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Abstract: The Benjamin-Feir type instability of the nonhomoclinic solution of the Sine-Gordon
equation against the spatially periodic small perturbation is observed by relating the Fourier
coefficients of the first order approximate solution to the spectral structure of the second order
ordinary differential equation. In particular, a numerical observation is also reported for the
purterbation with the wave number belonging to the instability zone and the stability zone.
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1. INTRODUCTION

In this paper, we study the Benjamin-Feir
type instability of the Sine-Gordon equation

1) ¢

The present work is the sequal to the previous
papers [12] and [13]. In this paper, we mainly
report the numerical analysis of the Benjamin-
Feir instability.

It is easy to see that the Sine-Gordon equa-
tion (1) has the following three types of the
z-independent solutions ¢4(¢, k), k > 0;

os(t, k)

@) 2sin~(ksn(t, k)), 0< k<1,
= < 2sin(sn(kt, k7Y)), 1<k,
4tan~He )+, k=1,

where sn(¢,k) is the Jacobi elliptic function
with the modulus k. The Benjamin-Feir in-
stability problem is related to the modulation
instability. However, the last solution (¢, 1)
is a homoclinic orbit, and there is no modula-
tion wave number. So we omit it from our con-
sideration. On the other hand, ¢,(¢,k), k # 1
are the nonhomoclinic orbits, so, we call them
the nonhomoclinic solutions.

The Benjamin-Feir instability zone B(k) is
the set of the wave numbers such that the spa-
tially periodic small perturbation of the solu-
tion ¢4(t, k) becomes unstable for large ¢, if
modulation wave number belongs to B(k). In
[12] and [13], it is shown that the Benjamin-
Feir instability zone B(k) are the open inter-
vals

) (0, k), 0<k<l
3) B(k)_{(\/kz—m), 1 <k,

The purpose of the present work is to clar-
ify numerically the asymptotic behavior of the
purturbed solutions for large t. More precisely,
the boundary of the Benjamin-Feir zone can
be calculated exactly, since they coincide with
the simple periodic spectrum of a kind of 2nd
Lamé equation. Moreover, the first order ap-
proximate solution of Fourier type of modu-
lated wave solution can be expressed explicitly
in terms of the corresponding eigenfunctions
which are expressed exactly by the Jacobi el-
liptic functions. Hence those asymptotic be-
havior can be exactly clarified.

Conversely, if the modulation wave number
belongs to B(k), then such exact treatment
can not be carried out. Hence, in such a case,
numerical treatment is necessary. In general,



the finite diffrence scheme is not so reliable for
such nonlinear unstable phenomena. There-
fore we reduce the problem to the 2nd order
linear ordinary differential equation, and con-
sider the asymptotic behavior using the Runge-
Kutta scheme.

2. THE REVIEW OF THE PAPER [12]

We briefly explain the fundamental materi-
als obtained mainly in [12].

Let ¢s(t, k) be the nonhomoclinic solution of
the SG equation (1) defined by (2). Define the
function ¢.(x,t) by

¢=(,1) =
(4)

s(t, k) ‘|‘5Z77n cos(pinx
where
2mn
o =1

for L > 0, where L is the spatial period of the
perturbation, and fixed in what follows.

Put ¢.(x,t) into the SG equation (1), then
we have

Pé 6.

oz gar TS
52{ dt2 + (cos &5 )7771‘|'/~Ln77n}
+ 0(&%).

Hence, if n,(t) solves the 2nd order ordinary
differential equation

5) T feos b+ =0
T2 cos ¢ )N, + pin, = 0.
forall n =0,1,2,---, then
Pp. 0.
T2 5 +sing. = O(e )
follows. If the condition (5) are satisfied, we

call ¢.(x,t) defined by (4) the first order ap-
proximate solution of Fourier type.
On the other hand, the single component

perturbation qbgl)(x,t,/,c) is defined by

(6) qbf:l)(l’,t,/,b) = Qbs(tyk) ‘|’577(t) COS U,
where

2
(7) —z T (cosds)n + ' = 0.
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Definition 1. Let ¢4(¢,k) be the nonhomo-
clinic solution and qbgl)(x,t,/,c) be the single
component perturbation. The subset B(k) of
the positive axis R, is called the Benjamin-
Feir zone if the following condition is fulfilled;
Assume (1(0),7(0)) # (0,0), ie. n(t) # 0,
then

lim  sup |¢£1)(:1;,t

holds if and only if p € B(k).

)] =00

By direct calculation, we have the following
potential Uy(t) = — cos ¢y (1);

Uk(t) =
(8) 2k sn?(t, k) — 0<k<l
2sn?(kt, 1/k) —1, k>1

Define the 2nd order ordinary differential op-
erator Hy by
pe
Hy = T + Uk(1).
Then the function n,(t), n = 0,1,---
solutions of the eigenvalue problem

(9) Hina(t) = pona(t).

