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Abstract:This paper deals with the numerical implementation of a preconditioned domain decomposition method
to approximate the solution of a non-Newtonian viscoelastic Oldroyd-B model. The governing equations can be
decomposed into a Navier-Stokes system and a transport equation and a modified Schwarz scheme, involving block
preconditioners for the Navier-Stokes equations, is used to solve iteratively the decoupled problems. Numerical
results are provided for steady flow in the two-dimensional lid driven cavity.

Key–Words:Oldroyd-B model, finite elements, domain decomposition method, preconditioners.

1 Introduction
Domain Decomposition Methods (DDM) applied to
the numerical solution of large-scale algebraic sys-
tems arising from the approximation of partial dif-
ferential differential equations have been intensively
studied by many authors (see e.g [8], [3], [11] and
the references cited therein). They are based on a de-
composition of the spatial domain of the problem into
several subdomains, which may or may not overlap,
and consist on solving reduced size subproblems on
these subdomains, while enforcing suitable continu-
ity requirements at the corresponding interfaces. Such
reformulations are usually motivated by the need to
create new solvers for parallel computers. A multi-
domain approach can also account for the solution
of heterogeneous models related to physical problems
which can be defined in complex geometries. Another
important feature is that domain decomposition meth-
ods lead to the construction of optimal (mesh size in-
dependent) preconditioners.
The aim of this paper is to study the numerical im-
plementation of a preconditioned DDM applied to a
non-Newtonian viscoelastic Oldroyd-B model in the
steady case. The constitutive equations lead to a
highly non-linear system of partial differential equa-
tions of mixed type which can be decoupled into a
Navier-Stokes system and a transport equation. The
preconditioned DDM developed here involves two
block preconditioners for the Navier-Stokes equations
(see e.g. [1], [7]).
The paper is organized as follows. The governing
fluid equations are introduced in section 2. In section

3 we present the domain decomposition method for
both the Navier-Stokes system and the transport equa-
tion, using a modified Schwarz multiplicative scheme.
Appropriate block preconditioners for the Navier-
Stokes system are introduced in section 4. Numerical
results for an Oldroyd-B flow in a two-dimensional lid
driven cavity are presented and discussed in section 5.
Finally we summarize the conclusions of this work.

2 Governing Equations

We consider steady isothermal flows of incompress-
ible Oldroyd-B fluids in a bounded domain

����� ���
with a polygonal boundary� �

. For thesefluids, the
extra-stresstensoris relatedto thekinematicvariables
through 	�
����� 	�������� � � ���� 
 ����� �

(1)

where
�

is the velocity field,
��� � ��"!$# � 
 # ��%'&

denotesthe symmetricpart of the velocity gradient,�
is the constantviscosityand

� �)(+*
,
� � (,*

are
respectively therelaxationandretardationtimes.The
symbol � denotestheobjective derivative of Oldroyd
typedefinedby� 	�� �)- # 	/.0	 # � . !$# � & % 	21
The Cauchystresstensoris given by 3 =

.24657
8	
,

where
4

representsthe pressureand
	

is the extra
stresstensor. The equationsof conservation of mo-
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mentumandmasshold in thedomain
�

,9 �:- # � 
 # 4 � # - 	 � # -;� � * �
(2)

where 9 (<*
is the (constant)densityof the fluid.

Decomposingtheextra-stresstensor
	

into thesumof
its Newtonianpart =�> �����@?;A?CB ��� andits viscoelastic
part = , we rewrite (1)-(2)asDEEEEEF EEEEEG

. ?;A? B ��H � 
 9 �:- # � 
 # 4 � # - = �# -I� � * �
= 
J��� �= �����K�ML . ? A? B ���ON 1

We considerthenondimensionalform of this system
by introducingthefollowing quantitiesP �RQST �:N �UQVW � 4 � QX TY W � = � QZ TY W �
wherethesymbol[ is attachedto dimensionalparam-
eters( \ representsa referencelengthand ] acharac-
teristicvelocityof theflow). Wealsoset^ ��L . ?;A? B �
and introducethe Reynolds numberand the Weis-
senberg number_�` �ba WcTY � d ` � ? B WT 1
ThenondimensionalsystemtakestheformDEEEEEF EEEEEG
. ! L . ^ & H � 
 _�` �)- # � 
 # 4 � # - = �# -;� � * �
= 
 d ` �= ��� ^ ��� 1 (3)

andis composedof a Navier-Stokessystemfor ! �e� 4 &
coupledwith a transportequationfor = . This system
is supplementedwith a Dirichlet boundarycondition� ��f

on � � with
f -Ig � * �g

beingtheunit outwardnormalto theboundary.

3 Finite Element Approximation
In this section we apply a domain decomposition
methodfor both theNavier-Stokesequationsandthe
transportequationin system(3). Let us considera
nonoverlappingdecompositionof

�
into subdomains� �

and
� � , satisfyingthefollowing conditions� � � �ih � � � � �ij � � ��k

and
� �lj � � ��m �

where
m

denotestheinterfacebetween
� �

and
� � .

