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A nonlinear viscoelasticity problem with memory in time
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Abstract:- In this paper we consider a nonlinear hyperbolic equation with a memory term which
can be used in mathematical models for viscoleasticity problems. The qualitative properties of the
solution of the initial boundary value problem are studied. We propose numerical methods for
the computation of approximations to the solution of the continuous problem and their stability
properties are analysed. Finally, we include numerical experiments illustrating the performance of

the proposed methods.
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1 Introduction

Let us consider the hyperbolic equation

82”:515 + a2 @(x £)
paﬁ Qt ~ 92"
+/ k(t—s)a 2(;1: s)ds + f(x,t,u(z,t))
0
€ (a,b),t >0,

(1)
where k(s) is a scalar function smooth enough
and which will be specified later, with initial con-
ditions

(2)

(() x) =up(x), x € (a,b)
(0 z) =ui(x),z € (a,b)

ot

and
u(a,t) = uq(t), u(b,t) = up(t), t > 0. (3)

Initial boundary value problem (IBVP) (1)-(3)
arises from a variety of mathematical models in
engineering and physical sciences. We mention,
for instance, the theory of viscoelasticity (see for
instance [6], [7], [8]). In this case u represents the
displacement of a body with density p, viscosity
a and under external force f depending of the
displacement. The use of exponential kernels of
type k(s) = ~ 7% has been largely considered
in the context (T)f heat conduction problems with
memory in time ([1], [5], [9]). Attending that the
heat conduction problem can be seen has a sin-
gular perturbation when the density p is small,
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in what follows we take the exponential kernel [0,T7], then, for each t € (0,T], holds
mentioned before.

Our aim in this paper is to study the qualita- p||%(t)”%2 + (v = )"%(t)|’%2
tive behavior of the solution of (1)-(2)- (3) from (%1 t . ou Oz ou
the theoretical and numerical points of view. Es- —HTH/ e 8 —(s)ds + — oz (t )”%2
timates for the kinetic energy, potential energy 4 L ?}max> 2(p_q)2
and to the past in time of the gradient of the < emax{l’”f"(fr P2 )}t <PHU1||%2
displacement are obtained and allow to conclude s
the stability of (1)-(2)-(3). From a numerical +y - U)HUOHL2>
point of view and following the approach intro- af
duced in [3] for the generalized Fisher equation where f, .. = max .
and in [4] for a linear viscoelasticity problem, [a,b1x [0.T][e.d] 0%
we propose numerical methods which enable us u
to compute numerical approximations presenting Proof: Multiplying each member of (1) by —
the qualitative behavior of the continuous solu-  ith respect to the L? inner product and inte-
tion provided some conditions on the stepsize are  grating by parts we obtain
imposed. Numerical results illustrating the be-

havior of the methods studied are also included. (82u (), ou L)) + a2 ou (t )H
The paper is organized as follows. In Section ot? ot ) ot L
2 the theoretical study is presented. Numerical — _7(@@)’ ﬂ( )
methods are analysed in Section 3. Finally, in Q" Jtdx 9
. ) . . o _t=s Ou 0°u ou
Section 4, the numerical simulation is included. —7_(/0 e T 8—56(3) ds, @(t)) + (f(u(t)), E(t)) :

2 Continuous qualitative behav- It can be shown that

ior L[t e du 9*u

— ds, t

O R - Ory10)
In Theorem 1 we establish an estimate to the ki- _1d 1 _tos ou d ou, .\ o
netic and potential energies and to the past in D) dtH/ ox 5,8 ds + 896( Nz
time of the gradient of the displacement when _1 d Hau )2 — 1”8“( NG
~ # o. This result enables to conclude the sta- 2 dif 0z L 87- o2
bility of (1)-(2)-(3). +H/ e T2 (s) ds|2s.

