fig.7. 
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Fig.7 Calculated velocity profile for reactive axi-
symmetric counter flow at LCD scale (v = vzc) 
 
It is noted that the calculated velocity profile in 
Fig.7 is not based on actual physico-chemical 
properties.  The exact relation between the inner 
thermo-diffusive coordinate η at LCD scale and the 
outer hydrodynamic coordinate ζ at the LED scale 
was discussed earlier [22]. 
 
6.3 Inner Reactive-Diffusive Coordinate 
The analysis of the much thinner reaction zone that 
is embedded within the hydro-thermo-diffusive zone 
follows the classical methods [3, 7-10, 23] as 
described in an earlier study [6].  Since the reaction 
zone thickness is about 4lT/β = δf/β and the 
Zeldovich number β defined in (21) is large, under 
the present model the analysis of the reaction zone 
requires moving to the next smaller scale of 
laminar-molecular dynamics LMD (Figs.1, 2) with 
the characteristic velocities (um, vm, wm) and the 
associated length scales (lm = 10−9, λm = 10−7, Lm 
= 10−5) m. From the analysis of reaction zone 
according to the modified theory of laminar flames 
the flame propagation velocity was obtained as [6] 
 

2 /F b O
f 2

u b O

8 Bv e exp(2 )
( )W

−β χ′πν ρ ρ α′ =
ρ − ρ β

2
iς   (50) 

 
For realistic physico-chemical properties, a flame 
speed of v'f = 42.1 cm/s was calculated from (50) for 

one-step stoichiometric combustion of methane-air 
[6] in close agreement with the experimental 
observations [24-27].  The value of about v'f = 42 
cm/s has also been obtained in a number of 
numerical investigations using more complex multi-
step kinetic models [28-30]. 
 An important aspect of strained velocity fields 
(Fig.2) is their impact on flame patterns such as 
those caused by thermo-diffusive flame instabilities 
[3, 23, 31-33].  For example, the cellular premixed 
flame of rich butane-air in stagnation-point flow 
against a flat quartz plate at low stretch rates shown 
in Fig.8a is converted to a star-shaped flame [19, 34] 
shown in Fig.8b at higher rates of stretch.  At still 
higher stretch rates the flame surface becomes 
smooth until its eventual extinction. 
 

  
                       (a) 
 

  
                       (b) 
 

Fig.8 Premixed flames of rich butane-air in 
stagnation-point flow against a flat quartz plate. 
(a) cellular flame (b) star-shaped flame. 
 
The symmetry apparent between the modified forms 
of the conservation equations (8)-(10) could help in 
the future development of theories on hydro-thermo-
diffusive instabilities of laminar flames. 
 
7. Comparisons with Measured Flame 
Thermal Thickness and Temperature 
Profiles 
The temperature profiles of lean methane-air flames 
measured at constant equivalence ratio of φ = 0.8 in 
the stagnation-point flow against the flat surface of a 
quartz plate from an earlier investigation [35] for the 
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nozzle velocities w'zo = (30, 50, 70) cm/s and nozzle 
rim to plate spacing L/2 = 1.26 cm are shown in 
Fig.9. The measured flame temperature will be 
somewhat reduced due to downstream heat loss to 
the quartz plate.  It is also noted that even with 
symmetric counterflow premixed flames, because of 
the radiant heat loss one cannot achieve truly 
adiabatic premixed flames [36, 37]. 
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Fig.9 Measured temperature profiles for 
methane-air premixed flames in stagnation-point 
flow with φ = 0.8, L = 1.26 cm, , and ′x = z ′

zow =  
(30, 50, 70) cm/s [35]. 
 
