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Abstract: The paper presents the main numerical approaches based on the Boundary Element Method developed
by the authors in the last years for the computational design of grounding systems of electrical installations in
uniform and layered soils.
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1 Introduction

The “grounding” or “earthing” system of an electrical
substation comprises all interconnected grounding fa-
cilities of an specific area, being the “grounding grid”
its main element. In general, it consists of a mesh
of interconnected cylindrical conductors, horizontally
buried and supplemented by ground rods vertically
thrusted in specific places of the installation site [1].

The accurate design of a grounding system is es-
sential to assure the safety of the persons, to protect
the equipment and to avoid interruptions in the power
supply. Thus, the apparent electrical resistance of the
grounding system must be low enough to guarantee
that fault currents dissipate mainly through the earth-
ing electrode into the ground, while the values of elec-
trical potentials between close points on the earth sur-
face that can be connected by a person must be kept
under certain maximum safe limits [1, 2].

Obtaining the potential distribution on the earth
surface produced when a grounding grid is energized
during a fault condition has been a challeging prob-
lem since the early days of the industrial use of the
electricity. It is a well-known fact that the physical
phenomena of fault currents dissipation into the earth
can be modelled by means of Maxwell’s Electromag-
netic Theory. However, its application and resolution
for the computing of grounding grids of large installa-
tions in practical cases present some severe difficul-
ties. Obviously, no analytical solutions can be ob-
tained in a real case. Moreover, the specific geometry
of the grounding systems (a mesh of interconnected
bare conductors in which ratio diameter/length is rel-
atively small) precludes the use of standard numerical
techniques (FEM or FDM), and obtaining sufficiently
accurate results should imply unacceptable computing
efforts in memory storage and CPU time [3, 4].

From a technical point of view, several methods
for grounding design have been proposed. Most of
them are founded on semiempirical works or on the
basis of intuitive ideas, such as superposition of punc-
tual current sources and error averaging [1]. Although
these techniques represented a significant improve-
ment in the earthing analysis area, also present some
problems related with their large computational re-
quirements, the unrealistic results obtained when seg-
mentation of conductors is increased, and the uncer-
tainty in the margin of error [1, 2, 5, 6].

Taking into account all these facts, the authors
have proposed in the last years a general numeri-
cal formulation for grounding analysis based on the
Boundary Element Method. This BEM approach has
been successfully applied to the analysis and design of
real grounding grids embedded in uniform [3, 4] and
stratified soil models [7, 8].

In this paper we present the main highlights of
this BEM numerical approach and we discuss its main
characteristics, advantages and restrictions. Finally,
an application example by using the real geometry of
a grounding system is presented.
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Figure 1: Scheme of two-layer soil models: horizontal
(a)) and vertical (b)).
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Figure 2: Plan of the Grounding Grid.

2 Mathematical Model

Equations of Maxwell’s Electromagnetic Theory are
the starting point for studying the physical phenom-
ena of the fault current dissipation into the ground [9].
Constraining the analysis to the obtention of the elec-
trokinetic steady-state response and neglecting the in-
ner resistivity of the grounding electrode (therefore,
potential is assumed constant in every point of its sur-
face), the 3D problem can be stated as

div(σσσσσσσσσσσσσσ) = 0, σσσσσσσσσσσσσσ = −γγγγγγγγγγγγγγ grad(V ) in E ;
σσσσσσσσσσσσσσtnnnnnnnnnnnnnnE = 0 in ΓE ; V = VΓ in Γ ;

V → 0, if |xxxxxxxxxxxxxx| → ∞; (1)

beingE the earth,γγγγγγγγγγγγγγ its conductivity tensor,ΓE the
earth surface,nnnnnnnnnnnnnnE its normal exterior unit field andΓ
the electrode surface [4]. Therefore, when the earth-
ing electrode attains a known voltageVΓ (the so-called
“Ground Potential Rise”, or GPR) relative to a dis-
tant grounding point, the solution to (1) gives poten-
tial V and current densityσσσσσσσσσσσσσσ at an arbitrary pointxxxxxxxxxxxxxx.
On the other hand, as well as obtaining the potential
distribution, other important parameters for grounding
analysis can be easily computed from (1), such as the
leakage current densityσ at an arbitrary point of the
electrode surface, the total surge currentIΓ that flows
into the ground, and the equivalent resistance of the
earthing systemReq:

