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On the MADM solution of coupled wave system
with mixed boundary condition
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Abstract: - an analytical solution for a system of parallel vibrating strings is derived. To treat the problem
mixed boundary condition (velocity feedback), modified Adomian decomposition method is employed. A
close conformity exists between the obtained results and those of numerical ones.
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1 Introduction

Stability is very desirable for an elastic system. The
energy of system should be evaluated, and if rate of
energy is negative, the system is stable.

In this paper, we will investigate the stabilization
properties of vibrating strings in parallel whose
energy will be damped out by boundary velocity
feedback via MADM. The governing equation of
such a system is described by the following system
of wave equations (mixed initial — boundary value
problem);

u, —ou, =alv- u)} in{t € (0, )

v, —0, v, =a(u—-v) xe(01) @
where o >0 and ¢ > 0 .The initial conditions are
u(x,0)=u,y, u,(x0)=u,

v(x,0)=vy, v,(x,0)=v, )

with the prescribed boundary conditions
u(0,6)=0, u, (L,6)=-Pu,L1)
v(0,6)=0, v.(Lt)=—p,v, (L), t=20 (3)

Here 7, x, o, and o, are the time, space variable
and wave propagation speeds, respectively. the
variables u, v are the deflections of the strings from
their equilibrium positions. The wave speed, o, and
the spring constant, a, are the system parameters.
The damping coefficients B, >0( =1,2) depend on
the control devices. These parameters play an

important role in the physical behavior of the
system.  Generally, this boundary  control
corresponds to a control mechanism which monitors
u,, v,at x=1 or at x=0. This phenomenon takes place

if the system is exposed to external forces or by
velocity feedback boundary conditions (Eq. 3).

This problem is motivated by an analogous problem
in ordinary differential equations for coupled
oscillators, and has a potential application in
oscillation of objects from outside disturbances.
Associated with each solution of (1) is its total
natural energy at time t [1]:

1
EQ) =2 [ G+l 4w+ e+
0 (4)
a|u - v|2)dx

Adomian decomposition method (ADM) is very
powerful method to find analytical solutions for
ODE and PDE [2-7]. ADM solution to mixed
boundary condition problem (for example Eq. 1) is
not so straight forward and easily obtainable.

In this study, modified ADM is utilized to solve the
system of Egs. (1).

2 Analysis of MADM to linear PDE

Here, the following linear equation [2] is considered
as
Lu+Lu+Ru=g, (5)
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Where
L =0%()/o, L, =0%()/ox?, R=p(x,t).
Let:
33 a3 | Sa |
n=0 k=0 n=0 k=0
=3 a, (02",
n=0
R = 1) = S Laxtt
p(x,1) ;;} PuiX (6)
=> p,(0)x"
n=0
g=gx,)=2> g, x"t*
n=0 k=0
= z g, (@)x".
n=0

By the ADM, the inverse operator of L, is applied on
both sides of (5), hence,

u=¢ + L;lg - L;lL[u - L;lRu,

¢, =u(x=0,t)+ x0u/0x(x =0,1) (7

where 1 =ﬁ(.)dxdx- Substituting for u, g and p
00

from (6) into (7), and carry out integrations. Finally
one can derive at

n+2

Za ()x" =9, ngn(f)—

n=0
n+2 62

= X
; (n+D(n+2) a2 " Ohs ®)

%azy:gZﬂ@%ﬁ)

Let n — n—2 on the right side of Eq. (8), then Eq.
(8) becomes:

Za O)x" = ¢, Z( Yo gH(t)—
od x" 0°
,,Z;‘(n)(n 1) o a2 (1)~ ©)

n

g(x_nzmm%hm

n

Finally, equating coefficients of like power of x in
Eqg. (9), we derive the recursion formula for the

coefficient a,

a, =u(x=0,t) =¢y,
a, =ou/ox(x=0,1)=¢ (10)

and forn > 2,

8,00/, ()

" n(n-1)
n—2 11
z pv (t)aan—v (t) ( )
rTTE
The final solution is given by
n=> L()x".
Y= 2 12)

The "modified decomposition" series solutions have
been found for initial-value problems by
incorporating and adapting ideas of the
decomposition method. The procedure can be further
generalized by using the double decomposition
technique [2]. This enables one to treat initial-value
and boundary-value problems in a similar fashion
and computationally efficient formulation.For this
end, using double decomposition,

¢ = chm, (13)

By manipulating Egs. (10, 11) to fulfill the boundary
conditions,

ag =c¢g,a =¢ (14)
and forn>2,

8O- (0ol ()
! n(n-1)

im@ﬁhm
n(n-1)

(15)

Now, we have from Eq’ns. (12) and (13):



ianx iia ) 1t (16)
0 m=0

n=0 n=

The next task is to determine the components of ¢,
and ¢; using Eqg. (13). Since the solution u is
unknown, generally at x=a and x=p, the
approximant ¢, ., for solution u is used (see Eg.

