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Abstract: The ion distrabution inside a biological ion channel is crutial for the permeation properties
of the system. The Poisson-Nernst-Planck(PNP) theory can be used to compute macroscopic current
in ion channels efficiently. However conventional PNP theory is based on a continuum model for the
charge flow, in which ions are considered as point particles.Due to the overscreening of mobile charge
in the continue model and the point simplification of ions, the conventional PNP theory predicts high
ion concentration at highly changed protein and channel interface, but moderate ion concentration at the
axis of the channel region. This unrealistic ion distribution results to the criticism of the PNP theory
by many biologist for its imadequacy of explaining ion selectivity and current saturation phenomena
observed in many ion channels. The PNP model can be modified toinclude effects of finite ion size and
water occupation by including a correction term, the ExcessChemical Potential (ECP), into the standard
model [6] (Gillespie et al., 2002). The ECP correction term iscaculated from the Density Functional
Theory (DFT). A coupled 3-D PNP/ECP model is developed to simulate ion transport in biological ion
channels [16] (Zhicheng et al., 2005). Ion distribution in simple nanopore structure and real biological
ion channels are presented in this paper. Permeation properties has been analysed and comparison to
experiment results has been presented.
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1. Introduction

Ion channels are aqueous pores formed by pro-
tein molecules. They are located in the mem-
branes of the cell and can open and close to per-
mit ion flow in and out of the cell. Ion chan-
nels consist of a chain of amino acids which carry
strong permanent charges. The permanent charge
has great influence on the behavior of ion chan-
nels. Molecular Dynamics (MD) is a complete
approach for detailed ion channel simulation but
computational requirements limit practical appli-
cation to 100ns simulation times, making it still

impractical to resolve electrical currents on typ-
ical biological timescales. The Poisson-Nernst-
Planck (PNP) theory, similar to the self-consistent
Drift-Diffusion theory of solid-state devices, can
be used to compute macroscopic currents in ion
channels efficiently. However, PNP theory is
based on a model that treats ions as a contin-
uum fluid of point particles. Because of this, the
charge interaction between fluid and pore walls is
not same as one would expect with discrete mo-
bile ions. Additionally, the conventional PNP the-
ory cannot take into account the finite volume oc-
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cupied by ions and water molecules, as well as
the non-singular distribution of charge on the ion.
As a result, Coulomb screening and ion pack-
ing can be overestimated, particularly in highly
charged regions. Critisized by many researchers,
the conventional PNP theory cannot describe spe-
cific ion selectivity phenomena observed in cer-
tain channels [8] from purely electrical features
of the model. To describe ion transportation more
realistically, size effects of ions and water mole-
cules must be included in our model to form a
more realistical ion distribution and potential pro-
file. Excess Chemical Potential (ECP) correction
is introduced to achieve this goal [11]. In this pa-
per, the PNP/ECP model is introduced and it’s ap-
plication to simple nanopore structure and grami-
cidin A (gA) channel are presented.

2 The PNP/ECP Model

2.1 PNP theory

In continuum theory, the fluxJi of the ith ion
species is described by the Nernst-Planck (NP)
equation as below:

Ji = −(zieDi/kBT)ρi∇µi (1)

HereDi, zi, e,ρi , andµi are, respectively, the dif-
fusion coefficient, valence of ion speciesi, elec-
tron charge, ion density of speciesi, and chemical
potential of ion speciesi. The chemical potential
µi is the combinational effect of electrical poten-
tial and ion concentration, and can be expressed
as:

µi = zieφ+kBT lnρi (2)

Hereφ is the electrical potential,kB is the Boltz-
mann constant, andT is the temperature. Then
Eq. (1) can be rewritten as:

Ji = −(zie
2Di/kBT)ρi∇φ−ZieDi∇ρi (3)

The electrical potentialφ in Eq. (2) (3) is deter-
mined by the Poisson equation

ε0∇(ε(r)∇φ(r)) = −∑
i

zieρi −ρ f ixed (4)

Hereε0 is the dielectric constant in vacuum,ε(r)
is the relative dielectric constant at placer, the
sum overi gives the charge density associated
with the mobile ions in the electrolyte, andρ f ixed
represents all the other fixed charges in the chan-
nel or on a boundary.

For the steady state we have∇Ji = 0. By op-
erating∇ on Eq. (3) and assuming constant dif-
fusion coefficient, we getk second-order PDEs,
wherek is the total number of ion species.

∇2ρi +
zieDi

kBT
(ρi∇2φ+∇ρi∇φ) = 0 (5)

The coupled Equations. (5) and (4) can be
solved simultaneously for the potential, ion con-
centrations, and ion flux of an ion channel system.

