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On the addition of discrete fuzzy numbers
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Abstract: - The main goal of this paper is the representatioa family of solutions for the addition of fuzzy
discrete numbers. The inclusion in this family lod tnethod recently stablished by Wang(4] is proved.
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1 Introduction _ ,

The concept of fuzzy number appears in Zadeh[1] !N this paper, we show that the Wang’s method can
and Changl[1] to study the properties of probability P€ included in a more general family, where we

functions. Several models of membership function have used as relevant property the following one:

have been used. In fact, the concept of fuzzy when we consider each fuzzy discrete number as the

number tackles the problem of what the knowledge V&lue over the elements of its support of any fuzzy
of a number is. A fuzzy number can be numbe_:r such that its support_ is an enlargement of
characterized by the verbal expression: "about the th€ discrete one, the addition yields a convex
number n" and its membership function determines diScrete fuzzy set.

an interval where, although the number n can be

natural or integer, any real number can be taken as o

the value of the knowledge and another interval 2 Preliminars.

where each real number satisfies the specifications

with a degree less than 1. Sagaavex membership 2.1 Definition

such as a trapezoidal or a triangular shape ismtake A fuzzy subset of the real linel with membership
often as a suitable definition. function G:0 - [0,1] is a fuzzy number if its

support is an intervala,b] and there exist real

Nevertheless, the knowledge about a real number numberss, t with a<s<t<b fulfilling:

can be such that it implies that the number isnaatu N
or its support is a discrete subsetRf In this case 1. G(x)=1for ssxst
the expression "about the number n" determines a 2. 0(x)<id(y) forasx<ys<s
membership function on the discrete support with an 3. G(x)=0d(y) fort<sx<y<b
interval of "normality”. 4. () is upper semicontinuous
For these fuzzy discrete numbers, the addition
defined trough the extension principle or by
operating the elements of the levelsrecuts on the
support sometimes is not a fuzzy discrete o
number,i.e. the convexity is not satisfied[2,4]. 2.2 Definition

A fuzzy subset of the real linel with membership
To avoid this drawback, Wang et Al. [3,4]define function u:0 - [0,1] is afuzzy discrete number if
arithmetic oper'ations on fuzzy_discrete numbers'by its support is finite, i.e. there exist,,...,x, 0]
means of a slight transformation of the extension
principle. In other direction, Qui([5]) establishes WIth X <X, <..<x,, such thatsupu= {x,.., X}
algebraic operations, a norm and a metric fromit. ~ and there exist natural numbers, t with

1< s<t<n fulfilling:

We will denote the set of fuzzy numbers BN



1. u(x)=1 for any natural number and with
s<is<t

2. u(x)=su(x;) for each natural number i, |
with 1si<j<s

3. u(x)=u(x;) for each natural number i, |
witht<i<jsn

We will denote the set of fuzzy discrete numbers by
FDN

2.3 Remark

* A fuzzy discrete number is not a fuzzy
number but it satisfies the conditions 1. 2. 3.
of a fuzzy number [2.1] over its support.

 Ther-cutorr -level of a fuzzy number is a
closed interval of 1, [8]

2.4 Addition of fuzzy numbers

Two common ways of defining addition operation
are either making use of the Zadeh's extension
principle [§ or employing ther -cut representation

of fuzzy numbers [B In the first one, given
a,v OFN , the fuzzy numbeiGi 0V is defined for

all zLIR by

(G0V) (2)=sup min@ &)V §))

Z=x+y
In the second case, we defingl] v, by defining its
r-cut, [a0 V] =[d] +[v] for any rL1(0,1]. Then
[8] OV can be expressed, asup(iddv)

=J[aOv¥] .

rifo,q

2.5 Addition of fuzzy discrete numbers
Let u,vOOFDN . As the following example shows, it
is possible that:

ulJvUOFDN
Let u={0.3/,120.5/3} and
v={04/4,160.8/8be fuzzy discrete numbers.
Then
uOv={0.3/5,0.4/6,1/8,0,5/9,0.8/10,0.5/ LIFDN,

because the convexity is not true for 0.8/10.

2.6 Wang's method for the addition of fuzzy
discrete numbers

Using ther -level sets of discrete fuzzy numbers,
Wang[4 obtains a kind of representation of discrete
fuzzy numbers. From this representation, for any
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u,vOFDN, he defines a unique fuzzy discrete
number,u%v, such that it has for r-level

[ulv]" =

{xDsup)+supg ) min (] + V] )< x<mex([u]" +[M")}
where min(Ju]" +[M) =mig x:xJ # " ¥} and
max([u]" +[M) =ma{ x:xO ¢ " £ ¥}  for
r[o,1] .