3.1 Domain decomposition method
For fixed = , the first two equationsin (3) define a
Navier-Stokessystemin thevariables! �e� 4 & . Herewe
usethe Hood-Taylor n � . n � finite elementmethod
for the approximationof ! �e� 4 & (seee.g [2]). The
correspondingdiscretespacesolp and q�p satisfy the
discreteinf-sup condition. For fixed ! �e� 4 & , the third
equationin (3) is atransportequationin = . As in [10];
the tensor = is approximatedby usingtest functions
in r7p � ! q�p &'s . Let tvu and t X berespectively the
dimensionsof o"p and q�p . The discreteformulation
of theNavier-Stokesequationsleadsto thefollowing
system wyx �{z ! 3 � x & (4)

wherethematrix
w

is definedbyw �}|~ w � � ���� w � � �� % � � % � � ��
(5)

with! w�� &���� � ! L . ^ &C� #O� � � � #O� ��;�;� � L���� ��� � t u! � � &���� � ���;����� S � ��� � �;� � L������ t u � L�� � � t X
and! z � ! 3 � x &�& � � � # - 3 ����� . _�` x - # x�� � � � ��� � �L������ t u
Similarly the approximatetransportequationcanbe
rewritten as 	 ! x & 3 �¡  ! x � 3 &
where ��	 ! x & � ��� � �'¢ � 
 d ` x - # ¢ � � ¢ � � � ��   ! x � 3 & � � � d ` � !$# x &�£ 3 
 3 !$# x &¤� ¢ �$� �. � ^ � � ! x &¤� ¢ � � � 1
The(global)fixedpoint iterationschemecanbewrit-
tenasfollows:¥ For a given initial condition ! x/¦ � 3 ¦ & , find

x�§�¨ �
solutionof wyx §�¨ � ��z ! 3 § � x § & 1 (6)¥ Calculatethenew iterate 3 §©¨ � solutionof	 ! x §�¨ � & 3 §�¨ � �¡  ! x §�¨ � � 3 § & (7)¥ Calculate

x�§©¨ �
.
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Reorderingthe numerationof the nodes,we rewrite
thesystem(6) asfollows|ª~ w ��� * w �¬«* w ��� w � «w «� w « � w �«C« 
 w �«C« �¯®� |ª~

x §�¨ ��x §�¨ ��x §�¨ �«
�¯®� � |ª~ z �z �z « �¯®�

(8)
whereeachoneof the involved submatriceshasthe
samestructureas

w
, andwhere

x�§�
is definedon

� �±°m
( ² ��L � �

), and
x §«

is definedon theinterface
m

(to
simplify the presentation,the index ³ is droppedin
the termsappearingon the right-handside). System
(7) canalsoberewritten in anequivalentform|ª~ 	´��� * 	´�¬«* 	 ��� 	 � «	c«�µ	c« � 	 �«C« 
¶	 �«�« �¯®� |ª~ 3 §©¨ ��3 §©¨ ��3 §©¨ �«

�¯®� � |ª~   �  �  « �¯®�
(9)

where	 �·�¹¸ 	 �·� ! x §�¨ �� &¤� 	 � « ¸ 	 ! x §�¨ �« &¤�	c« �¹¸ 	 ! x §©¨ �� &¤� 	�«C« ¸ 	c«C« ! x §�¨ �« &¤�  §� ¸   � ! x §�¨ �� � 3 §� &¤�   §« ¸   « ! x §©¨ �« � 3 §« & 1
3.2 The Schwarz method
At eachstepof thefixed-pointalgorithmstatedin the
previoussection,weapplythemodifiedSchwarzmul-
tiplicative schemeto solve systems(8) and(9). Ba-
sically, the ideaconsistsin introducingtwo matrices
thatoptimizetheinterfaceconditions[6].
Let º»u« and º X « be the numberof nodesin

m
for the

velocity and pressure,respectively and set t « �� º u« 
 º X « . Let ¼;½¾À¿;¾�Á � ��������� Â¹Ã be the corresponding
canonicalbasis,andfor

�2�ÄL � �
, let !ÆÅ � � �·Ç � Å � � « &

be
thesolutionof thefollowing problem:È w �·� Å � �

in

 w � « Å � � « � *

in
� �Å � � « � ½¾ on
m 1 (10)

The interface matrices É �
and É � (correspond-

ing to the Navier-Stokes system)are then obtained
throughthefollowing identities:É � ½¾ � . w « � Å � � in . w �«C« Å � � « (11)É � ½Ê¾ � . w «� Å � �

in
. w �«C« Å � � « 1

(12)

Similarly, weconstructtwo interfacematricesË �
andË � , correspondingto thetransportequation.