2.2 ECP correction

To include the size effect of ions and water mole-
cules as well as the non-singular charge distribu-
tion on the ions, an ECP correction term is intro-
duced to the Drift-Diffusion equation

Ji = −(zieDi/kBT)ρi∇(µi +µex
i ) (6)

Hereµex
i is the Excess Chemical Potential (ECP),

defined as:

µex
i = µHS

i (ρ)+µES
i (ρ) (7)

The ECP correction in Eq. (7) can be obtained
from neighboring ion densities using Density
Functional Theory [6] [10] [11]. Since water
molecules have no net charge, it is not possible to
use a continuity equation for charged particles to
descibe their contribution. To account the volume
occupied by water molecules, we use the fact that
the chemical potential for ions and water mole-
cules in an electrolyte system should be uniform
at equilibrium.

kBT ln(ρc,w) = kBT ln(ρb,w)+uex
w (ρ) (8)

Whereuex
w is the difference of ECP correction in

bath and channel regions. Becauseuex
w is a func-

tion of water density, Eq. (7) and Eq. (8) are cou-
pled equations to be solved simultaneously. To
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describe the steady state of an ion channel, we
need to includek Nernst-Planck equations Eq. (6)
for k ion species,k+1 ECP correction equations
Eq. (7) fork ion species and water molecule, one
poisson equation Eq. (4), and one water density
relation Eq (8).

2.3 The PNP/ECP model

To solve the overall PNP/ECP system of equa-
tions self-consistently, we use a decoupled algo-
rithm for the ECP correction. Using an initial
guess of the ECP correction, The discretized PNP
equations are first solved using Newton’s method
and the resulting ion densities are used to calcu-
late the corresponding ECP correction. The PNP
system is solved repeatedly with successive up-
dates of the ECP correction until convergence is
obtained.

3 Results

3.1 Simulate 3-D test structure

A simplified 3-D nanopore sample, shown in
Fig. 1, is constructed to test the PNP/ECP model.
A dielectric slab represents a membrane separat-
ing two electrolyte baths each containing a 1M/L
NaCl solution. A nanoscale opening with square
cross-section of 4.5̊A×4.5Å provides a channel
connecting the two baths across the membrane.
A permanent charge profile is attached to the
nanopore structure. The profile has two opposite
charge rings with density of 0.018× 109 C/m near
the entrance of the channel, shown in Fig. 1.
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Figure 1: Simplified nanopore structure with two opposite
charge rings near the entrance of the channel.

The positive charge ring is wrapped one grid
away from the channel wall, on the cross-section
close to the left opening of the channel. The neg-
ative line of charge with identical shape and den-
sity is wrapped at the image position close to the
right opening of the channel. At equilibrium, con-
ventional PNP theory yields geometrically sym-
metric sodium ion density and chlorine ion den-
sity, shown in Fig. 2(a) and Fig. 3(a).
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Figure 2: Density plot of Na+ in Y-Z plane cross the axis
of nanopore structure, at equilibrium. Bath ion concentra-
tion is 1M/L. (a) Conventional PNP model. (b) PNP/ECP
model.

This symmetric feature of the sodium ion and
chlorine ion density roots from the fact that ions
are treated as point charge in the conventional
PNP modle, in which different ions are differenti-
ated from each other by the valence and mobil-
ity only. From Fig. 2(a) and Fig. 3(a), we see
that both ions are attracted to the charged mem-
brane/channel interface. This phenomena can be
also explained by the point charge treatment of
ions in the conventional PNP theory. When in-
clude the size effects of the ions, the PNP/ECP
model shows that sodium ions cumulate at the
axis of the channel region and chlorine ions have
difficulty going into the channel region, shown in
Fig. 3(b) and Fig. 2(b). As a result of positive
charge accumulation in the channel, we find an in-
creased density of anions in the bath regions close
to the channel end to compensate for it, as shown
in Fig. 3(b).
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Figure 3: Density plot of Cl− in Y-Z plane cross the axis
of nanopore structure, at equilibrium. Bath ion concentra-
tion is 1M/L. (a) Conventional PNP model. (b) PNP/ECP
model.

4 Simulate the gramicidin A channel

Gramicidin A (gA) is currently one of the best
understood channels experimentally and theoret-
ically. It is formed by two monomers from
each side of a lipid bilayers [3]. Each monomer
has 15 amino acids folded into a helical struc-
ture [12]. gA has a small pore region with di-
ameter of 4.5̊A in the middle, which extending
to 5∼10Å at the side chains [4] [5], shown in
Fig. 4. gA is known to selectively conduct small
monovalent cations (H+, Li+, Na+, K+) and re-
ject all anions [4] [5] [7] [15]. Recent NMR stud-
ies [14] [13] has showned that gA peptide remains
rather rigid although eariler work proposed that
plasticity of the structure is essential for ion trans-
portation study. This justified the treatment of gA
backbone structure as a charged and fixed con-
finedment in the PNP/ECP model. In this sec-
tion, we use the 1MAG atomic coordinates from
Ketchem et al. [9], which can be download from
Protein Data Bank (PDB) [1].

Figure 4: 3D visualization of the gA(1mag) channel using
RasMol [2].