Thus, Wang[# defines a closed operation (addition)
in the set of fuzzy discrete numbeF§N .

Furthermore, he proves that for any couple
uv FDN ifudvOFDN then @vzu%v.

any

2.7 Wang’'s method exemple
Let u={04/1512191 2505 3C and

v={02/1,1/213 03 4be fuzzy discrete humbers.

Then

u%v={0.2/16,0.4/17, 041804 19.0/4 2012
1/22123126027/128.0052905,.
0.5/32053 3308 34}

since,
1
[u va V] —{21, 22.23,26,27, 2}8

[u0v]*®={21,22,23,26,27,28,29,31,32¢
04 _
[ulv**={17,18,19,20,21,22,23,26,27,28,29,313%
03 _
[uDM**={17,18,19, 20,21, 22, 23,26,27,28, 29,3134
[uT %2={16,17,18,19,20,21, 22,23 26,27,28,233B3 3

3 Associaton of fuzzy numbers to a

fuzzy discrete number
3.1Addition of fuzzy numbers
For each ulJFDN with support,

sup(u) ={X,...Xgs s X, X} @nd u(x) =1 for
every natural number such thats<i<t, we
consider the set of fuzzy numbeFN (u) in which

if GOFN(u) then O fulfils the following
properties:

1. sup(d) =[x, %]

2. If x0Osup(u) then G(x)=u(x) for
everyi =1,...,n

3. For every  XO[X,x,]
1<i<i+1<s the
u(x) < U(x) <u(x,,) hold.

with
relations
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4. If xO[x,%,,] with t<i<i+l<n the
relationsu(x ) = G(x) = u(x,,) hold.

3.2 Examples

= For each UulUFDN with support
supl )= ¢, .o, Xy ooy Xy X, } with
X < <X <<%, <X, and u(x,) =1
for every natural numbep, s< p<t. Let
0, be the fuzzy number defined as follows:

W(X-mwmﬂ) it xO0x,x.J with X, <X
+1 ¥

G (x) = 1 if xO[ %, %]

W) U oy aur) i
G AT O

It is straightforward to prove thal, ] FD(u) .

XEX, % with X 2 %

In particular, if u is the fuzzy discrete number
defined by:u={02/1,1/213 02 4

&0 ¢ xom2
10
ao)=< 1 if  x0[23]
S1m % it O[3.4]
10
1
0.8
0.6
0.4
0.2
1 2 3 4 5
fig.1 fuzzy numbeu,
e For each WFDN with support
SUPU )= X,y Xy ooy Xpees X} with

¥ <o <X <<% <X, and u(x)) =1
for every natural numbep, s< p<t. Let

G, be the fuzzy number defined for each

i=1,...,n-1

U()ﬂ) If XD[X’Xﬂ)iamb)ﬁﬂsxs

Ua(¥) =1 1 if xU[x, %]

u(x.,) if  xO(x,%,).ambx = x
It is easy to prove thai, 0 FN(u) .

In particular, ifu is the fuzzy discrete number
defined byu={02/1,/2130 3 4]

0.2 if xO[2)
a,()=4 1 if x0[23]
0.3 if xO(34]
1 oo
0.8
0.6
0.4
B )
0.2 o
1 2 3 4

fig.2 Fuzzy numbed,,

4 Towards a closed addition of fuzzy
discrets numbers

4.1 Definition:
Let u be a fuzzy discrete number with

supportsupli )= {%,..., X, X5 X} and u(x,) =1

for every natural number ps< p<t. Let v be
another fuzzy discrete number with support
SUP )= {Yyseves Yoo Yoo i} @nd v(y,) =1 for
every natural number pn< p<k.

Let A:FDN - FN be a function such that
AU OFN(u) DuOFDN .We consider the fuzzy

set, which will be called@v, defined as follows :
OR h that =
. supUOv)= y4 such thaz =x+vy |,
A xOsup@ ),y sup¢ )
© (UDv)(@) =(Au) D AV)(2) U zOsup@ilv)
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4.2 Remark
« It is straightforward to prove that
ugvDFDN.