Hence, one can clarify the asymptotic behavior
of the single component perturbation ¢.(x,1)
for large ¢ by analyzing the behavior of the
solution of the eigenvalue problem (9). The
potential Ug(¢) is periodic. Hence Hy is a sim-
ple example of Hill’s operator. The spectrum

of Hill’s operator has the so called band struc-
ture. That is, let

—0 =A< A <A < X\
< A3 <Ay <o < Ay
<Ay < Agjrr S Agjpe <o

are the

be the periodic spectrum of Hill’s operator.
Let [Z == ()\22'_1, )\22'),@. == 0, 1, 2, MR
called the instability zones, and if the spec-
tral parameter is in [;, then all nontrivial solu-
tions of the eigenvalue problem are unbounded.
On the one hand, let J; = (Agi, Agiq1), ¢ =
0,1,2,---, which is called the stability zone,
and if the spectral parameter is in .J;, then
the all solutions of the eigenvalue problem are
bounded, and are not periodic. The points A;,

which are
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7 =0,1,2,--- are periodic spectrum. We re-
fer the reader [7] for more precise description
about the band structure of the spectrum of
Hill’s operator.

Concerned with the spectrum of Hy with the
modulus 0 < k£ < 1, we have the following.

Theorem 1. Assume 0 < k < 1. Then, Uy(t)
is the 1-st algebro-geometric elliptic potential
with the real period 2K, where K is defined by

1
(10) K = / dz .

o V=) = k)
Moreover, the simple periodic eigenvalues of
the operator Hy, are k* — 1, 0, and k*, where
E* —1 < 0 < k%, and the instability zones are
the intervals (—oo, k* — 1) and (0, k?).

This fact is classical one. However, an alter-
native elementary proof is given in [12]

Next we consider the case & > 1. In this
case, by (8), we have
Hyna(t) =
L nlt) + 2502 (kt, 1) = it
ar'm AR I
= (N (t).

Let 7 = kt, then, by direct calculation, we have
2

- Fﬁn(ﬂ +
2
(11) (2 (%) snz(r, %) — 1) N (T)
= /liﬁn(T)v
where
. T, | 1
(12) 7771(7—):7771(%)7 /%21 = ﬁ_l‘l'ﬁ'
Let
~ 4 1\ , 1
Hk = —W—I—Q (E) sn (T,E)—l,

then, by Theorem 1, the simple periodic eigen-

values of the operator Hj are k% — 1, 0 and
k%, and the instability zones are the intervals
(=00, 7x — 1) and (0,7%). If 42 = 5 — 1 then

p? = 0 follows. Similarly, if @2 = 0, and
it = 2 then p? = k* — 1 and p2 = k* follow
respectively. Hence, the instability zones of the
operator Hy itself are (—o0,0) and (k% —1, k?).
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Now we consider the Benjamin-Feir instabil-
ity zone B(k) applying the above results.

First suppose 0 < k < 1. If x2 is in the
one of the instability zones of Hill’s operator
Hy, then, arbitrary nontrivial solution n,(¢) of
the eigenvalue problem (9) is unbounded for
t — oo. Since p, are real numbers, y? > 0
holds. Hence, by Theorem 1, the instability
zone which includes 1?2 is only (0, 4?). There-
fore, the Benjamin-Feir zone B(k) coincides
with the interval (0, k).

Similarly, if 1 < k, then one can verify that
the Benjamin-Feir zone B(k) coincides with
the interval (v k2 — 1, k). These are the fact(3)
mentioned in the introduction.

Thus we have the following Theorem 2.

Theorem 2. The Benjamin-Feir zones B(k)
for the modulus 0 < k and k # 1 are given as
follows.

1. If0 < k <1, B(k) = (0,k) holds.
2. If 1 <k, B(k) = (VE2—1,k) holds.

A part of this result itself seems to be al-
ready known. Actually, Ercolani et al. refer to
this fact in [3] in the case 0 < k < 1. But, the
method of the proof is different from ours.

Now let us consider the behavior of the single
component perturbation qbgl)(x,t,/,c) for u €
OB(k).

Let ;(t,)), j = 1,2 be the eigenfunction of
the eigenvalue problem

H.0 =)0
(B0 BONY (1)

First, we construct the real valued eigen-
function 6, (¢, A) for the eigenvalue A = 1* such
that ¢ € 9B(k) for 0 < k < 1. By the A-
operator method [9, p. 420, Theorem 11], we
have

such that

10
0 1

01(t,0) = en(t, k),
which satisfies the initial condition
6,(0,0) =1, #,(0,0) = 0.
The solution #5(¢,0) such that

0,(0,0) = 0, 6,(0,0) = 1
3



is given by

f,(t,0) = Cn(t,k)/o %

For y = k € dB(k), similarly to the above, we
have

02(t7 kz) = Sn(tv k)v

K ds
0,(t,k*) =sn(t, k —.
1( ” ) SH( ” )/t SHQ(S,]{)

It is easy to see that 6y(¢,0), and 6, (¢, k?) in-
crease linearly as ¢t — oo.

