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The series expansions of generalized hypergeometric functions
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Abstract: - Our aim is to give a method for the determination of the power series expansion of the solution of
the initial value problem of nonlinear ordinary differential equations.
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1 Introduction
We consider the differential equation of the second
order

"ayly" =0, )

yI! y!
where p is a positive real number. We examine the
solutions Yy, and Y, of the initial value problem of
(1) with initial conditions

y(0)=0, y'(0) =1, )
or
y(0)=1, y'(0)=0, ©)

for both the + sign and — sign in (1).

Equation (1) is called half-linear one since its
solution set is homogeneous but not additive. The
existence of the solution of the initial value problem
(2)-(2) and (1)-(3) was showed in [3].

For p =1 equation (1) is the linear equation

y'+y=0, 4)
and the solution of (4) for ‘+’ sign with (2) is
y =sin x and with (3) is y = cos x. Furthermore,
when p =1, the solution of (4) for ‘-’ sign with (2) is
y =sinh x and with (3) is y = cosh x.
If p=1 then the solution of

Yy + vy =0 (5)

with (2) is called generalized sine function and
denoted by y =S,(x). The generalization of sine

function was introduced by E. Lundberg [5] and A.
Elbert [3]. The properties of S,(x) was examined
by V. I. Levin [4] and E. Schmidt [6]. The
application of the generalized sine function is useful

in the study of the boundary value problem of some
nonlinear partial differential equations (see [1]).

If p =1 then the solution of (5) with (3) is called
generalized cosine function and we denote it by
y =C,(x). We note that C,(X) =COSX.

If p=1 then the solution of
Yy —yy" " =0 (6)

with (2) is called generalized sine hyperbolic
function and denoted by y = Sh, (X) . In the special

case p=1, Sh/(x)=sinhx.
If p=1 then the solution of (6) with (3) is called

generalized cosine hyperbolic function, denoted by
y =Ch,(x),and Ch(x) =coshx.

2 Problem Formulation

We show that the solution of the non linear problem
(1) with initial condition (2) or (3) can be given of
the form

Y(X)=x“3 yox @)
n=0

for both the + and — sign.

2.1 The generalized sine function
We define the generalized sine function as the
solution of the nonlinear initial value problem

y” yl| p-1 + y|y| p-1 -0 ’

y(0)=0, y'(0)=1.
If y>0, y">0 the solution S, can be given by
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in the interval [0, 7/2], where

A 1

T 1

o=

2 gy 1-yPH ’
therefore

z_» 1

2 Ptlgn 7 |

p+1

Function S, can be extended as a 27 periodic
function to the whole real axis as follows:

I N>

S, (7-x) if <X<71x
2
S,(X)=1-S,(x-7) if T<Xx<2rx
S,(x+2kz) where k=+1+2,. ..

moreover for the zeros of S p We have that
Sp(XO) :O, |f XO :O,iﬁ',iZﬁ',... .

For function S, the generalization of the

P
Pythagorean relation

sin®x+cos?x =1
has the form

p+1 , p+1
S, (0] +[sp0] " =1.
Our aim is to give solution S p of the form

S, (X) = X3 axi (P
W=, (®)

2p+3

and to give a method for the determination of
coefficients ay,ay,ay,... .

In this case, in (7) for the values of & and f we
have a¢=1and g =p+1.

According to (8), we want to find S}, and S in the

form
Sp(x) = Y bx' Py
i=0
= by + by x P 4,2 4
and

S7(x)=xP Y cx'P
i=0
2p+1 3p+2

=CoXP + X P e, X L
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From the initial conditions (2) we get

Sp(O):O,
S;)(O)=b,

hence
bo :1.

The relations between coefficients a;, b; and c;
are the following

bi =ai (l(p+1)+l) (9)
i=0,12,....

C; =ba(I+1)(p+1),
From this for i =0 we get that
a,=hy =1
and from differential equation (5) we get that
co =-1.

The series expansion of form (8) is considered for
[0, 7/2], where S,(x)=0, S;(x)>0, therefore

(5) has the form
[s,00]7-sp0+[5,(0]" =0.

We introduce the notion of elasticity of function
f by

E(f(x)) =%- £1().

The elasticity has the properties:
EC(f(x)-9(x) =E(f(x))+E(g(x)).
Ex*)=«,
E(f*(x))=a-E(f(x))
ECf(x)=E(f(x)).

Let us evaluate the elasticity of S;(x) by

E(S,(x) =1+(p+1)-=2
zai xi(p+)
i=0

Taking into consideration condition a, =1 and
making the division it has the form

E(S,(X) =1+ (p+1) 3 A P,
k=1

k-1
where A =k-a — > Aay_j .
i=1
Similarly,
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ibi qoxi(p+D)
E(Sp(x)) = (p+1)-1=2

Zbl .Xi(p+1)

i=0

with by =1 it can be written that

E(Sp () = (p+D)- 3 B -x(P+D

k=1
k-1
where By =kby — " Bjby_j , moreover
i=1
ici .i.Xi(p+1)
E(Sp(x)) = p+(p+1)-1=2 ,
S xI(P+D)
i=0
E(SH00) = p+(p+D)- X, G- x<PH,
k=1
k-1
where Ck =—ka + Z CiCk—i .
i=1

From differential equation (5) we obtain
(P-DEE,(x)+E(SH(x) = PE(Sp(x))  (10)

Substituting the elasticity of S,,S,, Sy into

equation (10) we get, by comparison of coefficients,
the following recurrence relations

Cr=p-A—(pP-DB k=12.., (1)

from where

= o k2
k=% 2. Cick_i — pay e D Aa
i=1 i=1
k-1
-1
+(p—1)by —pTZ Biby i
i-1

1
= (=D — pay —

k-1

> [Cick-i — PAa_j +(p—-1Bjby_i]

i=1

Coefficients ai,bi'ci (i=0,12,..) can  be

determined from (9) and (11). The convergence of
the power series is examined in [2].
Example Solve problem

” ! 71 71
yy|" +yy]* =0,
y(0)=0, y'(0)=1
for p=3.
After the determination of coefficients
a;,1=012,... calculations we find the series

expansion of the solution of the form
S;(X) =x— 0.05000x° —0.00486x°
~0.00124x" — ...

in the interval [0, 1.11072].

y =3S;5(x)

Fig.1.