σ = σσσσσσσσσσσσσσtnnnnnnnnnnnnnn, IΓ =
∫ ∫

Γ
σ dΓ, Req =

VΓ

IΓ
, (2)

wherennnnnnnnnnnnnn is the normal exterior unit field toΓ. Finally,
sinceV andσσσσσσσσσσσσσσ are proportional to the GPR value, it is
generally used the non-restrictive normalized bound-
ary conditionVΓ = 1 [4].

The two main problems that appear when ones
tries to solve problem (1) in the grounding analysis
field are the definition of the kind of soil and the ge-
ometry of the earthing electrode.
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Figure 3: Potential distribution (×10 kV) on ground
surface obtained by considering the soil model A.

With regard to the soil, the development of soil
models describing all variations of the soil conduc-
tivity around the grounding system would be obvi-
ously unaffordable, neither from the economical nor
from the technical point of view. For these reasons, in
most of methods for grounding analysis proposed up
to this moment, the soil is considered homogeneous
and isotropic. Therefore, the conductivity tensorγγγγγγγγγγγγγγ is
substituted by an “apparent” scalar conductivityγ that
can be experimentally obtained [1, 2]. This hypothe-
sis can be accepted and does not introduce significant
errors if the soil is basically uniform (in the horizontal
and the vertical direction) up to a distance of approx-
imately 3 to 5 times the diagonal dimension of the
grounding grid, measured from its edge. And it can
also be used but with less accuracy, if the resistivity
varies slightly with depth [1].

Nevertheless, since design parameters involved in
grounding analysis can significantly change as soil
conductivity varies, more accurate models have been
proposed to take into account its variations in the
vicinity of the grounding site. Hence, a more prac-
tical and quite realistic approach when conductivity is
not markedly uniform with depth consists of consid-
ering the soil stratified in a number ofL horizontal
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Figure 4: Potential distribution (×10 kV) on ground
surface obtained by considering the soil model B.

layers (normally, two or three), each one defined by
an appropriate thickness and an apparent scalar con-
ductivity [1] as it is shown in Fig. 1a). With this soil
model, if the grounding electrode is buried in layerb,
the mathematical problem (1) can be written in terms
of the following Neumann exterior problem

∆Vc = 0 in Ec ; c = 1, L;
Vc−1 = Vc, in Γ(c−1,c) ; c = 2, L;

γc−1
dVc−1

dn = γc
dVc
dn in Γ(c−1,c) ; c = 2, L;

dV1
dn = 0 in ΓE ; Vb = 1 in Γ;

Vc −→ 0, if |xxxxxxxxxxxxxx| → ∞ ; c = 1, L; (3)

beingEc each one of the soil layers(c = 1, . . . , L),
Γ(c−1,c) the interphase between two layers (c− 1 and
c), γc the scalar conductivity of layerc, andVc the
potential at every point of layerc [8, 10]. Obviously,
the grounding analysis with a uniform soil model is a
particular case of (3) with one layer [4].

Regarding the geometry of the earthing systems,
in most of real electrical substations the grounding
grid consists of a mesh of hundreds of interconnected
cylindrical conductors horizontally buried and supple-
mented by ground rods, with a ratio between the di-
ameter and the length of the electrodes very small
(∼ 10−3). Evidently, no analytical solutions exist
to problem (3) with this geometry, and the use of
widespread numerical techniques (i.e., finite differ-
ences or finite elements) should imply a completely

out of range computing effort due to the cost of mesh-
ing (with a 3D discretization) in the vicinity of the
electrodes in an effective way to impose the essential
boundary conditionVb = 1 on their surfaces [4].

For these reasons, we work to achieve an equiv-
alent expression to problem (3) in terms of the un-
known leakage current densityσ defined on the
boundaryΓ. In this way, a boundary element ap-
proach for this equivalent problem would only require
the discretization of the grounding surfaceΓ, avoiding
the discretization of the domainsEc [4].

