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Abstract: - We consider the Oseen problem in exterior domains. We study existence and uniqueness of a solution
in anisotropically weighted Sobolev spaces. We prove existence of a solution and its uniqueness in anisotropically
weighted Sobolev spaces. For the proof of existence we use a localization procedure, see e.g. [KoSo].
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1 Introduction

In a three-dimensional exterior domainΩ in R3, the
classical Oseen problem [Os] describes the velocity
vectoru and the associated pressurep by a linearized
version of the incompressible Navier-Stokes equations
as a perturbation ofv∞ the velocity at infinity;v∞ is
generally assumed to be constant in a fixed direction,
say the first axis,v∞ = |v∞| e1. We consider the
Oseen problem in an exterior domainΩ.

−ν∆u + k∂1u +∇p = f in Ω (1)

div u = g in Ω (2)

u = 0 on ∂Ω (3)

u → 0 as |x| → ∞ (4)

For the caseΩ = R3 the respective problem (1), (2)
and (4) was studied e.g. in [Fa1] and [KNoPo]. To ex-
tend the estimates derived in these papers the method
of hydrodynamical potentials can be used. The ap-
plication of this method to the Oseen problem without
weights is well known. Moreover this method has been
used for solution of the Oseen equations in weighted
Sobolev spaces, see [Fa1]. We use another possibil-
ity to avoid technique of single layer and double layer
potentials. We apply some localization procedure,
see e.g. [KoSo], for the extension of anisotropically
weighted estimates from wholeR3 onto the case of
exterior domains. This method is efficient for various
modifications of the Oseen problem connected with
additional assumptions (e.g. rotation of a body etc.),
see [Fa2], [Hi], [KNP1], [KNP2]).

2 Function spaces, notation

The pair(OO,PP) will denote the fundamental solution
of the Oseen problem.

We introduce the following weight functions to
reflect decay properties of a solution near the infinity:

w(x) = ηα
β (x) = ηα

β (x; δ, ε) = (1 + δr)α (1 + εs)β ,

r = |x| = (x2
1 + x2

2 + x2
3)

1/2, s = s (x) = r − x1,

x ∈ R3, ε, δ > 0, α, β ∈ R.

The weightsηα
β belong to the Muckenhoupt class

A2 of weights inR3 if −1 < β < 1, −3 < α+β < 3,
see e.g. [Fa1], [KNoPo]. Let us outline our notations:

We need to denote the special sets

BR =
{
x ∈ R3; |x| ≤ R

}
,

BR =
{
x ∈ R3, |x| ≥ R

}
,

BR0
R = BR0 ∩ BR, ΩR = Ω ∩ BR, ΩR = Ω ∩ BR,

ΩR0
R = ΩR ∩ ΩR0 for positive numbersR0 < R.

For1 ≤ q < ∞ we denote

Dm,q (Ω) =
{

u ∈ L1
loc (Ω) : Dlu ∈ Lq (Ω) , |l| ≤ m

}
with |u|m,q =

(∑
|l|=m

∫
Ω

∣∣Dlu
∣∣q)1/q

as a semi-

norm. It is known thatDm,q (Ω) is a Banach space
(and if q = 2 a Hilbert space), provided we identify
two functionsu1, u2 whenever|u1 − u2|m,q = 0.
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Let
(
L2

(
R3; w

))3
be the set of measurable vec-

tor functionsf onR3 such that

‖f‖2,R3; w =
(∫

R3

|f |2 w dx
)1/2

< ∞.

We will use L2
α,β instead of(

L2
(
R3; ηα

β

))3
and ‖ · ‖2,α,β instead of

‖ · ‖2,R3;ηα
β

. Let us define the weighted Sobolev

space H1
(
R3; ηα0

β0
, ηα1

β1

)
as the set of functions

u ∈ L2
α0,β0

with the weak derivatives∂iu ∈ L2
α1,β1

.

The norm ofu ∈ H1
(
R3; ηα0

β0
, ηα1

β1

)
is given by

‖u‖2

H1
“

R3; η
α0
β0

,η
α1
β1

” = ‖u‖2
2,α0,β0

+ ‖∇u‖2
2,α1,β1

.