2.2 The generalized cosine function
We define the generalized sine function as the
solution of the nonlinear initial value problem

yI" P =0,

yrr
y(0)=1 y'(0)=0.

The solution C, of this problem in the interval

[0, 7/2] can be given by

X=- I +1[ 1
when y>0, y' <0, and its series expansion has
the form

_ p p
=l +Lx" +Lx" +...



We note that now a:O,ﬂ:£+l in (7).
p

Moreover, the exponent £ in case of generalized
sine function is p +1, in case of generalized cosine

o1
function is —+1, and the two exponents are dual
p

=1 is fulfilled.

+
p+1 l+l

p
Now C;, and Cg can be written as follows

pair since equation

C (%) =x% >m xi[H,

i=0

and

From the initial conditions (3) we have that

=1 my=§-p, (12)

and from the differential equation (5)

no=4-p/p. (13)
We note that the series expansion of C, can be

achieved for such values of p when {—p is

defined. In this case we have the following
connections between the coefficients

m; = (i +1)(l+ljli+1,
P

ol

fori=012,... .
Substituting Cp,C;),C;; into the differential

equation and taking the elasticity, we get after
simplifications the following recurrence relations

Ny=p-Li=(p-1-M,,

(14)

where

k-1
Lk =k'|k —Z'—i 'Ik—i '
i=1

k
M _

-1
2 M
i=1

my_i

M, =k-
k mo

0
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Example Solve problem
yI" P =0,
y(0)=1 y'(0)=0

y”

for p=3.

The calculations shows that
C,(x) =1-1.081x*"% +0.2106x8"2

—0.039x* + ...

Fig.2.

2.3 The generalized hyperbolic sine function
We define the generalized hyperbolic sine function
as the solution of the nonlinear initial value problem

yﬂ yr| p-1 _ y|y| p-1 — O,
y(0)=0, y'(0) =1.

The solution Shp satisfies

0 p+1 y p+1 +1
We want to find the series expansion in the form

Sh,(x) = xz(;tixi(p”)
i=

xeR.

and we use the notation for its derivatives

shy (x) = _Z(:Juixi(p+1) ,
i=



Shy(x) =xP Y vx'

i=0
Here ¢ =1, f#=p+1 as in Section 2.1. From the
initial conditions we get

and for the coefficients using the elasticity of
Shy,, Shi,, Shi; we have the relation

Vi = pT —(p-DU,,

where

k-1

i=1

k-1
U,=ku, - ZU Ug—i-
y=sinhx
y=5hy(x)

Fig.3.

Example Solve problem

e -1

—ylyf"~ =0,

y(0)=0, y'(0) =1
for p=3.
After calculations we obtain
Shy(x) = x +0.05000x° + 0.00486x°

—0.00030%" —
(see the graph in Fig.3).
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2.4 The generalized hyperbolic cosine

function
We define the generalized hyperbolic sine function
as the solution of the nonlinear initial value problem

y,| p-1 y|y| 1 _ 0,

y(0)=1 y'(0)=0.
The solution of this problem is
Chp

= f p+\1/pT

14

and we search the series expansion of Chp in the
form
0 i[i-%—l]
Chy(x)=>"qg;x "
i=0
and
1 0 (1+lj
Chy(x) =x > rx
i=0
171 © i(l+lj
Chy(x)=xP > sx'P
i=0
and

i = qi+1(i +1)(£+1}
p

(e

1 . .
Here « =0, f=—+1 as in Section 2.2. From the

S

initial conditions
qQo =1 1y = %

and from the differential equation (5)

Moreover from the application of the elasticity we
obtain the relations

Sk=pPQ—(p-D-R, k=12,..,

where

k-1
Q=Ko —2.Q -0,
i—1

R =k ZR
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We note that this method can be applied for more

S Sk kz—:ls Sk_i general form of nonlinear initial value problems:
k=R i
S i S w1 P—1 p-1
o i o YY"+ ply]” =0
Example Solve problem with initial conditions (2) or (3) if the coefficient
o1 o1 function p(x) has the proper power series form.
YY" =yly| " =0,
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The calculations shows that
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In this paper we intend to give the solution in power
series form for nonlinear initial value problems. We
gave a method for the determination of the
coefficients with the application of the elasticity of
functions in power series form. This method enables
us to compare the coefficients even so the equation
is strongly nonlinear; it is nonlinear in the
derivatives too. In the four cases above we dealt
with the generalization of hyper geometric functions
such as sine, cosine, hyperbolic sine and hyperbolic
cosine. In the examples, for a special value p =3,
the  numerical calculations are presented.
Accordingly, in the figures the graphs of the
generalized functions are compared with the usual
hyper geometric functions.

We point out that the powers «, £ are different
in the cases of the two different initial conditions (2)
and (3), but values of £ are the dual pairs.



