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Abstract:-A systematic procedure to build up the parametric equations of the surface of a rotational mechanical part
by Analytical Geometry is proposed. The equations are exact and require no inequalities. 3D Plots are generated
from these equations. An example referring to a roller chain sprocket is presented.
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1 Introduction

Using Analytic Geometry exclusively, equations and
plots were established to represent a polygonal
cylinder and the main view of a chain sprocket [1], the
former is a 3D plot and the latter a 2D plot. It is only
natural to take one further step: the parametric
equations and plot of the surface of a 3D chain
sprocket and these are presented in this paper. But the
development of the equations is quite systematic and
applicable to a large class of mechanical rotational
elements.

2 Nomenclature
d  Roller diameter
D, Bore diameter
D;; Hub diameter

f Flange thickness

}gz} Dimensions of the bevel of the teeth, Fig. 1

L Axial length

P Circular pitch

N Number of teeth

R, Radial coordinate at the start of the tooth bevel,
Fig. 1

rr  Radial coordinate at the bottom of the tooth
root

rp Radial coordinate at the tip of the tooth

a Angular coordinate at the tip of the tooth

0. Angular coordinate at the start of the tooth
bevel

3 Mathematical Devices
The following mathematical devices will be used to
assemble the sprocket equations.

3.1 The Heaviside Unit Step
Cauchy represented his limiting coefficient by the
following equation, [2]:

H(x,a):é(]+x_aJ 1)

x=d

but it turned out that this function is, in fact, the unit
step function named after Heaviside much later.
Incidentally, for a period of time, the author thought
that he had been the first to propose this
representation.

3.2 The Function Concatenation Procedure
A composite function [3]:
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f(x)=f;(x) a, <x=<a,
f(x)= fr(x)

f(X) = fn—],n (X) an—] Sx< an

May be expressed as the single concatenated
equation:

f(x)=H(x,a;)f;,(x)
+H(x,az)(_sz(x)"'fm(x))"'“'
+H(x,a,, )(— Jn-2m-10X)+ fuzin (x))
+ H(x,a, N~ foorn (%))

this equation is valid from x = - o to x = + o0.

3.3 The Reflect and Repeat Function

The reflect and repeat function was proposed in
Cartesian form in [4]. The following is the polar
form, [1]:.

¢ = (%) arccos|cos(N6)] 2
N=2x/T

If in a function (@), 0 is replaced by ¢ the
resulting function f(¢) is made up of N identical

lobes in the interval 0<8<2x. The first lobe is
made up of two symmetrical halves, i.e., the first half
is identical to the initial segment of /(&) from

=0 to 6=0.5 T, and the second half is the

reflection of the first half with respect to the radius at
0=05T.

4 Derivation of the Sprocket Equation
The following development will be presented in detail
S0 as to bring out the systematic approach but, also, to
make the paper more readable.

The method to establish the equation is based on
the procedure required to generate a plot from it.

In the first place, since this work refers to rotational
parts, it seems adequate to use cylindrical coordinates.
The plot of the surface is generated by two

parameters: s and ¢. Parameter s generates the 2D
periphery of the radial cross section of the sprocket.
The parameter @ rotates this periphery around the axis
of the sprocket and, in so doing, generates its surface.
As it rotates the form of the periphery varies, i.e., it is
a function of 6.

The characteristics of the sprocket are defined by
P,N,d,D;,,Dg,L,f,g and h. The quantities
P,N and d are used to determine the tooth profile,
r(@ ), in accordance to the Appendix. The quantities

D, ,Dg, L, f,gand h will be used presently to

establish the revolving 2D periphery, Fig.1. The axis
of the sprocket coincides with the z axis.

D D
Ry =1, Ry =2 3
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From Fig. 1 the following relations are established.
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Fig. 2. shows the two possible typical peripheries of
the radial cross section, namely: 0,1,2,3,4a,5a,6a and
0,1,2,3,4b,5b,6b,7b,8b, depending on whether the
tooth radial coordinate » of the particular cross section
is smaller or larger than R, or equivalently whether

the angular coordinate € is smaller or larger than 6. .

