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Abstract :- The organization and management of the intense computatiolved in the solution of large, sparse and
non-symmetric systems of equations, arising from the diszation of Elliptic Boundary Value Problems (BVPs) by
the Hermite Collocation method, on a Distributed-Sharedndey (DSM) multiprocessor environment is the problem
considered herein. As the size of the problem directly ssiggbe usage of iterative methods, we consider the parallel
implementation of the Successive Over-Relaxation (SOR)tha preconditioned Bi-Conjugate Gradient Stabilized
(Bi-CGSTAB) methods on DSM systems. Using the parallel @llgms we devised in [9, 10], which take advantage
of the red-black structure of the Collocation matrix, we i@dd the problem of efficiently managing the whole com-
putation, through the MPI programming model, on a DSM syst&ime application was developed on a SGI Origin
350 DSM multiprocessor computer and its performance isaledeby the speedup measurements included.
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1 Introduction cluding SOR, for medium and large size problems. In
[9] and [10]:

Hermite Collocation is a hlgh order finite element scheme o We presented a generalized technique for devising ef-
used as a discretizer especially when continuous first ficient parallel algorithms, by constructing a virtual par-

derivatives are required. Among other properties, Col- gallel machine ideally fitted for the problem at hand, and,
location produces large and sparse systems of equationsin the sequel, by making use of partitioning techniques,
which poses no pleasant properties (e.g. symmetry). the virtual computation was mapped onto a fixed size
Memory requirements and performance are two of the parallel architecture

main factors suggesting the usage of iterative methods o We effectively used this technique to devise efficient
on multiprocessor environments. This motivated rele- parallel algorithms for the iterative solution of Hermite

vant research in the areas of iterative method analysis Collocation systems, by the preconditioned Bi-CGSTAB

and parallel algorithm development. Main issues ad-
dressed were concerning both algorithmic (multi-color
orderings, domain decomposition/partitioning techngjue
parallel preconditioners, etc) and architectural (memory
management/distribution, processor architecture, stc) a
pects. Particular results, in this direction, concernhmg t
Collocation method may be found in (e.g. [1,3,5,6,14]
and in our work in [13,7,9,10]. It is worthwhile to men-
tion that in [8,11], we conducted a performance analysis
on a large family of Krylov subspace methods, includ-
ing GMRES[15] and Bi-CGSTABJ[17] as well as sev-
eral preconditioning schemes, and concluded that from
the tested Krylov methods the Backward Gauss-Seidel
(B-GS) preconditioned Bi-CGSTAB-P yields fast rates
of convergence when it applies to the solution of the
Hermite Collocation Poisson system, while at the same
time, outperforms all stationary iterative schemes, in-

and SOR methods.

In the work herein, to exploit and enhance the algo-
rithm’s parallelism, we implement the above methods
on environments supportingcremental Parallelization
[2,4]. Namely, we implement the already appropriately
designed parallel algorithms on DSM machines using
the MPI standard [12], which utilize data dependency
and memory allocation issues, as the Automatic Paral-
lelization Option (APO) of the MipsPro compiler is un-
able to do so. Therefore we improve the algorithm’s per-
formance, on DSM machines, by managing the whole
computation in order to maximize locality and minimize
communication among the processing elements.

This paper is organized as follows: In Section 2
we briefly describe the structure of the collocation sys-
tem and the iterative methods used, as well as we high-
light the computationally intense parts where incremen-
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tal parallelism is to be applied. We also incorporate the
particular structure of the matrices involved into the al-
gorithms. In Section 3, we present the basic features
of the parallel architecture used to carry out the whole
computation, together with the programming protocol
each processor uses to compute intense matrix-vector
operations according to the MPI standard. Finally, in

Section 4, we present speedup measurements from the

implementation on a SGI Origin 350 DSM system.

2 SOR/BIi-CGSTAB for Collocation

Let us consider the linear system

Az =b (1)

where the matrix4 is in the well known red-black par-
titioning form
A [ ]

Collocation, among other celebrated discretizers such as
the Finite Differences, through a particular numbering
of equations and unknowns, results to a red-black or-
dered system when applied on Elliptic BVPs (e.g. [11]).
And as itis shown in [10,11], both B-GS preconditioned
Bi-CGSTAB and SOR iterative methods may be effec-
tively used for its solution.

Dgr
Hp

Hp

D 2)

TheAlgorithms

By considering now the classical splitting

A=Dy —Lay— Uy 3)
where Dp O - 0 o
Pa=1"0 p, |- LA:[—HR 0] ()
and )
va=| o o ] , ©)

the iterative methods under consideration may be algo-
rithmically described by :

SOR

My =Dy —wly
Eo=10—-w)Dy+wlUy
Choosex()
fori = 1,2,...
t=_E,z0
t=t+wb
Solve M, z(i*1) = ¢
Check for Convergence
end

B-GS Preconditioned Bi-CGSTAB [17]