As usual,H
◦ 1

(
R3; ηα0

β0
, ηα1

β1

)
will be the closure of

(C∞
0 )3 in H1

(
R3; ηα0

β0
, ηα1

β1

)
. For simplicity, we

shall use the following abbreviations:

H
◦ 1

α,β instead of H
◦ 1

(
R3; ηα−1

β−1 , ηα
β

)
Vα,β instead of H

◦ 1
(
R3; ηα−1

β , ηα
β

)
3 Results inR3

We recall results about weakly singular and singular
integral operators in anisotropically weighted Sobolev
spaces derived in [KNoPo] and in [Fa1], (p = 2). We
use here the original notation.

Theorem 1 Let T be an integral operator with the
kernel|OO| , T : f 7→ |OO| ∗ f, and let 1 < p < ∞.
ThenT is a well defined continuous operator:

Lp(R3; ηα+p/2
β ) 7−→ Lp(R3; ηα−p/2−ε

β )

for 0 < β < p − 1 < (α + p/2) + β < 3(p − 1),
(α + p/2)− β < p− 1, 0 < (α + p/2) < 2(p− 1),
ε > 0.

Theorem 2 Let T be an integral operator with the
kernel |∇OO|, T : f 7→ |∇OO| ∗ f, and let 1 < p <
∞. ThenT is a well defined continuous operator:

Lp(R3; ηα+p/2
β ) 7−→ Lp(R3; ηα

β )

for 0 < β < 3/2(p−1), −1+p/2 < (α+p/2)+β,

(α + p/2) < 2(p− 1), (α + p/2)− β < p− 1.

Theorem 3 Let T be an integral operator with the
kernel|PP|, T : f 7→ |PP| ∗ f, and let 1 < p < ∞.
ThenT is a well defined continuous operator:

Lp(R3; ηα+p/2
β ) 7−→ Lp(R3; ηα

β−p/2)

for 0 < β < p−1, p−3 < (α+p/2)+β < 3(p−1).

Theorem 4 Let T be an integral operator in the
value-principal sense with the kernel∇PP, T : f 7→
∇PP ∗ f . Then T is well defined continuous operator:

Lp(R3; ηα+p/2
β ) 7−→ Lp(R3; ηα+p/2

β )

for p > 1, −1 < β < p− 1, −3 < (α + p/2) + β <
3(p− 1).

Remark 5 An additional investigation shows that in
the casep = 2 the estimate in the Theorem 1 is satis-
fied also forε = 0, see [Fa1].

Let us assume for the simplicity the casep = 2.
From the previous theorems we get in this case:

Corollary 6 (Existence inR3)

Let 0 < β < 1, |α| < β , ε > 0, f ∈ L2
α+1,β ,

g ∈ W 1,2
0 with a compact supportK = supp g. Then

there exists a weak solution{u, p} of the problem (1),
(2), (4) in R3, such thatu ∈ L2

α−1,β , ∇u ∈ L2
α,β,

p ∈ L2
α,β−1,∇p ∈ L2

α+1,β and

‖u‖2,α−1−ε,β+‖∇u‖2,α,β+‖p‖2,α,β−1+‖∇p‖2,α+1,β

≤ C
(
‖f‖2,α+1,β + ‖g‖1,2;K

)
. (5)

Theorem 7 (Uniqueness inR3)

Let{u, p} be a distributional solution of the prob-
lem (1), (2), (4) such thatu ∈ D1,2

0 and p ∈ L2
loc.

Then u = 0 and p = const.

The proof of Theorem 7 is based on the Fourier trans-
form, see [KNP2] for the proof.

Sketch of the proof of the Theorem 7:

We have∇u ∈ L2, u ∈ L6, u ∈ L2
−2, 0, u ∈ S ′.

Because4p = 0, we get using the Fourier transform

4 (−ν ∆u + k ∂1u) = 0,

|ξ|2
(
−ν |ξ|2 û + k ξ1û

)
= 0.