Figure. 5(a) and Figure. 6(a) show the ion den-
sities for the conventional PNP theory and the
PNP/ECP theory under equilibrium, with a bath
ion concentration of 1 M/L. We can see that the
tranditional PNP model prodicted a cation (Na+)
relatively low density in the axis of the channel
pore at the two highly charged binding sites [13].
This density is not high enough to form a high po-
tential barrier to block out the anions from enter-
ing the channel pore region. Therefore can’t elim-
inate the anion current when bias applied. The
PNP/ECP model prodicts a cation densities of ap-
proximate 60M/L for sodium ions at the highly
charged binding sides, and close to zero anion
density.
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Figure 5: Cation density and ECP correction plots in Y-Z
plane cross the axis of gA channel at equilibrium. Bath ion
concentration is 1M/L. (a) Na+, the conventional PNP the-
ory. (b) Na+, the PNP/ECP theory.
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Figure 6: Anion density and ECP correction plots in Y-Z
plane cross the axis of gA channel at equilibrium. Bath ion
concentration is 1M/L. (a) Cl−, the conventional PNP the-
ory. (b) Cl−, the PNP/ECP theory.

Figure. 7 and Figure. 8 show the I-V character-
istic and I-C charactoristic of gA channel. We see
that the conventional PNP model predicts a higher
current and no current saturation at high bath ion
concentration, while the PNP/ECP model gives
a good I-V and I-C characteristic curve which
matchs the experimental data well.
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Figure 7: I-V characteristic comparison of gA channel for
the conventional PNP model, the PNP/ECP model and ex-
periment result. Bath ion concentration is 1M/L.
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Figure 8: I-C charactoristic comparison of gA channel for
tranditional PNP model, PNP/ECP model and experimental
data at bias of 100mV

5. Summary and Conclusions

In this paper we discussed an efficient and jus-
tified 3-D semi-continuum model for ion chan-
nel simulation, examed the process of simuating
ion channel using the PROPHET simulator. Test
nanopore structure and real ion channel are sim-
ulated and permeation features are presented and
analysed. Future improvement will be to include
the dipole property of the water molecules into
the PNP/ECP model, and compare with the Monte
Carlo simulation.

References

[1] http://www.rcsb.org/pdbc.

[2] http://www.umass.edu/microbio/rasmol/.

[3] A NDERSEN, O. S. Gramicidin channels.
Annual Review of Physiology 46(1984),
531–548.

[4] A NDERSEN, O. S., AND 2ND, R. E. K.
Molecular determinants of channel function.
Annual Review of Physiology 72(1992),
89S–158S.

[5] BUSATH, D. D. The use of physical meth-
ods in determining gramicidin channel struc-
ture and function.Physiological Reviews 55
(1993), 473–501.

5

Proceedings of the 2006 WSEAS International Conference on Mathematical Biology and Ecology, Miami, Florida, USA, January 18-20, 2006 (pp208-213)



[6] GILLESPIE, D., NONNER, W., AND

EISENBERG2, R. S. Coupling poisson-
cnernstcplanck and density functional the-
ory to calculate ion flux. JOURNAL
OF PHYSICS: CONDENSED MATTER 14
(2002), 12129–12145.

[7] II, R. E. K., AND ANDERSON, O. S. Engi-
neering the gramicidin channel.Annual Re-
view of Biophysics and Biomolecular Struc-
ture 25(1996), 231–258.

[8] I M , W., AND ROUX, B. Ion permeation
and selectivity of ompf porin: A theoretical
study based on molecular dynamics, brown-
ian dynamics, and continuum electrodiffu-
sion theory. Journal of Molecular Biology
322, 4 (2002), 851–869.

[9] K ETCHEM, R. R., ROUX, B., AND CROSS,
T. High-resolution polypeptide structure in a
lamellar phase lipid environment from solid
state nmr derived orientational constraints.
Structure 5, 12 (1999), 1655–1669.

[10] NONNER, W., AND GILLESPIE, D. Ion
accumulation in a biological calcium chan-
nel: Effects of solvent and confining pres-
sure. Journal of Physical Chemistry B 105
(2001), 6427–6436.

[11] ROSENFELD, Y. Free energy model for
inhomogeneous fluid mixtures: Yukawa-
charged hard spheres, general interactions,
and plasmas.Journal of Chemical Physics
98, 10 (1993), 8126–8148.

[12] ROUX, B., AND KARPLUS, M. Ion trans-
port in a model gramicidin channel. structure
and thermodynamics.Biophysical Journal
59 (1991), 961–981.

[13] TIAN , F., AND CROSS, T. A. Cation trans-
port: an example of structural based selec-
tivity. Journal of Molecular Biology 285, 5
(1999), 1993–2003.

[14] TIAN , F., LEE, K.-C., HU, W., AND

CROSS, T. A. Monovalent cation transport:
Lack of structural deformation upon cation
binding. Biochemistry 35(1996), 11959–
11966.

[15] WALLACE , B. A. Recent advances in the
high resolution structures of bacterial chan-
nels: Gramicidin a. Journal of Structural
Biology 121, 2 (1998), 123–141.

[16] YANG, Z., STRAATEN, T. A. V. D., RA-
VAIOLI , U., AND L IU , Y. A coupled 3-d
pnp/ecp model for ion transport in biologi-
cal ion channels.Journal of Computational
Electronics 4(2005), 1–2.

6

Proceedings of the 2006 WSEAS International Conference on Mathematical Biology and Ecology, Miami, Florida, USA, January 18-20, 2006 (pp208-213)