Y4
L 0, 6a, 8b 5a 7b 6b
L-f 3 dadb o0
1 2 r
0] Rg RH Rc
Fig 2

From Fig. 2 the lengths are established of the line
segments that make up the revolving periphery:

L, =Ry —Ry
L23 :L_f
L34a :r_RH
L4a5a :f
L5a6a = r_RB
L3y, = Re — Ry

w

Lypsp =—
sin

Lspsp = f —2w

L6b7b = L4b5b
Lypsp =Rc—Rp ®)

Using the previous lengths the values of the
parameters at the turns of the periphery are
established:
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s, =s,+L),

S3 =8+ Ly

S4a =53 +L34a

S5a = S4a +L4a5a

S6a = S5a + L5a6a

Syp =83+ L3y,

Ssp =S4+ Lypsp

Sep = Ssp T Lspey

S76 = Sep T Lpzs

Ssp = 75 T Lypsp (6)

The radius of the various segments of the rotating
periphery are now expressed in terms of the
parameter s:

Por = Ry

P =Rp+s—s,

Pz =Ry

P34 = P3sg = P3gp = Ry +5—53
Paasa =T

Psa6a = V—(S—S5a)

Passy = Re + (s =5, )cos u

Psbep =T
Pssrn =1 =5 =55, )cos p
Prvsy = Re — (S - S7b) 8)

The various segments of the “a ” circuit are now
concatenated:

Pos(s)=H(s,5))py, +H(S:51)(_p01 +,012)

+H(s,s, )(_ P12 +P23)+H(S»S3 )(_ P23 +p34)
9)

p4a6a(s’r) = p4a5a +H(S’S5a )(_ p4a5a +p5a6a)
+ H(S'S6a )(_ p5a6a)

(10)
Thus the equation for radius of any point in the “ a
circuit is:

,Da(S,’”) = Pos +H(S'S4a )(_,004 +p4a6a) (11)



A similar process is carried out in connection with
the “ b ” circuit:

Papsp($:7) = Pypsp + H(S, 55, )(— Papsp + P5b6b)
+H(s,36, )(_ Psbsp T /06b7b)
+H(s, s, )(_ Psprp T p7b8b)

+H(s,sg, )(_ P7b8b)
(12)

Pp(S,1)=pos +H(s,sy, )(_ Pos T p4h8h)

(13)
Thus the general expression of the radius of the
revolving periphery is:

p(s.r)=p, +H(ric = p, +p,)  (14)

Proceeding in an analogous manner in connection
with the z coordinates:

Zp1 :L—(S_So)

Z;,,=0

Zy=85—5,

Z34 =Z340 =Z3p =L~ f

Zgasa =L—f+5—54,

Zsa6a = L

Zybsb =L—f+(s—s4b)sin,u

Zspsp =L —f +W+s—55,

Zrpgy = L (15)

Zog(s)=H(s,59 )z, +H(S’S1)(_Zo1 +Z12)

+H(S»52)(_ Zp +223)+H(S,S3 )(_ Z)3 +Z34)
(16)

Z4a6a(SJ0) = Z4a5a +H(S1S5a )(_ Z4a5a +Z5a6a)

+H(S’S6a )(_2511611)
(17)
24(5,7) = 20y + H (5,5 =204 + Z4054)  (18)

Zapsp(5,0) = Z 5 +H(S)S5b)(_ Zavsp + Z5p6p)
+ H(s,56, = Z 5550 + Zt7p)

+ H (5,575 = Zg75 + Z7ps5)
+H(S’S8b)(_z7b8b)

(19)
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Zp(s,r)=zp + H(s,54 )(_ Zpy +Z4b8b) (20)

and thus the z coordinate at any point of the
revolving periphery is:

2(5,0)=2,+H(0,0-)~z,+z,) (1)

Replacing @ by the polar reflect and repeat function
@, the polar parametric equations of the sprocket are
obtained:

p=p(s,9) z=2(s,9) (22)

or in Cartesian coordinates:

x = p(s,@)cosd y=p(s,@)sing
z=2z(s,0) (23)

It is worth noticing that the last terms of Egs.
(10),(12),(17) and (19) have, respectively, the same
effects as the following inequalities:

Piasa =0 8> S64
Papsp =0 § > Sgp
Z4a6a = 0 s> S6a
Zypsp =0 5> Sgp (24)

These effects carry over to Egs. (11), (13),(18) and
(20) so that they have, respectively, the same effects
as the following inequalities:

P, =0 § > S6q
Py =0 S > Sgp
z, =0 s> S84,
Zg, =0 §>Sgp - (25)

Furthermore, these effects also carry over to Eqgs. (14)
and (21) so that they have the same effect as the
following inequality:

=0
5—0} §>Sg (26)
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But, it must be emphasized, that all these effects are
already contained in Egs. (10) to (14) and (17) to (21)
thus neither inequalities (24) to (26), nor any other
inequality, are part of the sprocket equations (22) or
(23).