The deduction of this integral expression for the
potential can be performed if we introduce in the
model one fact related with the engineering problem,
that is, the levelling and regularization processes of
the surroundings of the substation site during the con-
struction process of the electrical installation. Thus,
the earth surfaceΓE and the interfacesΓ(c−1,c) be-
tween layers can be assumed horizontal; consequently
we will adopt an “horizontally layered soil model” in
our mathematical model in order to catch the varia-
tions of the soil conductivity with depth (Fig. 1a)).
In the case of variations of the soil conductivity near
the grounding system, the simplest model we can state
(a “vertically layered soil model”) consist of asuming
that the earth surfaceΓE is horizontal, while the in-
terfacesΓ(c−1,c) are parallel one to another and per-
pendicular toΓE (Fig. 1b)). Now, the subsequent ap-
plication of the “method of images” and the Green’s
Identity to (3) allows to obtain the following expres-
sion for potentialVc(xxxxxxxxxxxxxxc) at an arbitrary pointxxxxxxxxxxxxxxc ∈ Ec

(c = 1, . . . , L), in terms of the leakage current density
σ(ξξξξξξξξξξξξξξ) at every pointξξξξξξξξξξξξξξ of the electrode surfaceΓ, which
is buried in the layerb:

Vc(xxxxxxxxxxxxxxc) =
1

4πγb

∫ ∫

Γ
kbc(xxxxxxxxxxxxxxc, ξξξξξξξξξξξξξξ) σ(ξξξξξξξξξξξξξξ)dΓ, (4)

where the integral kernelkbc(xxxxxxxxxxxxxxc, ξξξξξξξξξξξξξξ) is formed by an
infinite series of terms corresponding to the resultant
images [8, 10]. This weakly singular kernel depends
on the inverse of the distances from the pointxxxxxxxxxxxxxxc to
the pointξξξξξξξξξξξξξξ and to all the symmetric points ofξξξξξξξξξξξξξξ (its
“images”) with respect to the earth surfaceΓE and
to the interphasesΓ(c−1,c) between layers. Therefore,
this kernel depends on the thickness and conductiv-
ity of each layer. It is important to remark that, in
a general case, the expression of the integral kernels
kbc(xxxxxxxxxxxxxxc, ξξξξξξξξξξξξξξ) can be very complicated, despite the gen-
eration of electrical images is a conceptually simple
well-known process [11], and its evaluation in prac-
tice may require a high computing effort (explicit ex-
pressions of the integral kernels for a two-layer soil
model can be found in references [8, 10, 12]).

Expression (4) is very important for the solution
of the problem, because if the leakage current den-
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sity σ is known, then it is possible to obtain the value
of the electrical potential at an arbitrary pointxxxxxxxxxxxxxxc, and
by using (2) it is also possible to compute the total
surge current that flows from the grounding system, its
equivalent resistance and most of the remaining safety
and design parameters of a grounding grid [4].

The leakage current densityσ can be obtained by
solving a Fredholm integral equation of the first kind
defined onΓ [4]. This integral equation results by im-
posing the boundary conditionVb(χχχχχχχχχχχχχχ) = 1 ∀χχχχχχχχχχχχχχ ∈ Γ in
the expression for potential (4), which also holds on
the electrode surfaceΓ. Finally, we can obtain a vari-
ational form of this integral expression imposing that
it is verified in the sense of weighted residuals, that is,
the following integral identity

∫ ∫

Γ
w(χχχχχχχχχχχχχχ)

[
1− 1

4πγb

∫ ∫

Γ
kbb(χχχχχχχχχχχχχχ, ξξξξξξξξξξξξξξ)σ(ξξξξξξξξξξξξξξ) dΓ

]
dΓ = 0

(5)
which must hold for all membersw(χχχχχχχχχχχχχχ) of a suitable
class of weight functions defined on the surfaceΓ
[4]. Now, since the unknown of the problem (that is,
the leakage current densityσ) is only defined on the
electrode surfaceΓ, a boundary element formulation
seems to be the right choice to solve (5) [4].
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Figure 5: Potential distribution (×10 kV) on ground
surface obtained by considering the soil model C.