Chooser")
r0 = p— Az©)
Choose? (usually? = 7(0))

fori = 1,2, ..
picy = 7LD
if p,_1 = 0 methodfails
if =1
p(l) — p0)
else
L P Qi
ﬁz*l T pic2 wioa
p(l) — 'p(ifl) +ﬁi_1(p(i71) — wi—l v(iil))
endif
Solve Mp = p@ ; v = Ap
o = ,\@171
oo
S = ,',,(i—l) — ,U(Z)

if | s issmallenoughhen
@ = (-1 4 o, p andstop

Sove Mz =s ; t= Az
w; = St
2@ = 20-D 4 0 p + w; 2

Check for Convergence
if w; =0 stop
ri) = g — w; t

end

Notice that:

e The highlighted statements are the computationally
intense parts of the algorithms

e The above algorithm for the Bi-CGSTAB implements
the Bi-CGSTAB-P version[16], which minimizes the resid-
ual, instead of the preconditioned residual, and is equiv-
alent to the postconditioned Bi-CGSTAB. For this case,
in [11], we observed that the B-GS postconditioned Bi-
CGSTARB yields faster convergence, hence

M=Dy—Ujy. (6)

Incorporating the Collocation Structure

Aiming to the overall (serial and parallel) improvement

of the computational performance, it is necessary to in-
corporate the particular structures, of the matrices in-
volved, into the algorithms. For instance, in doing so
for the intense

Solve M z

one may easily observe its equivalence, and therefore
replace it into the algorithm, with the red-black instruc-
tion block:

t = Az

s 3

Solve Dy zp
y = Hpzp

SB
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Solve Drzrp = sp — Yy

Yy = Hgzg
tR:SR
tg = sp + @

Furthermore, upon application of the Hermite Colloca-
tion method on Helmholtz-type Dirichlet BVPs, on a
uniformly partitioned (intaw; = 2p subintervals in both
directions) unit square, the associated with relation (2)
matricesDr, D, Hp, Hg € R%"8" are defined [10]
by :

Dr = dlag[flg 241 249 --- 241 24, —AQ/]’
2p—blocks
Dp = 2d|ag[\Al A2 A1 Agj,
2p—blocks
(7)
R R
B B

where eacIHJ(R) e R®*4 is defined by [16]:

HfR) = (61 — 62) ® Ay
Héf) = —(egp-1+ey)® Ay,
andfork=1,...,p—1

R
Hék) = (ean—1 + e + g1 — egp42) ® Az

Héfi)rl = —(egr—1 + €2 — €941 + €2p42) ® Ay
while eachHJ(.B ) ¢ R®* 4 s defined by [16]:

o

(e1+ e —e3)® Az

HéB) = —(61—62+63)®A4

Héf,)l = (egp—2 + €1 +egy) ® A3

Hg(f) = —(egp—2+ey_1—ez)® A
andfork=2,...,p—2

Héle = (eg—2+ egr—1 + e —egpy1) @ Az .

B
Hg(k) = —(eap—2+ €241 —eg + eg41) ® Ay

In all the abovege; denotes thg-th unit vector inR?
while the matricesd; € R*-* are as defined in [11].
With this formulation of the matrices, it can be shown[16]
that for any vectow € R®’, partitioned conformably
as

ol . 0BT

there holds

2p
Hpv = S H® ou; (8)
j=1
where
(Z c,-e,-) ® (A4’Uj) when; = odd
H oy, =
J J

(>-cie;) ® (Asvj) whenj = even

with the constants; and¢; to be obviously defined for
eachj by (7). Similarly,

2p

Hpv = ZH](-B)O'ij 9)
j=1
where
(Z diei) & (Ag’vj) Whenj = odd
B oy =
j <>’le =

(X dse;) ® (Aqvj) whenj = even

From relations (8) and (9) it becomes apparent that, in
order to efficiently manage a block matrix-vector com-
putation involving Hr (equiv. Hg) in both serial and
parallel environments, one has to preprocess the vector
by multiplying all of its odd (equiv. even) partitioning
blocks byA, and all of its even (equiv. odd) partitioning
blocks by As.

3 MPI Management

In this section, considering the observations made in the
previous section, we focus our attention on the MPI

Figure 1 : The Parallel Architecture

management of the computation involved with the B-
GS preconditioned Bi-CGSTAB, as the SOR case can
be treated in a similar way and has been treated in some
detail in [10] on a similar environment. The whole dis-
cussion is based on our work in [9, 10] where, taking
into consideration the essential factors of (a) uniform
load balancing, (b) minimal idle cycles of processors,
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and (c) minimal communication cost, we partitioned a
virtual architecture, in an optimal way for general ope
ators, and mapped it on a proposed (basically pipeline

architecture consisting @; , j = 1,---, N processors

(depicted in Figure 1 foiv = 6). Here, since we deal

with operators of Helmholtz-type, we follow a detou
to arrive at a more balanced computation. Referring

Figure 1 we remark that:

e ProcessofP;, in addition to the computational tasks

assign to each processor, has been also assigned the
of gatheringpartially processed data, assemble, in tt
sequel, the final values for the inner products and ott
parameters of the algorithm, and finatispadcas{green
dashed communication lines) the results to all other pr
sors.