17). for this end, we stagger the series:

u,=ad” +a"x

u =a’ +a’x+d"x* +a°x°

u,=a? +a®x+alx* +a’x° +a0x* +a"x°

© j2m

u =a" +a"x+..+a0x" +al) x

This can be written as:

2m+1 12
u, =2 a" ",
n=0

Where, {n/2} is the first integer greater than n/2.
We now have a different decomposition of u, which
is suitable for boundary-value problems as:

3 o 2m+l

Z z za m{n/2) 1 on

n=0 m=0 n=0
Then, we derive the solution approximation as:

m m m m-1
Pualid=2u, =3 ag” +xY a” +x* Y ai” +
n=0 n=0 n=0 n=0

m-1
x32a§”) +...+xz”’a§?n) +x2”’+1a§?n) o
n=0

and hence,

(/)m+1{u} = (pm+1{a0} + x¢m+1{a1} +
x2¢m{a2}+ xswm{aS}J’_ et

X" ¢ fa,, }+ x o {ay, .}
or,
2m+1
wm-#l{u} = Z wmi-l—[nlz]{an}xn (17)
n=0

Where, ,, ¢, }:fa% and [n/2] is the first integer
v=0

smaller than n/2.
Obviously, as m — o, we have:
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limep,, {u} - u.

Therefore, using the  approximate ¢, with
boundary conditions, we can compute the
constantsc{™, ¢, a!™, and a{™. Having found

the coefficients of the Maclaurin series, the final
approximated solution is obtained (Eq. 17).

3 Application MADM to system (1)
Let us consider the system of coupled wave equation
(1) with following initial conditions

u, — O-IZuXX = a(v—u)} i {t € (0,) )
xe€(0]) 18

2
Vi =02 Ve = a(u - V)

u(x,0) =sin(mx), u,(x,0)=0,
v(x,0) =sin(m), v,(x,0)=0, (19)

and prescribed boundary conditions

u(0,6)=0, u,1,6)=-pu, Q1)
v(0,) =0, v.(Lt)=—L,v,(L¢),t>0 (20)

Without loss of generally, to compare solutions of
MADM with finite difference method in [1], we
assume:

o,=0,=lLa=1 g =1and §,=2

The MADM solution using the x partial solution (in
this system that boundary is mixed, t partial solution
gives incorrect results because the solution doesn't
confirm boundary condition) is given by:

u=c,+cx+Lu,—L'(v—u),

v=d +dx+Lv, —L'u-v), (21)

where c¢,,c;,d, and d, are the constant of
integrations. In order to find ¢yand 4, in Eq. (21),
we apply boundary conditions, Eq. (20).

u(0,£)=0—>¢; =0
v(0,/)=0—>d;=0

Having considered Eq. (6), one can find that:
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Substituting Eq. (22) into Eq. (20), we have:

ian Ox" =cx+ .”.ian (6)x"dxdx —
00

n=0

Il
o

" (6, (1) — a, (1),

O ey
O ey

n=0
ibﬂ O)x"=dx+ J{jibn (t)x"dxdx —
n=0 00 n=0

XX o

[[3(a,()-b, () dxa.

00 n=0

(22)

(23)

By carrying out integrations and letn —>n-2, we

have

ian(t)x” =c1x+iiin_2(t)x" -

n=0 n=2

D (bya(t)=a, 5 ()",

n=2

D by (t)x" =dpx+ Y b, (t)x" -
n=0 n=2

D (@ o (1) =b,(t)x".
n=2

(24)

Following the procedure in preceding section, one

can derive

ay=u(x=0,1)=c, =0,
a, =0u/ox(x=0,t)=¢,
by=v(x=0,t)=d, =0,
b =0v/ox(x=0,t)=d,

and for n>2

1 ..

a, = m(an—Z - (bn—Z _an—Z))
1

bn - I’l(l’l —l) (bn—Z - (an—Z _bn—Z))

Then considering double decomposition, we get

a, = Za;n’bn = zb/:n
m=0 m=0
c;=.dld; =Y d"
m=0 m=0
(i=0))
(25)
= O m _ O,
{CO N ao
dog=0 |pf =0,
and
a" =¢f
b" =dy"
and for n>2
m 1 em m m
a, = (an—Z - (bn—Z ) ))
n(n-1)
) (26)
b = bm —(a™. —p"
n n(n — 1) n—2 (an—Z n-2 ))

Now following the preceding section, we use
boundary condition, Eq. (20), and Eq. (17) to
compute the constants ¢;"and d;" :

(ﬂ,n+1{u}(l, X = 0) = Ox

%wmﬂ{u}(t,x»

x=1
iy a0
¢m+1{v}(tv X = O) =0,

L @ alHe)

(27)

x=1

d
-2 E (@1}, X))

x=1

Consequently, for m=0 we have

1
e{ud(t, x=0) = Zgol—[nIZ]{an}xn
n=0
—>ad+a’(0)=0->0+0=0

J (28)
. (. )

x=1

d
- (o3 (.x)

x=1
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- a) (1) =~ (1)
— a = kyexp(~t), k = constant
Similarly,

1
PO}t x=0)= o1, o1{b, 1"

n=0
by +b(0)=0—->0+0=0

%(col{v}(r,x))

x=1

—2% (00} (0,2))

x=1

b (1) =-25 ()

b=l exp(—%t), I, = constant

Now, using Eq. (26), we can evaluate a,?,, b,z. To

obtain ¢,{u}, ,{v}, substituting the above solution
into Eq. (27). Similarly, we have

1 2 5 1

=——kgtexp(—t)+ =L exp(-=1)+
a 3 p()61 p(2)
k, exp(—t)

. 5 1.1
=——Lrexp(—=1) — =k exp(~t) +
b a1 p( 2) 6l p(=t)

1
L exp(—Et)

where k,and [,are constants. Using Eq. (26), we
havea!, b . Then we have p,{u}, ¢,{v}:

o {u}=[ky + ky) exp(-2) -

2 5 1

5klt exp(—t) — 5 I exp(—Et)]x +
1 1.3
512k exp(-) ~hexp(-5 0l

o=+ ) exp(—51) -

5 1 1
—Ltexp(——=1t) ——k, exp(—t)]x +
K p(2)61 p(-1)]x

%[%zl exp(—%r)—kl exp(-1)]x°

One can continue this procedure to find ¢;,¢,,.... In
order to find constants¢,,,,, &k and /; (i=1-2,..., m)
we apply initial condition, Eq. (19).

For example, when we compute ¢,{u}, @,{v}, with

Maple 10, we have 14 constants (k; and /; (i=1-7).
Due to initial conditions in Eq. (19), these constants
can be found by the expansion of the sin(zx), and

equating the coefficients of like powers of x (4

equations for u and 4 equations for v), and also,

similarly, equating  ¢{}(x0) andg,{}(x0)
coefficients to zero (3 equations for » and 3
equations for v).

Now we use the solution in the energy of the system,
Eq. (4), for solutions, ¢,{u}and ¢,{v} to investigate

stability of velocity feedback controllers. The final
results are shown in Fig. 1, which is very close to the
finite difference solution in [1]. Obviously with
more terms in @ (g, ¢y,...) ONe can obtain better

confirmation.

This shows that MADM is strong method to find
approximate solution analytically without using
numerical computation. We also conclude from Fig.
1 that system (1) is stable.

4 Conclusions

We found the approximate solution analytically to
the coupled wave equations with velocity feedback
boundary conditions (mixed conditions), using
MADM. We used Maple 10 to evaluate this
solution. We then computed the energy of the
system to investigate the stability of parallel strings
with velocity feedback. The results are reasonably
close to the benchmark finite difference data. Thus,
MADM is a strong approach to solve such problems
without using numerical techniques.
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Figure 1. Curve energy (E) VS. ¢ (£ solved
with ¢.{u}and ¢,{}).

References:

[1] M. Najafi and R. Sarhangi, Boundary
stabilization of coupled wave equations, Appl.
Math. And Comp. Sci., Vol.7, No.3, 1997, pp.
479-494.



Proceedings of the 9th WSEAS International Conference on Applied Mathematics, Istanbul, Turkey, May 27-29, 2006 (pp68-73)

[2] G.Adomian, Solving Frontier Problems in
physics:  The  Decomposition  Method,
Dordrecht, Kluwer Academic Publishers, 1988.

[3] G. Adomian, A review of the decomposition
method and some recent results for nonlinear
equations, Comp. Math. Appl. 21, 1991, pp.
101-127.

[4] G. Adomian, R. Rach, A further consideration
of partial solutions in the decomposition
method, Comput. Math. Appl. 23, 1992, pp.
51-64.

[5] G. Adomian, A new approach to the heat
equation—An application of the decomposition
method, J. Math. Anal. Appl. 113, 1986, pp.
202-209.

[6] AM. Wazwaz, A new approach to the
nonlinear advection problem: An application of
the decomposition method, Appl. Math.
Comput. 72, 1995, pp. 175-181.

[71 R. Rach, On the Adomian (decomposition)
method and comparisons with Picard's method,
J. Math. Anal. Appl. 128, 1987, pp. 480-483.