3 BEM Numerical Models

The development of a general numerical approach
based on the BEM for solving the equation (5) re-
quires the discretization of the unknown leakage cur-
rent densityσ and the electrode surfaceΓ, in terms of
a given set ofN trial functions{Ni(ξξξξξξξξξξξξξξ)} defined onΓ
and a given set ofM 2D boundary elements{Γα}:

σ(ξξξξξξξξξξξξξξ) ≈ σh(ξξξξξξξξξξξξξξ) =
N∑

i=1

Ni(ξξξξξξξξξξξξξξ) σh
i , Γ =

M⋃

α=1

Γα (6)

Likewise, it is possible to obtain a discretized ver-
sion of the integral expression (4) for potentialVc(xxxxxxxxxxxxxxc)

Vc(xxxxxxxxxxxxxxc) =
N∑

i=1

Vci
(xxxxxxxxxxxxxxc) σh

i , ∀xxxxxxxxxxxxxxc ∈ Ec; c = 1, L; (7)

being

Vci(xxxxxxxxxxxxxxc) =
M∑

α=1

V α
ci

(xxxxxxxxxxxxxxc), (8)

V α
ci

(xxxxxxxxxxxxxxc) =
1

4πγb

∫ ∫

Γα
kbc(xxxxxxxxxxxxxxc, ξξξξξξξξξξξξξξ) Ni(ξξξξξξξξξξξξξξ) dΓα. (9)

Finally, for a given set ofN test functions
{wj(χχχχχχχχχχχχχχ)} defined onΓ, the variational form (5) is re-
duced to the following system of linear equations

N∑

i=1

[Rji] σh
i = νj , j = 1, . . . , N, (10)

being

Rji =
M∑

β=1

M∑

α=1

Rβα
ji ,

Rβα
ji =

1
4πγb

∫ ∫

Γβ
wj(χχχχχχχχχχχχχχ)

∫ ∫

Γα
kbb(χχχχχχχχχχχχχχ, ξξξξξξξξξξξξξξ)Ni(ξξξξξξξξξξξξξξ)dΓαdΓβ

νj =
M∑

β=1

νβ
j , νβ

j =
∫ ∫

Γβ
wj(χχχχχχχχχχχχχχ)dΓβ. (11)

Solution of this linear system provides the val-
ues of the current densitiesσh

i (i = 1, . . . , N) leak-
ing from the nodes of the grid. This general BEM
approach can be applied in cases of grounding grid
with a few number of electrodes since the statement
of linear system (10) requires the discretization of the
whole surfaceΓ of the grounding electrodes. In prac-
tical cases, with hundreds of cylindrical electrodes,
this fact implies a large number of degrees of freedom.
Besides, the coefficient matrix is full and the computa-
tion of terms (11) requires double integration on a 2D
domain [4]. Apart from these numerical drawbacks,
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Figure 6: Potential distribution (×10 kV) on ground
surface obtained by considering the soil model D.

in the case of kernelskbb(·, ·) defined by infinite se-
ries (i.e., in the two-layer soil models), the computa-
tion of coefficientsRβα

ji may require the evaluation of
an extremely high number of terms of the series [8].

Consequently, the authors have developed an ap-
proximated approach to this general BEM formulation
by introducing some additional hypotheses in order to
reduce the computational effort [4]. Basically, this ap-
proximated approach lies in taking into account the
real geometry of grounding systems in practice, by
assuming that the leakage current densityσ is con-
stant around the cross section of the conductors of the
grid (now, only the axial lines of the electrodes have
to be discretized). Besides, it is possible to develop
a highly efficient analytical integration technique to
compute the coefficient terms of the linear system of
equations so that they can be computed by means of
explicit formulae [4].

The resulting numerical approach reminds the so-
called “computer methods” for grounding analysis
[6], whereRji coefficients correspond to “mutual and
self resistances” between segments of conductors. In
fact, some particular cases of our BEM approach can
be identified with any of the very early intuitive meth-
ods that were proposed in the 60’s on the basis of re-
placing each segment of electrode by an ’imaginary
sphere’. In the case of a Galerkin type weighting with
constant leakage current elements, the numerical ap-
proach can be identified with a kind of more recent

methods, like the APM [5], in which each segment
of electrode is substituted by ’a line of point sources
over the length of the conductor’ [4, 6, 13]. Now, our
BEM approach allows to explain from a mathematical
point of view the problems encountered by other au-
thors with the application of these widespread meth-
ods [6], while new more efficient and accurate numer-
ical formulations can be derived [4, 13].