More precisely:¥ For ³ÍÌ *
, solve

1. The Navier-Stokes system

For Î � * �ÐÏ
;¥ Given

x ¾� � ! x ¾� � in � x ¾� � « & and 3 § �DEEEEEEEF EEEEEEEG
Find

x ¾ ¨ �� � ! x ¾ ¨ �� �
in
� x ¾ ¨ �� � « & suchthatw ��� x ¾ ¨ �� �

in

 w �¬« x ¾ ¨ �� � « �{z � �

inw «� x ¾ ¨ �� �
in

 � w �«C« . É � � x ¾ ¨ �� � «�{z «Ñ. w « � x ¾� � in . � w �«�« 
 É � � x ¾� � «

(13)¥ Given
x ¾ ¨ �� � ! x ¾ ¨ �� �

in
� x ¾ ¨ �� � « � 3 § � & ,DEEEEEEEF EEEEEEEG

Find
x ¾ ¨ �� � ! x ¾ ¨ �� � in � x ¾ ¨ �� � « & suchthatw ��� x ¾ ¨ �� � in 
 w � « x ¾ ¨ �� � « �{z � � inw « � x ¾ ¨ �� � in 
 � w �«C« . É � � x ¾ ¨ �� � «�{z « . w «� x ¾ ¨ �� �

in
. � w �«C« 
 É � � x ¾ ¨ �� � «

(14)¥ Set
x § � � x ¾ ¨ ��

and
x § � � x ¾ ¨ ��

2. The transport equation

For Î � * �ÐÏ
;¥ Given

x § �
and ! 3 ¾� � in � 3 ¾� � « &DEEEEEEEF EEEEEEEG

Find 3 ¾ ¨ ��
suchthat	 ��� 3 ¾ ¨ �� �

in

¶	 �¬« 3 ¾ ¨ ��¬« �Ò  � �

in	�«� 3 ¾ ¨ �� �
in

���	 �«C« . Ë � � 3 ¾ ¨ ��¬«�¡  «Ñ.0	c« � 3 ¾� � in . � w �«C« 
 Ë � � 3 ¾� � «¥ Given

x § � and ! 3 ¾ � � in � 3 ¾ � � « & ,DEEEEEEEF EEEEEEEG
Find 3 ¾ ¨ �� suchthat	 ��� 3 ¾ ¨ �� � in 
¶	 � « 3 ¾ ¨ �� « �Ò  � � in	c« � 3 ¾ ¨ �� � in 
Ä��	 �«C« . Ë � � 3 ¾ ¨ �� «�Ò  «y.0	�«� 3 ¾ ¨ �� �

in
.Ó��	 �«C« 
 Ë � � 3 ¾ ¨ �� � «¥ Set 3 § � � 3 ¾ ¨ ��

and 3 § � � 3 ¾ ¨ ��
3. Set

x/¦� � x�§�
, 3 ¦� � 3 §� ! �Ô�ÄL � � &

.

4. ³ � ³ 
 L
.

To enhancethe speedof convergencewe next intro-
ducein eachsubdomainaglobalblockpreconditioner.
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4 Block Preconditioners
Let usfirst considerageneralframework for theblock
preconditioningof theNavier-Stokessystem(seee.g.
[4], [5], [1]) Õ z �� £ .�ÖØ×�Ù ��Ú 1

(15)

Let Û7Ü bea right globalpreconditionerof theformÛ7Ü � Õ Û�Ý �* . Û7Þ × �
whereÛ�Ý and Û7Þ arerespectively preconditionersforz

and
	 � � £ z�ß � ��
{Ö

(thecorrespondingSchur
complement).SinceÛ ß �Ü � Õ Û ß �Ý Û ß �Ý � Û ß �Þ* . Û ß �Þ × �
thenthelinearsystem(15) is equivalenttoDEEEF EEEG

Õ z Û ß �Ý à z Û ß �Ý .á5�â�ã�� Û ß �Þ� % Û ß �Ý 	 Û ß �Þ ×�ä �{Ú �
ÛåÜ Ù � ä 1

In a first step,this approachis usedto solve system
(10). Taking into accountthe fact that

w �·�
(
�æ�+L � �

)
hasthesamestructureas

w
, i.e.w �·� � Õ w�ç�·� � ç�·�! � ç�·� & £ � × �

and choosing
z � Û�Ý � w�ç�¯�

,
	 � Û7Þ �! � ç�·�¬&'% ! w ç�·��& ß � � ç�·� , we caneasilyseethatsystem(10)

is equivalenttoDEEEEEEF EEEEEEG
Õ 5 *! � ç�·� & % ! w�ç�¯� & ß � 5 ×Kä �¯Ç � . w � « ½¾ �Õ w�çè¯è � çè¯è� .�	 × Å � � �·Ç � ä �·Ç 1

Thenew systemissolvedusingaGMRESmethod[9].
In thiscaseit is known thatthefirst systemconverges
in two or threeiterationsandthat theconvergenceis
independentof themesh[7].

In thesamespirit, thispreconditioningapproachis ap-
plied to thematricesw � �êé w �¯� w � «w « � w �«C« . É ��ë � (16)

associatedto theNavier-Stokessystemsin thesubdo-
mains

� �
(
�ì�íL � �

). Thecorrespondingsystemscan
beformally written asw � x � ��z � ! �2�ÄL � � & 1

(17)

Let Û�î � betheright preconditionerfor
w �

definedbyