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Abstract: We introduce a version of two-scale convergence that deals with certain non-periodic cases still preserv-
ing some of the key properties of two-scale convergence. Examples different from those in traditional periodic two-
scale convergence are demonstrated and the relationship with other generalizations of two-scale convergence is

discussed.
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1 Introduction

The two-scale convergence method ([1], [2], [9],
[11], [12]) is the most efficient approach of today
for periodic homogenization ([3], [4], [5], [8]) of
partial differential equations and hence a powerful
tool for the study of periodically arranged hetero-
geneous media. We show how the main compact-
ness result for periodic two-scale convergence can
be extended to certain non-periodic situations pre-
serving the most essential properties of the tradi-
tional periodic case.

Notation 1 Let F(R") be some space of real valued
function defined on R". Then F,(Y) contains all
functions in Fi,.(R") that are periodic with respect
to Y=(0,)". The space of functions in F,(Y)

with integral mean value zero over Y is denoted
F,(Y)/R.

2 Two-scale convergence
We define two-scale convergence in line with the
definition in [9].

Definition 2 4 sequence {u"} in I*(Q) is said to
two-scale converge to the limit u, € L*(QxY),

where Y =(0,1)" is the unit cube in R" and
Q = RY is an open bounded set, if

lim Quh (x)v(x, hx)dx = J.QJ.YMO (x, y)v(x, y)dydx

h—o©

with the same u, for any ve X = L’ (€;C,(Y)).

The following proposition associates two-scale
limits with the usual weak limits.

Proposition 3 If {u"} two-scale converges to u,
and ve LI’(Q,C,(Y)), then
u" — Iyuo (x,y)dy weaklyin L* (Q)

and
v(x, hx) — Iy v(x, y)dy weaklyin L (Q)

The compactness result below is the most essential
feature of two-scale convergence.

Theorem 4 Any bounded sequence in L* (Q) pos-

sesses a subsequence that two-scale converges.
Proof See [9]. m

3 Generalizations of two-scale
convergence

If we introduce suitable sequences of maps 7" it is
possible to generalize two-scale convergence be-
yond the periodic setting.

Definition 5 Let Q, 4 = R" be open, bounded
sets, X ¢ L*(Qx A) a linear space and
" XS LN(Q)
linear maps. We say that {u"} two-scale con-
verges to u, with respect to {t"} if
]111_>n3o 5 u” ()" v(x)dx = IQ IA u,(x, y)v(x, y)dydx
forall ve X .
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To establish a compactness result corresponding to
Theorem 4 we introduce two conditions on {z"} .

Definition 6 We say that a sequence of operators
" X L(Q)

is two-scale compatible with respect to

X < LI*(Qx A) if there is a constant C >0 such

that

limHz'hv

h—>o0 2 (Q) < C”v"Lz(QxA)

and
<C,-

”Thv i
L (Q)

We obtain the following compactness result.

Theorem 7 Let {u"} be a bounded sequence in

L*(Q) and assume that {t"} is two-scale com-
patible with respect to a separable Banach space
X that is a dense subset of L’ (Q2x A).

Then there exists a subsequence such that for
some u, € LI’ (Qx A)

lliirg IQuh (x)r"v(x)dx = IQ IA u,(x, y)v(x, y)dydx

forall ve X .
Proof See [6] and [7].

No connection with traditional week limits is con-
tained in our definitions and results this far. Below
we introduce such conditions inspired by the prop-
erties of periodic two-scale convergence found in
Proposition 3.

Definition 8 Let {u"} be any bounded sequence in
L*(Q) that two-scale converges to u, with respect
to a sequence {t"} that is two-scale compatible

with respect to X < L*(Qx A). We say that {t"}
is strongly two-scale compatible if
u" - JAuO(x, y)dy weaklyin L* (Q)

and
AT jAv(x, y)dy weaklyin I*(Q)

forany ve X .

The generalization below is found in [10] and
means that {/x} is replaced by a fairly arbitrary

sequence {a" (x)} of functions defined on Q.

Definition 9 Let Q be an open bounded subset of
RY and A a metrizable compact space, u a

Young measure and Li (Qx A) the space of all

U -measurable functions with u -integrable

square. Further assume that we have a sequence
of measurable functions

a" i QA
We say that a sequence {u"} a" -converges to
uy € L2 (Qx A) if

Ilim JU "Cov(x, a” (x))dx =

[ ] 0 Geo )i, y)ua(x, )
for all v e L’ (Q;C(A)).

The kind of operators 7" corresponding to the
case introduced above are not in general two-scale
compatible and hence the measure u is not nece-

sarily the Lebesgue measure.

Theorem 10 Let {u"} be a bounded sequence in
L*(Q). Then there exists a subsequence and an
o -limit u, € Lil (Qx A) such that this subse-

h
quence o -converges to u, for some Young

measure L.
Proof See [10].

The main contribution of this paper is to identify
conditions sufficient to achieve a kind of scale

convergence based on choices of {&"} and X

making the corresponding sequence {r"} strongly
two-scale compatible.

Definition 11 4 sequence {u"} in L*(Q) is said
to (a”,A)-scale converge to u, € I*(QxY),
where Y =(0,1)" is the unit cube in R" and

Qc RY is an open bounded set, if
’1113; IQuh (xX)v(x,a" (x))dx = IQ f Yo (x, y)v(x, y)dydx
with the same u, for any ve X = L’ (€;C,(Y)).



Proceedings of the 9th WSEAS International Conference on Applied Mathematics, Istanbul, Turkey, May 27-29, 2006 (pp342-346)

To obtain strong two-scale compatibility we intro-
duce sequences of functions {@"} and a space X
with suitable characteristics. Let

a" :RY—RY
be a continuous bijection and {Y’ }7 a covering

of RY by unit cubes and {Y/}"", a covering of ¥’

with cubes of sidelength n™', and define

h hy-1 j

Ql=(") ¥Y')nQ.

Hence, for some ¢(/)
— A oy
Q=v9,Q],

and in a similar way we introduce

Q' =) '(¥)nQ
where Y/ are Y-periodic repetitions of Y, .
Finally, we assume that Q' < N, (x"/), where
N,y (x"7) is a ball centered at x™/ € Q) with

radius r(h) —> 0 for h > .

Definition 12 We say that {a"} is asymptotically
uniformly distributed if

(@) XN A@") (X)) = AY,) = 0
for any open set Y, Y when h — .

Remark 13 The definition can be extended to ave-

raging over clusters of cells Y’. For the sake of
briefness and lucidity of this paper we use the
more transparent definition above.

This definition enables us to prove the following
crucial lemma. y, is the characteristic function

© oy
for U7, ¥/ .

Lemma 14 Assume that {"} is asymptotically
uniformly distributed. Then
2y, (@" (x)) > A(Y,) weakly in L* (Q2).
Proof We have assumed that
@) ) Ay () - A < g
and hence
@) () = AT)A") (V)| <

g, A(a") " (Y7)).

We obtain
J X (@ ()v(x)dx =
ng) J.Q? Xy, (ah (xX))v(x)dx =
Yo [ vO0de = 3 A@] v,
where x"/ € Q" . Obviously

| @ w0, 00 O« w0V 0" <
a N

—0

() i
DIEICHNELD

and thus

% Ty, D WU @ % XY, O Wx
% %

for all v e D(Q) and hence for all ve L*(Q).
We have proven that
Iy, (@" () > A(Y,) weakly in L*(Q)

holds true.m

We are now ready to prove that we have found
sufficient conditions on {a"} to make scale con-

vergence strongly two-scale compatible for an
appropriate choice of the admissible space X.

Proposition 15 Let ve L*(;C,(Y)) and assume
that {a"} is a sequence of functions that are as-
ymptotically uniformly distributed. Then

v(x,a" (x)) > j v(x,y)dy weakly in L*(Q)

and
ut > IY u,(x, y)dy weakly in L(Q).
Further,
h
”V(X,a (x)) LZ(Q) - ||V LZ(QXY)
and

06,0008, +00:4 00

This means that {t"} is strongly two-scale compa-
tible.



Proof Let /b be the characteristic function for
U7, Y/ and define

v, (63) = S v ) 2y ()

If {&"} is asymptotically uniformly distributed it
holds for any fixed y, €Y, that
[ vz (@ ()dx = [ v(x,3,)A(Y, )dx.
Summing over k we obtain

J.Q v, (x,a" (x))dx - J-Q IY v, (x,y)dydx.

The rest of the proof follows exactly along the
lines of the second half of the proof of Lemma 2 in

[1]if we replace {hx} with {a"(x)}.m

In the same way as in usual two-scale convergence
the second scale vanishes in the limit if the se-

quence {u"} is strongly convergent.