The data in Fig.9 are similar to the temperature 
profiles reported in an earlier study [38].  For 
velocities below 70 cm/s, the gas leaving the burner 
is above ambient temperature of 300 K, thus 
complicating the evaluation of the flame thickness.  
Since thermocouple wire tends to slightly “drag” the 
flame along with it, the measured flame thicknesses 
are expected to be slightly larger than the actual 
ones.  From the temperature profiles in Fig.9 the 
flame thermal thicknesses of about (3.0, 2.5, 2.0) 
mm are estimated for the nozzle velocities zow′ =  
(30, 50, 70) cm/s.   
 According to the solution (48) the upstream 
and downstream edges of the flame to an accuracy 
of 0.995 will be respectively at  and 

 such that the predicted flame 
thickness becomes  that by (42) gives  

f( )+η − η = 2
2

4
f( )−η − η = −

( )+ −η − η =

f /δ = ν Γ  (51) 
 

For the measured flame temperature of 1500 K [35] 
and the average temperature of 900 K the thermal 
diffusivity of air is about  cm1.4ε ≈ ν ≈ 2/s.  Also, 
since the experiments [35] involve stagnation-point 
flow rather than counter flow, with an estimated 
boundary layer thickness of 2.5 mm from (27) the 
burner distance becomes 1.26  cm that 

gives the nozzle separation distance of L = 2 cm.  
Hence, the nozzle velocities  = (30, 50, 70) 
cm/s will give by (23) the stretch rates 

2.5 1− ≈

zeow′

(15,  25,  35)Γ = s-1 such that the predicted flame 
thermal thicknesses calculated from (51) become 

f (3.0,  2.4,  2.0)δ = mm in good agreement with 
the measure values  (3.0, 2.5, 2.0) mm estimated 
from Fig.9. 
 The predicted temperature profile (48) has 
error-function type geometry as schematically 
shown in Fig.10a in accordance with the data in 
Fig.9. 
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Fig.10a Flame structure according to the 
modified theory of laminar flames [6]. 
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Fig.10b Flame structure according to the classical 
theory of laminar flames. 
 
To facilitate the comparisons, the temperature 
profile according to the classical theory of laminar 
flame is schematically shown in Fig.10b.  As the 
stretch rate is reduced, the temperature profiles of 
stretched flames become increasingly similar to 
those of un-stretched laminar flames.  Hence, it is 
expect that temperature profiles of free propagating 
laminar flames also have error-function type 
geometry in accordance with the modified theory of 
laminar flames [6] and the measured temperature 
profiles in the literature [16, 25, 39-41] that are all 
similar to Fig.21 of Lewis and von Elbe [42]. 
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 Attention is next focused on the sign of the 
curvature of the temperature profile near the reaction 
zone in Fig.10a and the fact that the temperature in 
the reaction zone matches that in the preheat zone 
from above.  By comparison, the sign of the 
curvature of temperature profile near the reaction 
zone according to the classical theory of laminar 
flames schematically shown in Fig.10b is opposite to 
that in Fig.10a.  As a result, the temperature within 
the reaction zone must be matched to that in the 
preheat zone from below.  However, this violates the 
fact that temperature in the reaction zone must be 
higher than that in the preheat zone. 

 According to Sec.6 when  the 
weakly stretched flame will locate at  and 
becomes equivalent to a freely propagating laminar 
flame corresponding to the case (c).  Therefore, 
similar to the outer velocity field given in (28) one 
can express the convective velocity within the 
hydrodynamic structure of laminar flame as 

zo fw′ = −v′

He e2δ ≈ δ

 

zc f f(z z )w 2 ′ ′− Γ −′ =  (52) 
where Γf is the self-induced flame stretch. For free 
propagating flames the axial velocity jump across 
the flame is bv′ .  Therefore, with 

 and the characteristic 
diffusion length defined as 

He e c2 8 8δ ≈ δ = δ = T

fTc / v′δ = α= , the 
stretch Γf in (52) becomes  
 

f bv / 8Γ ′= T  (53) 

 

Substituting from (52)-(53) and the new axial 
coordinate 
 

b Tz v /(2 2 )′ς =  (54) 

where b bv v / v′= f′  into (12) one obtains  

 

2
( 1)

r2 f 2
b f

d d 8
2 ye

d d v
( )

v
β θ−θ θ Λα

+ = −
ς ς

ς − ς
′

( )δ ς  (55) 