Eq. (26) establishes the point at which s stops to
generate a surface.

5 Example: a Specific Sprocket

The parametric equations of an ASA, No.80 sprocket
with 13 teeth will be established.

The following are the teeth characteristics, [5]:

N =13
P =1 =254 cm
d =0.625" = 1.5875cm 27

The following are the sprocket dimensions,[6]:

Dy =3.03125" = 7.699375 cm

Dy =15 = 3.81 cm

L =15625 = 3.96875 cm

f =0575 = 1.4605 cm

h =05 = 1.27cm

g =0125 = 0.3175 cm (28)

Numerical values (27) are substituted in the equations
of the Appendix and the resulting equation (A2) of the
tooth profile as well as values (28) are substituted into
equations (3) to (23) and thus the parametric equations
(22) and (23) of the sprocket are obtained.

5.1 Rendering of the Sprocket 3D Plot
Attempts to obtain the sprocket equations and plot
were made by use of Mathematica, Maple and
Matlab, but only the attempt by use of Mathematica
was successful ( this may be partly due to the author’s
greater familiarity with the plotting procedures of this
software) and it is the one presented here.

Now, both in the concept of the unit step and in Eq.
(1) its magnitude at the “jump” is undefined.
Nonetheless, plotting Eq. (1) in Mathematica, Fig.1,
leaves a spurious vertical trace which is not the case if
Matlab is used, Fig. 2. In Maple the user may
determine whether this trace appears or not.

H(x,a)

Fig. 3

Hix.a)

0 e — i
0 a X
Fig. 4

It is convenient to plot Egs. (11), (13), (18) and (20).
Substituting the value of 8 = 8, =0 at the bottom of
the root of the tooth as well as the value

0=0, =a=0.24166, (Eq. Al of the Appendix)

each in turn into Eq. (A2) of the appendix, yield the
extreme values of the tooth radius:

re =4.50508 cm (29)
rr =6.08871 cm (30)

Substituting values (29) into Egs. (11) and (18) yield

pa(s’rR)zpaR (31)
Za(S’rR):ZaR (32)

Substituting values (30) into Egs. (13) and (20) yield

Pu($,7r )= Pyr (33)
Zy(8,1p ) = Zyp (34)
Fig. 5 are the superimposed plots of Egs. (31) and

(33) and Fig. 6 are the superimposed plots of Eqgs.
(32) and (34).
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The use of Mathematica in this work has resulted in
the two spurious vertical traces at the end of the plots
of Figs. 5 and 6. A plot of z from Eq. (14) vs. p of

equation from Eq. (21) for any specific value of &
yields the radial cross section for that value similar to
Fig. 2 but with a spurious line trace going from point
8b to the origin. Thus a 3D parametric plot of
equations (22) or (23) yields the sprocket surface with
a spurious cone inside its bore.

In order eliminate all of these spurious traces,
instead of prescribing a stop of the parameter s at
points 6a and 8b, Fig. 2 , a partial retracing of the
bore may be prescribed by adding the following
elements:

Psara = Rp

Psvor = Rp

Zoa7a =L — (5= 564)

Zgpop =L —(s=5g) (35)

Using the previous equations, Egs. (10) to (14), (17)
to (21) respectively are modified thus:

p4a6aM :p4a6a +H(S’S6a)p6a7a (36)
Payt = Pos +H(s,5,, )(_ Pos + Paasam ) (37)
Pavsosr = Papsy T H (S, S5 )Pspop (38)

P = Pos +H(S,S, )(— Pog T ,04b8bM) (39)

Py = Pau +H(r Rc )(_ Pamt T Pom ) (40)

Z4a6aM :Z4a6a +H(S)S6a)26a7a (41)
Zay =Zog T H(S,54, )(_204 +Z4a6aM) (42)
Zapsomr = Zapsy T H (8,8 )Zgp0p (43)

Zoy = Zog TH(S, 84 )(— Zo4 +Z4b8bM) (44)
Zy =Zgy +H(7T, R: )(— Zam +ZbM) (45)

Fig. 7 shows the superimposed plots of Egs. (37) and
(39) and Fig. 8 shows the superimposed plots of Egs.
(42) and (44). Figs. 1 and 2 are each the parametric

plotof z,,, Eq. (45) vs. p,,, Eq. (40).