From this relation we follows supp̂u ⊂ {0} , u is a
polynomial. u ∈ L6, u ≡0, ∇p ≡ 0, p ≡ const.
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4 Results in exterior domains

LetΩ be an exterior domain with the Lipschitz bound-
ary∂Ω. Our main results in weighted Sobolev spaces
in exterior domains are

Theorem 8 (Uniqueness in exterior domains)

Let{u, p} be a distributional solution of the prob-
lem (1)- (4) withf ≡ 0 such thatu ∈V0,0 (Ω) and
p ∈ L2

−1,0 (Ω) . Thenu ≡ 0 andp ≡ 0.

Theorem 9 (Existence in exterior domains)

Let Ω ⊂ R3 be an exterior domain and0 < β <
1, 0 ≤ α < β, f ∈ L2

α+1,β (Ω) , g ≡ 0. Then there
exists a unique weak solution{u, p} of the problem
(1)-(4) such thatu ∈ L2

α−1,β (Ω), ∇u ∈ L2
α,β (Ω) ,

p ∈ L2
α,β−1 (Ω),∇p ∈ L2

α+1,β (Ω) and

‖u‖2,α−1,β;Ω + ‖∇u‖2,α,β;Ω + ‖p‖2,α,β−1;Ω

+ ‖∇p‖2,α+1,β;Ω ≤ C ‖f‖2,α+1,β;Ω . (6)

For the proofs of Theorems 8 and 9 see [KNP2]. The
proof of Theorem 9 is based on the localization pro-
cedure, see [KoSo]. The important steps in this proof
are

Lemma 10 Let f ∈ D−1,2 (Ω) . Then there is a weak
solution{u, p} of the problem (1)-(4) such thatu ∈
D1,2

0 (Ω) andp ∈ L2
loc (Ω) .

Lemma 11 Let Ω ⊂ R3 be an exterior domain and
0 < β ≤ 1, 0 ≤ α < β, f ∈ L2

α+1,β (Ω), andK is a
compact subset ofΩ. Then there exists a weak solution
{u, p} of the problem (1)-(4) such thatu ∈ Vα,β (Ω),
p ∈ L2

α,β−1 (Ω),∇p ∈ L2
α+1,β (Ω) and∥∥∇2u

∥∥
2;K

+ ‖u‖2,α−1,β + ‖∇u‖2,α,β

+ ‖p‖2,α,β−1 + ‖∇p‖2,α+1,β

≤ C
(
‖f‖2,α+1,β + ‖u‖1,2;A(ρ) + ‖p‖0,2;A(ρ)

)
,

whereA (ρ) := Bρ \Bρ/2.

Sketch of the proof of Theorem 8. We will
prove that the solution(u, p) is unique inV0,0 (Ω) ×
L2
−1,0 (Ω) . Let Φ = Φ(z) ∈ C∞

0 (〈0,+∞)) be a
non-increasing cut-off function such thatΦ(z) ≡ 1
for z < 1

2 andΦ(z) ≡ 0 for z > 1. Let |Φ′| ≤ 3. Let

ΦR ≡ ΦR (x) ≡ Φ
(
|x|
R

)
. We have|∇ΦR (x)| ≤ 3· 1

R

and |∂1ΦR| ≤ 3 · 1
R for x ∈ Ω, R

2 ≤ |x| ≤ R. Let
{Rj} ∈ R be an increasing sequence of radii with
the limit +∞. So we have thatuj ≡ u · ΦRj ∈H

◦ 1.
So, {uj} is a sequence of functions with limitu in
the spaceVα,β. Using the (non-solenoidal) test func-
tionsϕ = u · Φ2

Rj
= uj · ΦRj ∈H

◦ 1 in we get:

ν

∫
Ω

∇u · ∇
(
uΦ2

Rj

)
· dx + k

∫
Ω

∂1u · u · Φ2
Rj

dx

+
∫
Ω

∇p · u·Φ2
Rj
· dx = 0.