e Assuming thatt = 2p/N is an even integer (other
cases can be treated similarly), each proceBsaom-
putes onk red andk black subvectors of sizdp. More
specifically, to each processgy we assign all the nec-
essary tasks to compute the solution subvectors

Figure 4 : Communication Scheduling

e In the local memory of each processor, before iteration
starts, we store copies of the matricksand A4, as well

as copies of thd.U-factored matricesi; and A;. We
also store the appropriate parts of the initidl) and the
RHS vectors.

e =G - Dk+1,--,jk

Taking into consideration all the above, the program
and code each process@; , j = 1,---, N executes for
the intense matrix-vector operations (see section 2)

(B) . ;
@ l=2p+ (- Dk+1,---,2p+ jk . Solve Dp 25 = sp

e The communication between processgrsandP; y = Hpzp
in order to compute the matrix-vector produéfz ; is Solve Dr zr = sp — Y
depicted in Figure 2, while for th& gz 5 is depicted in y = HRr 2R
Figure 3. takes the specific form:
Black Cycle
R
Zf‘kil do l=2p+(—-1)k+1 to 2p+jk—1,2
B B
@) (@ Solve 2A1zl( ) — sg )
B
Z® Yy op = Asz))
J
Solve 2A2zl(fi = sl(fi
Figure 2 : Communication needed to compfitgz Yip1-2p = A4Z§fi
enddo
22p+jk+l ® 22p+jk+2 tcl

(B) (B) Y,
[ ] «—Receive l (G=Dk=1 ] from P;_q

tep Y-k

Ol

. Yik—1
(B) (B) Send to P; J
Zoprjk1 0 Copik s [ Yk ]
. — Yo
Figure 3 : Communication needed to compiitgz Send to Pj_; [ (I—1k+1 ]
Yii-1)k+2

e The total communication between processors, needed tc, _ Ykt
in each iteration step of the B-GS preconditioned Bi- | tc, < Receive Yikse from Pji
CGSTAB, as well as the communication scheduling (for
the black and thered cycles respectively) is being de-

picted in Figure 4. tmy — Y 1)kg1 — YG—1)k+2

tml — tcl + t02
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do Il=(—-1Dk+1 to jk—3,2 The Figures 5 and 6, below, present the speedup mea-
tmg — vy, surements of the parallel algorithms, using up to eight
Yy, — tmy —tmy processors, for B-GS preconditioned Bi-CGSTAB and
tmy —y, | +1tmy SOR methods respectively with discretizationnqf =
tmy — Y10 — Y3 64, ns = 128 andng = 256 subintervals.
Yy < tmy +tmy
enddo
tmy — Yy 1+ Y 9 : : : :
Yjk—1 tm2 —tm, | jnear Speedup
Yji — tmg +tcz —tey 8 /M ns=64 1
- ‘ = ns=128
Red Cycle (L= e = ns=256 ]
do Il=(j—1Dk+1 to jk—1,2 or et m ]
R R ol PSR |
Solve 2A2zl( ) — sl( ) _ Y; = 5 ’,\'\ \\\\\\\\
Y, = A4Z1(R) & 4t o |
R R o~
Solve 2A1zl(+% = Sl(+% — Y1 3r 1
_ (R) i |
Y1 = Az 2
enddo 1t i
{ tc, } —Receive { Y-k } from P;_4 0 - . : :

Number of Processors

Send to Pjy1 [ Yk }

Send to Pj_; [ Y(i—1)k+1 } Figure 5 : Speedup measurements for Bi-CGSTAB.

{ te, } «— Receive [ Ykt } from Pjiq

tm, «— tc; 9 , , , ,

do I=(j-1k+1 to jk—3,2 | [ === tinear Specap |
tmy —y; +tm, -; - 22238 Al
tmg — Y — Yo | L= e = ms=2% < 4
Y, < tmy +tmy 6l ,":t\"“"\v\ |
tmy — 1y, 2 5| ,_f""\“ |
Yip1 < tmg —tm, g o5 2

enddo o A4r A 1

Ca

tmy «— Y +tmy 3 'r"f |

tm, — y; —tcy ol ~ |

Yjp—1 — tmy +tm, Al |

Yjp < tm,; — tmy

s ; ;

Number of Processors

4 Realization on a DSM computer

- . . Figure 6 : Speedup measurements for SOR.
SGI Origin 350 is a Shared-Distributed cache coherent g P P

- nonuniform memory access (ccNUMA) architecture . . . .
. I . As seen in the above figures the speedup is almost lin-
machine, consisting of eight R16000@600MHz type proces-
. €ar for up to 4 processors for both methods. For the
sors with 4 MB Level 2 cache memory each. The total ) : . . -
. . : 8 processors, available in our case, finer discretization
memory is 4 GB and the operating system is IRIS ver- .
. . . yielded almost scalable performance. As a note, we
sion 6.5. The applications are developed in double pre- . o
. . ; add that the discretization fors, = 256 corresponds
cision Fortran code using the MPI standard for MipsPro . , . .
. . . . . to solving a linear system witP62, 144 equations and
compilers version 7.4, which also incorporate the scien- UnkNOWNS
tific library LAPACK.
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