The example presented in this paper corresponds
to a case of a grounding grid of a real substation com-
puted by using different soil models with one and two
layers. Obviously, this BEM formulation can be ap-
plied to any other case with a higher number of lay-
ers. However, CPU time may increase exponentially
due to the poor rate of convergence of the underlying
series expansions. We have dealt this problem by two
different ways: the improvement of the convergence
by using new extrapolation techniques, and the de-
velopment of a massively parallel numerical approach
based on the previous ones for grounding analysis in
layered soils. In this way, the proposed BEM tech-
nique has been implemented in a CAD system devel-
oped by the authors for grounding substation design,
extending the original capabilities of this tool initially
developed for uniform soil models [4].

Recently, we have developed a new numerical ap-
proach from the previous one in order to tackle a com-
mon and very important engineering problem in the
grounding field: the analysis of transferred potentials.
In this case, the objective is to compute the potentials
can be transferred to other grounded conductors in the
vicinity of the earthing installation, and subsequently
they could affect distant points through communica-
tion or signal circuits, neutral wires, pipes, rails, or
metallic fences. This effect could produce serious
safety problems that should be estimated somehow
[1]. Our BEM numerical approach allows the analy-
sis of transferred potentials in grounding installations
embedded in uniform and layered soils, being possi-
ble to check the safety parameters of the grounding
system and its surroundings [12].

4 Example & Conclusions

In this section a complete application example of the
Boundary Element numerical formulation will be pre-
sented. The numerical approach proposed up to here
has been implemented in a Computer Aided Design
system. This tool performs grounding analysis for all
the soil models exposed in the previous sections.

The example consists of the application of the
CAD system to the analysis of a large real ground-
ing grid: this earthing system is formed by a grid of
408 segments of cylindrical conductor of the same di-
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ameter (12.85 mm) buried to a depth of 80 cm. The
grounding system has a right-angled triangle shape of
143×89 m2 and protects a total area of 6,600 m2 (Fig.
2). The grid has been discretized in 408 linear leakage
current elements which implies 238 degrees of free-
dom. The Ground Potential Rise (GPR) considered in
this study has been 10 kV.

This grounding system has been calculated by
using the following soil models: Model A is an
homogeneous soil model with conductivityγ =
0.016 (Ωm)−1, corresponding to the case of an uni-
form terrain made, for example, of clay (Fig. 3).
Model B is a vertically layered soil (Fig. 1b)), being
the conductivity of the part of the soil that contains
the earthing gridγ1 = 0.016 (Ωm)−1, and the other
sideγ2 = 0.005 (Ωm)−1 representing a less conduc-
tive soil (Fig. 4). Model C is similar to model B but
with γ2 = 0 (Ωm)−1; this corresponds to the case of
taking into account the presence of a retaining wall
for example, quite frequent in substations placed into
urban areas (Fig. 5), and Model D is an horizontally
layered soil (Fig. 1a)), beingγ1 = 0.005 (Ωm)−1 the
conductivity of the upper layer,γ2 = 0.016 (Ωm)−1

the conductivity of the lower layer, andh = 1 m the
thickness of the upper layer (Fig. 6). The equivalent
resistance obtained for each soil model has been: A:
0.3128Ω, B: 0.3712Ω, C: 0.4163Ω and D: 0.3705Ω.

As it is shown in this example, the results ob-
tained by using a multiple-layer soil model can be
noticeably different from those obtained by using a
uniform soil model, and the computed design param-
eters of the grounding system do significantly vary.
Therefore, it could be advisable or even mandatory to
use efficient multi-layer soil formulations (such as the
proposed approach) to analyze grounding systems as
a general rule, in spite of the increase in the computa-
tional cost, specially when the conductivity of the soil
changes markedly with depth.
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