-

cm

PNWAOCIOON

Fig. 7

o
3

R NWAUTO N
w
o
3

Fig. 8

Fig. 9 is the parametric plot of
equations:

the following

X = oy (5,6)c05 0
Yy = Pu(s.$)sin
Zy =2y (5,9) (46)

An odd number of teeth was deliberately chosen to
show that the figure need not be symmetrical as can
be appreciated in Fig. 9. To obtain a reasonably
defined image it was necessary to specify a large
number, 650, of plot points. This, in turn required a
very large image because otherwise it would have
been either very dark or reduced to a mere silhouette.



Fig. 9
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segment goes from pointP; to point P,. The

6 Discussion and C_:O_nClUS_ionS _ following relations define these quantities in terms of
It has been shown that it is possible to obtain the the specifications P, N and 4. The full profile of one
parametric equations of the surface of a relatively half tooth is the curve P,P,P,P,P;, [5], [1].

complex quasi radially symmetric object by the
exclusive use of Analytic Geometry expressed in
simple algebraic terms. _
The representation did not include details F, = 050254 +0.0015
such as a keyway or a fillet radius but it is easy to

see that these would pose no big problem. a=2 (A1)
Although Mathematica proved to be very N

adequate for this purpose, the fact that the graphs B = ﬂ(35+ 60]

containing a discontinuity produce a spurious 180

trace required the equations to be slightly
modified for plotting. Since neither Matlab nor
Maple leave such a trace, it is only natural to
speculate that if the plots of such objects are ever
obtained by use of these softwares it will be from the
unmodified equations.

It is pertinent to point out that the equations
obtained are not unique. A different set of
parametric equations would be obtained if the
periphery of the transverse, and not the radial,
cross section of the sprocket was used to sweep
the surface as it is displaced in the axial direction.

The author hopes that the surface equations
obtained will lead to useful applications.
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Appendix
According to the ANSI standards the profile of the Fig. Al
tooth of the sprocket is made of three circle arcs and a

straight line segment, Fig. Al, [5]. The axis of the T 56
sprocket lies at the origin ( not shown ) to the left of y = (18—)
the figure. 180
The arcs have centers at points O; with
coordinates (x,,,yo; Jand radii R;, they start at D= .P : Xg; =— Yoy =0
sSin o

points P, with coordinates xp,, yp; and@p; and end at
points P, where I =1, 2, 4. The straight line

1
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1
xP1=E(D—d); ypr =0; Op; =0

Vo =—0.8 d cos

D
xPZZE_RI sin 3 Ypy =R, cosf
Op, = arctan 222
Xp2
R,=R,+08 d

Xp3; =Xp; —Rysin(f-y)
Yp3 =Yor tRycos(f—y)
Opy = arctan®™

Xp3

Xy =05 D-14d sina; Yo =14 d cosa

m, =tan(f-y);
my =tan(f—y+0.5 x);

b, =yp; —M,Xp;

by = yos —myXyy

_ bb _ba .
Xpg =—
m, —my

Ypa

Ypy =MyXpy +by

0., = arctan
Xpg

R, = \/(XP4 ~X04 )\ +(Vps = Vos )’
The following are the polar equations of the arcs:
r;5(0)=x, cos@+y, sinf-—

\/(x(,, cos@+y,, sin@) ? —(x012 +y012 —R12)

ry3(0)=x, cosO@+y,, sin@

_\/(xoz cos 0+ y, sin@) ’ —(x022 +Yor _Rzz)

ry;s(0)=xy cosO@+y,, sin6+

\/(x04 cos O+ yy, sin@) ’ —(x042 + Vos _R42)

The equation of the straight line segment is:

b(l
r3(0)=

sin@—m, cos @

Concatenating the four previous equations the tooth
profile equation is obtained, thus:

r(0)=r;(0)+H (0,00, )i=r1(0)+ry(0)}
+H(0’9P3){_ ”23(9)""”34(9)}
TH(0,0p, Si=1r34(0)+1,5(0)} (A2)
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