« If A(u)=0, andA{ )=V, defined in [3.2]
thenu%v will be caIIeduIDv

 If Au)=0, andA ¢ )=V, defined in [3.2]
then u%v will be calleduOv

4.3 Examples:

e Given the fuzzy discrete

u={04/15121921 2505 3C and

v={02/1,27/213 03 4. Let's consider the
numbers

association of the fuzzy
A() =0, OFN(u), AM)=V OFN(v)
defined in [3.2. Namely:

3x—37

it xO[15,19]
20
G={ 1 if x0[9,25]
357X x0p25.30]
10
&6 ¢ xom2
10
v={ 1 if x0[23
S1=7X it xnpz.4)
10

The addition described in [3.4yields the
fuzzy number:

numbers

8x-126

if  xO[16,16 25]
10
2314 Ope.25 21]
190
@O0u)x={ 1 if  x0[21 28]
276~ X xD[28,£
80 7
AL X it o253
10 7
1
0.8
0.6
0.4
0.2
17: 5 26 22 5 26 27: 5 30 32: 5 35

fig.3 Fuzzy numbe(d, 00 V)

And by means the discretization defined in [4.1

9!

uld, v={02/16, £/17 2

5 195

/18 /198 20 1 21/12

Y23 126 127 128/ 299/ 3L/ 32/ 3303

1 (N N J (N N
°® {
0.8
( ([ ]
(
([ ]
0.6 PY
([ ]
0.4
[ ]
02| @
175 20 225 25 27.5 30 325 35

fig.4 Fuzzy discrete numbeJrle



4.4 Theorem:
Let u,vOFDN be two fuzzy discrete numbers with

support, SUpl )= {X,..., Xgyeeey Xs s X} and
SUPE )= Yy, -s Vs oes Yier oo ¥ } .TheanDVv defined

in [2.6]andulv defined in [4.2] are the same fuzzy

discrete number.
Proof:
We will prove that, for allr OR

Q] =[ur]
We know , for allr OR
a) [0,09,] =[a,] +[%] (see[2.4])
b) min(max)d,] = min(maxju|
Because, for eachdR we have
i x0[a] n[x.x]#0

i.  x0[G,] n[x.x]z0
Therefore:

minfa,]"=min[8,]' [ x| =[] nfx x]) = mify]

meofa] = mef{a] n[x x])= melfd n[x x])= mi
o [uov] ofg,09,]

[0, 07,](X :(ugv)(x) if

xOsup@Ov)0 sud, 0, )

Because,

xDsup(u%lvv) =supf ¥ sup( )
Seqd 2p
minfy] [ )sxsmedy] ] )

d) xm[ugvv] -

but, for allr OR:
min([u]" +[¥) sxsma [ "{¥) -

< minu]" +min[V' < x<mafg ' +maxy " -

(since b))
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since b)

< min[d,]" +min[¥,]' <x<mafd)] " +mafv] " =

o min([g,]" +{7,]) <x<max[d] 4 7)) -

since c)

= min([d, O0V,]") <x<max[0, 0V,]) =

= x0O[G, 07,]",becaused, 0, '] is an interval.
And

S AL B

a

xm[aamﬂ

4.5 Examples

o If u={04/1511912505 3C and
v={02/1,2/21303 4. Then, the fuzzy
numbers G, (x) and V,(x) are defined as

follow
0.4 if xO[1519)
G,(x) =<1 if x0O[19 25]
05 if xO(2530
02 if xO[12)
v()={1 if x0[23]
0.3 if x0(34]

Thus we obtain the addition:
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0.2 if x0O[16,17)

0.4 if x0O[17,21)

a,x)dv,(x)=4 1 if x0[21,28]

0.5 if x0(2833]

0.3 if x[O(3334]

1 o000 00
0.8
0.6
o0 0e
04, 0006
4.
0.2 @&
175 20 225 25 2.5 30 325 35
fig.5 Fuzzy numbend, OV,
And the discretization defined in [4.1

produces the fuzzy discrete number:

0.8

0.6

0.4

0.2

ull,v={02/1604170418041904 201,

1221231261271 28052905
0.5320% 3308 34}
[ N N J 00
[ ) [ N N J
o000

175 20 225 25 27.5 30 3.5
fig.6 Fuzzy discrete numberl]v

35

4.5 Remark

We can see that the fuzzy discrete number
obtained in[2.7] by Wang's method is the same
number that we obtain with our method.

5 Conclusion

The consideration of a fuzzy discrete number as a
“discretization” of a fuzzy number allows us to use
this fuzzy number as a carrier for the addition.
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