7)o Ox

Theorem 1 Let u be a solution of (1)-(2) with

homogeneous boundary conditions. Let us sup-

pose that ou 1
72

(f(u(t), 5, (1) <

Due to the fact that f(z,t,0) = 0, we have

0
(P lu(®)l72 + 7155 (0132

u(wt) € [e.d], v € a0t € [0,T],  (4) (9)
for some positive constant 7.
with c,d constants, and Considering that
ou ¢ t=s o'u 2 0%u,  Ou 1d Ou
G0 [T meaertan 6 (Go, = L5 %,
for £ =1,2,t € (0,T]. and
If f is continuously differentiable in the third ou 92u 1d ou

argument and f(x,t,0) = 0 for x € la,b],t € (%(t)73tax( ) = 2dtH (72,



from (7), (8) and (9), we deduce the inequality
d ou, o ou, .\ o
ﬁq%¢wp;m—w%¢wg
U O
wol - [T T ds+ FLOIE)

ou 20 Ou
< 2=t PP DI + 2122,

20 1 [t _i—s0u
K gl
T Ol
Let n be defined by n?> =
ing the
ou )
lu(®)II7> < (b - a)QH%(t)Hiz in
obtain the differential inequality

(10)

a + p/2. Us-
Poincaré-Friedrichs inequality

(10)

we

ou ou
(Pl 5 132 + (7 = )5 DI2)
o1 [t _+s0u
A A O L

which allows to conclude inequality (6).

(11)

]
Following the proof of Theorem 1 it can be
shown the following stability result:

Theorem 2 Let u and @ be solutions of (1), (3)
with initial conditions ug,u1 and Uy, U1 respec-
tively. Under the conditions of Theorem 1, for
v =u — U holds the following

ov ov
PHa(t)H%? + (v - U)H&U(%Hi2
v

1 [t _is0
wolr [ T R ds+ SO
0

ox ox

1 (2 Uhao)?0—a)?
emax{lvﬁ(frmiiT

)} pllur — |72

+(7 = 0)lup — %132
(12)
From Theorem 2 we conclude the stability of

the model with respect to perturbations of the
initial velocity and displacement gradient.
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3 A numerical method

Let us consider in [a,b] a grid I, = {zj,j =
0,...,N}withzg =a,2y =band zj—x;_1 = h.
In [0, T] we consider the grid {t,,n=0,..., M}
with tg == O,tM =T and tn+1 - tn = At.

We discretize the second partial derivative
with respect to z in (1) using the second-order
centered finite-difference operator D, defined
by

vy (Ti1) — 2vp (@) + v (2i-1)

Dvav;Ll(xi) = h2

By Dy we represent the second-order finite dif-
ference operator with respect to time levels,

o () — 207 (2;) + o
Dyip(ey) = P 2B T ()

In the stability and convergence analysis of the
numerical methods studied in this paper we con-
sider a discrete version of the L? norm that we
present in what follows.

We denote by L2(I;) the space of grid func-
tions vy, defined in I such that wvp(xg) =
vp(zn) = 0. In L%(I}) we consider the discrete
inner product

N—1
(Vh, wi)n = h Y vn(@i)ws(xs), va, wy € L2 (),
i=1
(13)
and by [.[[z2(z,) we denote the norm induced by
the above inner product. For grid functions wy
and vy, defined in I;, we introduce the notations

N

(Vh, Wit = h Y vp(xi)wp(x;)
i=1

N 1/2
HwhHLz([m = (th,%(mﬂ) :
i=1

Discretizing the spatial derivatives using Do ,
and Do and the memory term using a rectangu-
lar rule, we obtain a fully discrete approximation
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uy defined by

pDo yup (x;) +aD_ tuh (:L'l) =

n+1 1t
-l-fAtZe* Do guy(x;)
=1
+f (@i s, up T (@),
i=1,....N—1,n=1,...,M—1,
(14)
where
uf,(20) = ua(ty), ul,(zn) = up(t;),
=1, M=, 15)

U}L(iﬁz) = ug(x;) + Atug (x;),

In what follows we establish for the numerical
approximation defined by (14)-(15), a discrete
version of Theorem 1 which allows to study the
behavior of the discrete L? norm of the numerical
gradients in time and space as well as the past
in time of the numerical gradient in space. From
this result we also conclude the stability of the
method (14)-(15).