 

The solution of (55) and (47) outside of the thin 
reaction zone where Λ = 0 is 
 

f
11 y erfc( )
2

θ = − = ς − ς  (56) 
 

 According to (56) the positions 
 respectively correspond 

to the upstream and the downstream edges of the 
flame thermal thickness to an accuracy of 0.995. 
Therefore, the predicted flame thermal thickness is 

 that by (54) results in  

f f( 2,  + −ς − ς ≈ ς − ς ≈ −2)

4+ −ς − ς =
 

f 8 2( / v v )f b′ ′δ ≈ α  (57) 

 

From the mass balance across the flame 
b f b u f(v v ) v′ ′ ′ρ = ρ+  and the ideal gas law under the 

assumption of constant pressure one obtains 
 

b f b fu bv v 1) v T T 1( / ( / u )′ ′ ′= ρ ρ − = −  (58) 
 

Therefore, for the typical average temperature ratio 
of Tb/Tu = 5, one obtains from (58) the typical 
velocity ratio b fv 4v′ ′≈  such that (57) becomes 

f
fb u

8 2 4 2
v(T / T 1)
α

δ ≈ ≈
′− T  (59) 

 

that is a factor of 2 2  larger than the result 
reported by Turns [43]. The result (59) satisfies the 
required spatio-temporal invariance of a flame front 
propagating by diffusion f 4 2 t′δ = α  where 

2
ft / v=′ ′α . One notes that with b fv 4v′ ≈ ′

T

 the self-
induced flame stretch (53) becomes f fv / 2Γ ′= . 
In view of (52), the apparent velocity gradient 
within the flame structure could be expressed as 

 such that f fv /∗Γ ′= T

2
c f f f/ / v / v∗δ Γ ′ ′ T= ν = να = α =  (60) 

 For the methane-air premixed flame at φ = 0.8 
the flame propagation velocity is about 30 cm/s [25].  
Therefore, the temperature profile for w'zo = 30 cm/s 
shown in Fig.9 is expected to be very close to the 
temperature profile of a free-propagating laminar 
premixed flame in the absence of stretch effects that 
corresponds to the case (c) identified in Sec.6 above. 
At φ = 0.8, at the mean adiabatic temperature of 
1000 K, with α = 1.6 cm2/s and  cm/s the 
predicted laminar flame thickness from (59) is 

 mm in agreement with the data of Fig.9.  In 
the study of Eng et al [41] for lean methane-air 
premixed flame at  φ = 0.7 stabilized on a flat 
burner, the flame thermal thickness of about 3.0 mm 
was measured at the flame temperature of about 
1600 K. Now, for the average temperature of 950 K, 
the thermal diffusivity of air is about α = 1.55 cm

fv 3′ = 0

3

f 3.0δ ≈

2/s 
such that for the flame speed of  cm/s at  φ 
= 0.7 [25] the predicted flame thermal thickness 
becomes δ

fv 2′ =

f = 3.8 mm.  However, at the lower 
average temperature of 800 K one gets for air α = 
1.21 cm2/s that leads to δf = 3.0 mm in close 
agreement with the observations [41]. In comparison 
to the result (59), the predicted flame thermal 

Proceedings of the 2006 WSEAS/IASME International Conference on Fluid Mechanics, Miami, Florida, USA, January 18-20, 2006 (pp31-39)



 

thickness according to the classical theory of laminar 
flames is 
 

f T / v′δ ≈ = α f  (61) 
 

that in general will deviate from the experimental 
measurements by a factor of about 24 . 
  
8 Concluding Remarks 
Scale-invariant forms of the conservation equations 
for energy, species mass fractions, and momentum in 
chemically reactive fields were employed to present a 
modified hydro-thermo-diffusive theory of laminar 
counterflow premixed flames.  The predicted flame 
temperature profile and the flame thermal thickness 
were shown to be in accordance with the 
experimental measurements for lean methane-air 
premixed flames.  
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