Using relations

∇u · ∇
(
uΦ2

Rj

)
= |∇uj |2 −∇ΦRj · ∇ΦRj u2,

integrating by parts, we get after some evident rear-
rangements

ν

∫
Ω

|∇uj |2 · dx−
k

2

∫
Ω

u2 · ∂1Φ2
Rj
· dx

−ν

∫
Ω

∣∣∇ΦRj

∣∣2 u2dx−
∫
Ω

pu·∇
(
Φ2

Rj

)
dx = 0,

ν

∫
Ω

|∇uj |2 · dx

≤ C


∫

Ω
Rj/2

Rj

u2 · 1
r
· dx +

∫
Ω

Rj/2

Rj

|p| · |u| · 1
r
· dx

 .

Because we haveu ∈ L2
−1,0 (Ω) , pu ∈ L2

−1,0 (Ω) ,
for j →∞ we get∫

R3

|∇u|2 · dx ≤ 0.

So, the function∇u = 0 a.e. inΩ and this meansu
is a constant a.e. inΩ. Fromu ∈ L2

−1,0 (Ω) follows
thatu = 0 a.e. inΩ. Substituting now arbitrary test
functionφ into the original equation, we get∫

R3

∇p · φ · dx = 0.

So, the function∇p = 0 a.e. inΩ and this meansp is
a constant a.e. inΩ. Fromp ∈ L2

−1,0 (Ω) follows that
p = 0 a.e. inΩ. So, the uniqueness is proved.
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Sketch of the proof of the Lemma 11.Fix ρ > 0
so thatR3\Ω ⊂ Bρ/2. TakeΨ ∈ C∞

0 , suppΨ ⊂⊂ Bρ

such thatΨ ≡ 1 on Bρ/2. By use of cut-off function
Ψ we decompose the solution{u, p} as

u = U + V whereU = (1−Ψ)u, V = Ψu,

p = σ + τ where σ = (1−Ψ) p, τ = Ψp.

So, we get that{U, σ} is weak solution of the problem
in R3:

−ν 4U + k ∂1U +∇σ = Z1

div U = −∇Ψu

whereZ1 = 2∇Ψ ·∇u+u 4Ψ−k∂1Ψu−∇Ψ p+
(1−Ψ) f . Analogously,{V, τ} is a weak solution of
the Stokes problem assumed in a bounded domain.
Using now Theorem 7 and the estimate of a solution
in R3 we deduce the assertion of Lemma 11.

Sketch of the proof of the Theorem 9.Let us as-
sume that the estimate of Lemma 11 is not true with-
out the additional terms on the right-hand side. This
means that there is a sequence of functions{fk}, cor-
responding solutions{(uk, pk)} and{Ck} → ∞ such
that

1 ≡ ‖uk‖2,2; K1
+ ‖uk‖2,α−1,β + ‖∇uk‖2,α,β

+ ‖pk‖2,α,β−1 + ‖∇pk‖2,α+1,β

≡ ‖(uk, pk)‖(2) ≥ Ck ‖fk‖2,α+1,β .

So we get
{
‖fk‖2,α+1,β

}
→ 0. The sequence

{(uk, pk)} is bounded in the norm‖·‖(2) so, there is a
subsequence of this sequence (we will denote this sub-
sequence using the same notation) with the weak limit
(u, p) in the corresponding Hilbert spaceH2. The ad-
ditional terms on the right hand side we denote by the
norm

‖(uk, pk)‖(1) ≡ ‖uk‖1,2; A(ρ) + ‖pk‖0,2; A(ρ)

and the corresponding Hilbert spaceH1. BecauseK1

can be chosen taken such thatA (ρ) ⊂ K1, we
haveH2 ↪→↪→ H1, hence‖(uk, pk)‖(1) → 0. So,
(u, p) is a solution of the problem with zero right-
hand side. Due to uniqueness from Theorem 8 we can
conclude that‖(u, p)‖(2) = 0. From the Lemma 11
we get‖(uk − u, pk − p)‖(2) → 0. So we have also
‖(u, p)‖(2) = 1 and we get the contradiction.
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