For 1 < k, we consider the eigenfunction
0,(t,k* —1). Since p? = k* — 1, by (12), we
have fi? = 0. Hence, by the elementary trans-
formation formulas of Jacobi elliptic function,
we have

1 1
0,(t,k* —1) = en(r, E) = cn(kt, E) = dn(t, k),
K
ds
0,(t,k* — 1) = dn(t, k / _
2( ) H( ) ] dHQ(S,k)
0y(t, k*) = sn(t, k?),
K
ds
05(t, k%) = sn(t, k —.
2( ” ) SH( ” )/t SHQ(S,]{)

Therefore we have the following Theorem.

Theorem 3. Suppose n(0) # 0, then
¢ (., k)| = oo

lim

sup
t—00

—o00oLr<o0

holds for all k # 1. Moreover, suppose n'(0) #
0, then

lim

sup
t—00

|6 (¢, )| = o0
—o00oLr<o0

holds for p = 0 if 0 < k < 1, and for p =
VIEZE =T ifk>1.

Fig.1 are the graphs of qbgl)(x,t,/,c) for k =
2 such that ¢? = k* — 1 = 3 and 5(0) = 1,
'(0) = 0.

Fic. 1. Behavior of the approx-
imate solutions at the boundary
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3. NUMERICAL CONSIDERATION

Generally speaking, if u* is the eigenvalue
such that p € B(k), then one can not obtain
any exact solutions of the eigenvalue problem

(13) H0 = p*0.
Of course, since the set

B(k) = {u*|u € B(k)}

is included in the resolvent set of the operator
H), considered in the space L*(—o0,c0), it is
well known that any nontrivial solution 6(¢) of
(13) are unbouded, or increase exponetially as
|t| = oo. However, it is essential to clarify the
asymptotic behavior of the single component
perturbation qbgl)(x, t,u) for large t. Therefore
we carry out the numerical consideration in the
rest of the present paper.

Any numerical scheme for the nonlinear evo-
lution equation are not so reliable to clarify the
unstable phenomena. In another occasion [14],
we tried Hirota’s scheme for the Sine-Gordon
equation with the initial condition

P(x,0) = ngl)(l‘, 0, 1) = en(0) cos p’x,
Bu(,0) = ¢l (2,0, ) = enl,(0)p’x.

However, while some interesting results were
obtained, those ware not so trustworthy. The
root of this fact is that the Hirota’s scheme
was developed to construct the soliton solu-
tions, that is, for the stable phenomena. For
Hirota’s scheme of the Sine-Gordon equation,
we refer the reader to the article [1]. Hence,
some alternative scheme is required. That is
our method of the 1st order approximate solu-
tion of Fourier type. In this case, the prob-
lem is reduced to the linear ordinary differ-
ential equation. Therefore, there are many
trustworthy numerical schemes. In the present
work, we adopt a standard one, the Runge-
Kutta scheme to solve numerically the eigen-
value problem (13). Here the numerical results
only for 1 < k are exhibited. The results for
0 < k < 1 are completely parallel.

(1) Stable cases

There are two stable zone I} = (0,k* — 1)
and I, = (k?,00). As numerical experiments,
we carried out the computation for k& = 2.



Fig.2 are the graphs of qbgl)(x,t,/,c) such that
n(0) = 1,7’(0) = 0 and n(0) = 0 and »'(0) =1
for u? =1 € I, respectively. Therefore, for ar-
bitrary initial condition, qbgl)(x,t,/,c) is stable.
The graphs of qbgl)(x,t,/,c) for u2 =5 € I, are
similar to them.

FiG. 2. The stable case

(2) Unstable cases

Fig.3 are the graphs of the approximate solu-
tion qbgl)(x,t,/,c) for u? = 3.5 € B(2) such that
n(0) =1, 7'(0) = 0 and n(0) = 0,7'(0) = 1.

W Al

FiG. 3. The unstable case

By the both graphs, one can observe that
those single component perturbations increase
exponentially as ¢ — co. In comparison with
Fig.1, the growth pattern is quite different,
that is, the former is linearly and the latter
is exponentially.

4. CONCLUSION

We observed the Benjamin-Feir type insta-
bility, which is a kind of modulation instability,
of the nonhomoclinic solution (2) to the Sine-
Gordon equation with respect to small pertur-
bation of Fourier type. We investigated the
problem by reducing it to consideration of the
band structure of the spectrum of the Lamé
equation. The asymptotic behavior of the ap-
proximate solution was observed by construct-
ing the exact eigenfunctions for the simple pe-
riodic eigenvalues, and by constructing the nu-
merical solutions for the continuous spectrum
and the resolvent set.
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