p(Daup, D_ tuZH)h +af|D- tuh+1HL2 (In)
' _ D u+,D un+ + n+1’D un+1
Theorem 3 Let uj be defined by (14)-(15) with V(A:Efﬁl \ i (n(ui ™) o
n+1— ;
uq(t) = up(t) =0, > 0. Then —o(— Z e_%D—xU%, Dy D_yup ™),
T
j=1
D g+ D=t s 2
TR ) where fi(un1)(25) = f(5, b1, uft (2))
_tnd1Y j
+0'H7 Z e T D—IU% + D_ xuh+l||L2 I-‘r) We have
= (Daguit, Doy ™),
1
< 53((2+ (02 + 1)) 1Dl o D gy = 1D oy (22)
At - 2A¢ ’
+At(1 + O'((i) )) ||D fEu1||L2 (h 1
T Tl (Do uptt, D_yui ™,
Ut g2 I n+1
(i) (16) S ||D g:uhHLg I+) HD xuh ||L2(I+ . (23)
with 2481
g _ MaXs (17) Attending that f(x,t,0) = 0 we also have
P e 900
1 — Atuisa=22 (fh(féh+ ), D_yup ™)y,
o A < D= e, 31 B,
rangx = max{l,’y—i—a(?)e T+ — T,%am D n+1 (b a)? D_, n+1
e Al t At 1D Wiagy + =5 1P-wth agry
1202 (14 ) o (e F 2 F (104 D) 3 o
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for At such that

2
2
At < —(Tfmax 20 —7(b— a)? — a7
2g p
Tf2 5 2ar
+( (2 -20—7(b—a)" — —
(5 =)
1/2
+4U(7—0—1)) )
(18)
and 1y
-2
1—At%“>o (19)
provided that
/2 2
M_QU_T(b_a)Q_ﬂ
p f’2 P
T 2ar\2
+( (=2 96 — 7(b—a)* — —— (20)
(5 -~

1/2
+40’(fy—0—1)) >0
holds.

Proof: Multiplying each member of (14) by
D_yu™ with respect to the inner product (.,.),
and using summation by parts we obtain
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Using (22)-(24) in (2

1) we obtain

p A f’rlT%a.z’ D n+1
(5 + At(a — ?))H tUp, ||L2 (In)

v At(b—a)? n
H(1- B ip iz

Y
*||D tuhHL2 ) T 5 ”D—xuhHLz )
Atz nrl _tng1—ty ;
—o(— ) e~ ~ D,xui,D,zD AT T
j=1
(25)
It can be shown that
At? e _tng1-t; ;
(7 € T DfxuianmD tuerl)h,-l-
=1

can be estimated as follows

Then, considering (26) in (25) we deduce

/2 _2

(1= An(ee ==y gD

L2(1})

+(7 = 201 = D10~ 0)?) 1D 2
n+1

At _tny1t;
+U”T Z e 7

J=1

D_xui + D_QCuZHHL2 I

< plD—ih |2y + (7 + 2002 )1 D2 1

+2Up3||7 - D*Iu‘;z + D*IuhH[ﬂ([;—)

(30)
Let v, 0,7 and f such that (20) holds. Then, for
At satisfying (18) and (19), from (30) we estab-
lish

PID ety T2y + 1Dt I

L2(1,h)
At nrd n+1-t; 1
A2 L +O’||7Ze T Dogup + Dyu n+ HLz h
t tng1-tj —
—(— e = D_ xuh,D tD_qu+1)h,+ J o
TS (an tuhup O [
1 At ntd _tng1—ty ;
< —5”7 Ze ~ D_gup + D IUZJrlHLz (1) +U” Ze T Iuh +D- ””uhHLQ I+)>
j=1

wuh + D_ wuh||L2([+)

+p2||D7wuh||L2(m+p3nD 2

$uh L2 I+)
(26)
with
At
e T At At
=57 e 2T (14 7)7 (27)
1 At At
pr=5Be T+ T+ 0T ()
T T
and
1 At At
m=5(1+2=+(5)?). (@)

(31)

Using inequality (31) and attending that
1

up (z5) = wo(xr;) + Atui(z;) we conclude the
proof of (16).

As a corollary of Theorem 3 we conclude the

following result.