Corollary 16 Let {u"} be a strongly convergent
sequence in L* (Q) with limit u and assume that
{a"} is asymptotically uniformly distributed.
Then, up to a subsequence and for all

ve I’(;C,(Y)),

Ilgg I S "ov(x,a” (x))dx =

IQ IY u(x)v(x, y)dydx

Proof We combine the assumption of strong con-
vergence of {u"} with Proposition 15.

Finally, we give a few simple examples of cases
contained in our concept of strongly two-scale
compatible A -scale convergence.

Example 17 We start with the case corresponding
to usual periodic two-scale convergence. Let

a’(x)=hx, xeQ=(1,5).

Then
Y/ =(j,j+1),j=h
and
Y/ =(ai,b)).ai.b €(j,j+1)
with

by —aj = A(Y,).
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(All the assumptions above will be used also in the
next two examples.)
We obtain

@) (Y =",k (+1)
and
(@) (¥)) = (h"al,h”'b])
and hence it is obvious that
HCON N

Ly A(Y).
M@ (r’)) o)

Example 18 In our second example o is still
continuous with a" (1) =h but grows with different

constant speeds while its values passes through
different periods Y’ . We have

4 hwy=h, xe@) ' @),
dx
where h,;(h) — . Then
@) @) =" (). @) () +h)
and
@' =
(@' @)@) @)+ b -a)))
Hence
hy-1 J
M) ()
A(a™)"(Y"))

and it is thus clear that {a"} is asymptotically

A(Y)

uniformly distributed.

Example 19 Finally, we let a" be non-linear. For
a’(x) = hx’
we obtain

@) ()= (b j BTG +1)

(@) (¥)=ha] 1B,
For large values of h also j will be large. Hence
M@y () _ bl —af
iN-levivy [ ._)ﬂ“(Yk)
@)@ 1=
and thus {a"} is asymptotically uniformly distrib-
uted.

and
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4 Conclusions [12] G. Nguetseng; Homogenization structures
The results in this report demonstrates that, under and applications I, Journal for Analysis and its
certain restrictions on the sequences {a”} of func- Applications, Vol. 22 No. 1, 2003, pp. 73-107.

tions, it is possible to make meaningful generaliza-
tions of two-scale convergence along the lines of
scale convergence without involving any other
measure than the Lebesgue measure.

References:

[1] G. Allaire, Homogenization and two-scale
convergence, SIAM J. Math. Anal., Vol. 23,
No. 6, 1992, pp 1482-1518.

[2] G. Allaire, M. Briane, Multi-scale convergence
and reiterated homogenization, Proc. Roy. Soc.
Edinburgh Sect. A, Vol. 126, No. 2, 1996.

[3] N. Bakhvalov, G. Panasenko, Homogenization:
Averaging processes in periodic media, Klu-
wer Academic Publishers, London, 1989.

[4] A. Bensoussan, J. L. Lions, G. Papanicolau,
Asymptotic analysis for periodic structures.
Studies in mathematics and its applications,
North-Holland, 1978.

[5] D. Cioranescu, P. Donato, An introduction to
homogenization, Oxford University Press Inc.,
New York, 1999.

[6] A. Holmbom, J. Silfver, N. Svanstedt, N. Wel-
lander, On the relationship between some
weak compactnesses with different numbers of
scales, Chalmers Finite Element Center, Pre-
print 2003-25, Géteborg, 2003.

[7] A. Holmbom, J. Silfver, N. Svanstedt, N. Wel-
lander, On two-scale convergence and related
sequential compactness topics, To appear.

[8] V. Jikov, S. Kozlov, O. Oleinik, Homogeniz-
taion of differential operators and variational
problems, Springer-Verlag, Berlin, 1994.
Longman Sci. Tech., Harlow, 1994.

[9] D. Lukkassen, G. Nguetseng and P. Wall,
Two-scale convergence, Int. J. Pure and Appl.
Math., Vol. 2, No. 1 2002, pp. 35-86.

[10] M. L. Mascarenhas, A-M Toader, Scale con-
vergence in homogenization, Numer. Funct.
Anal. Optim., 22 2001, No. 1-2, pp. 127--158.

[11] G. Nguetseng; A general convergence result
for a functional related to the theory of ho-
mogenization, SIAM J. Math. Anal., Vol. 20,
No. 3, 1989, pp. 608-623.