Corollary 1 Let u{L be defined by (14)-(15) with
uq(t) = up(t) = 0,t > 0. Under the assumption
of Theorem 38, if

max < 1+ CAt,

(32)
0’?’7’7-

then exists a positive time and space independent
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constant C such that

pID_ 22y + | D!

) ||L2 I+)
At ot _ a1ty ; n
+UH726  D_puy + D_up 2, ()
Jj=1 At
<c((2+a( T) + 1)) Dol 2,
At
+At(14 0 (292 + 1)) 1Dt |22 )
|72z,
(33)
|

Let ezﬂ be the global error defined by
Z'H(xj) = uZ"'l(xj) — w(xj,tyy1). It can be
shown that the global error satisfies the following

H(as)

n+1

pDa sef (x;) + aD_ teh

n+1
+= Atz -
7j=1

+f (i, tag1, uy

(xi) = vDaze™
D2 Ieh(xl)

Hai)) -

n+1

f(@istngr, w(xi, thsr))

+T ()
i=1,....N—-1,n=1,...,. M —1,
(34)
and
6%(1'0):6%(%]\7):07]:17 '7M_17
er(x;) = AtT (z;),
eV(z)=0i=1,...,N—1,
(35)

where T,Z (x;) represents the truncation error at
time level ¢; in z;.

Following the proof of Theorem 3, it can be
shown that

1 1
pllD- t€h+ HL2 (In) + | D- :ceh+ HLz (1)

for At such that

o r(f2, 4+ 1) 5 2ar
At < _Mmaxr | "/ 95 — -
t_20( ) o—71(b—a) P
2 41 20\ 2
+( (= — — 25 — 7(b—a)? — —
(=== o=af = =%)
1/2
+40('y—a—1)) )
(38)
and
1 -2«
1—At"m+p>0 (39)
provided that
(maz+1) 20‘—’7’([)—@)2—20[77-
p
T(fr/r%am+1) 2 2012
N
1/2
—1—40(7—0—1)) > 0.
(40)

If (32) and the solution of (1)-(2)-(3) is smooth
enough, from (36), we conclude the following

D teh+ HL2 (Ip) —>0
HD—:ceh+ HL2 (5 — 0
and

n+1

||*Ze i

when h, At — 0.

Conditions (18), (19), (20), for the time step-
size At, allow to conclude the stability of the
finite difference scheme (14)-(15). Those con-
ditions dependent on f;fm. We observe that if
this quantity is very small , the upper bound in
(18) can be negative. So, the sufficient condi-

j n+1
xegl‘i‘D—xeh HLQ(]}T) — 0,

+o||— Ze*LWD_xe{I +D_ erHHLz o tion - Corollary 1 - does not holds but we can
T = not conclude the instability of the scheme. In
At this case, we should consider the following IMEX
< S"“( 1+ o((= D_,T, : &
=5 (( T )A ))H hHL2 (1) discretization:
1
ol Tl 7oy ) + ——— D Sy T 32 ) pthuh(xz)JraD—tuZ“( i) = Y Doy (z;)
(In) max
T i
- n+1
(36) +7’At Z e D2 zuh(xz) + f(xu tnt1, Up (-%))
where max j=1
S, = aY,T , 37 i=1....N-1,n=1,....M—-1,

1 — Atlduatl=2e (41)
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with the initial and boundary conditions (15).

The stability of the last scheme is established
in the result.

Theorem 4 Let uﬁl be defined by (15), (41) with

ug(t) = up(t) = 0,t > 0. Then holds (16) with

maxo—7’y7‘r

= —0 42
Sp= 3o, (42)
At
max = max{1,y + o (3e” S =
777 T
At 2
) —2% 1 =v t—Smaz
+2e 77 (1+—)) + 20t
At
a(e T +2e 27 (14 At)) }
for At such that
T 2
At < —(7—204- <<7—2a>
7 1/2 (43)
+4o(y — 0o — 1)) )
provided that
2
T— 20+ ((7’—20)
1/5 (44)
+do(y—0o — 1)) >0
holds.
Proof: Attending that
(). Doty
f?’)’%CLZE n n
< 2 HuhHL2(Ih) +n?|D- tuh+1HL2(1h)
(b — a’)2 rr%a:r
< Ol p a2,

02| D—euy ™ 22, -

Following the proof of Theorem 3 it can be shown

the following

(o +28¢(a — )| D—pup 22,
+(v = 20m ) 1D

L2(1;5)
+1
At < tnt1—t; ;
— n+1
+O’”T E € T D—IU‘;L + D_xuh HL2 I+
Jj=1

< Pl D—vuhZ2(r,y + (’y + 20p2

(b_a')2 Tr%ax
H g I

At n t ] nn2
+20p3||7 : D_yuy + szuhH[g([;)

(45)
with p1, p2 and p3 defined by (27), (28) and (29)
respectively.

Then considering 1° = a + g we obtain

PID— 2y + (7= 20w ) 1Dt 2, )

At ntl _tny1—ty j n+1
—|—0’”7 Z e 7 D_gu; +D_juy HL2 I
j=1
< pllD-gup |2z, + (7 + 20p2
(b—a)’

+7f;3m 1D—aup |17
20{"‘/) —xWh L2(1+

At & tn—tj
2ops|| = Y e
+20ps|| - jZIe

D_yuj, + D_yuf |7, ()

(46)
Finally, inequality (42) is easily obtained from
(46).
[ ]
For Theorem 4 holds a corollary analogous to
Corollary 1. The convergence of the implicit-
explicit method (41) with initial and bound-
ary conditions (15) can be studied following the
proof of the convergence of method (14)-(15).

4 Numerical Results
The methods studied in Section 3 are rewritten

in a convenient way which makes easier their im-
plementation. Method (14)-(15) is equivalent to
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the following four level method external force f(u) = 0.8ue®. In this case, using
) the implicit method (14) we obtain the numeri-
pDZtuZU(xi) + oDy (2;) cal results plotted in Figure 3.
—(v+ ;At)Dz,muZH(fvi) = f(@is tugr, up (@)
— e F (pDZtuZ*l(xi) + aD_up(x;)

Dt (w5) = iyt (),

(47)
fori=1,....N—1,n=2,...,M, and (14) for
n=1.

IMEX method (41) is equivalent to the next
method

pDQ’tuZO(ZEi) + ozD,tuZH (x;)
—(v+ ;At)DzmuZH(xi) o2
— 3 (PD2,tUZ_1(33z‘) +aD_yup(z;)  (48)
YDt @))) + (@i b, (22)
e ity ! (24)),

fori=1,....N—1,n=2,...,M. Forn =1 we
consider (41).

As in this paper the external force can be non-
linear in the displacement, a nonlinear system
should be solved when in computation of the
numerical approximation we use method (47).
Otherwise, when method (48) is considered, the
nonlinear system is replaced by a linear one.

The numerical results are obtained for [a, b] =
[0,1], T = 1, homogeneous boundary conditions,
initial conditions u; = 0 and

0.2 0.4 0.6 0.8 1

Figure 1: Numerical solutions obtained with
IMEX method and f(u) = ue™".

0, z € [0,0.35) U (0.65, 1]
1+10(x — 0.395), z € [0.35,0.45) ’
1, x € [0.45,0.55]

1 —10(z — 0.65), = € (0.55,0.65].

. . . .
0.2 0.4 0.6 0.8 1

uo(x) =

Figure 2: Numerical solutions obtained with
We assume that the viscosity is one and the den-  1NfEX method and F(u) = 0.5ue.

sity p = 0.1. We consider 0 =~ = 0.01, 7 = 1.
In the numerical experiments we take At =
h = 0.01 and we consider different external
forces. The numerical results obtained with References
method (41) for f(u) = ue™" are plotted in Fig-

ure 1. The behavior of the displacement when [1] A. Aradjo, J.A.Ferreira, P. de Oliveira,2006,
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Proceedings of the 6th WSEAS International Conference on Simulation, Modelling and Optimization, Lisbon, Portugal, September 22-24, 2006

t=0
18r —%— t=0.125 |
o t=0.25
16 —+— t=0.375 |
—%— t=0.5

. . . .
0.2 0.4 0.6 0.8 1

Figure 3: Numerical solutions obtained with im-
plicit method (14) and f(u) = 0.8ue".
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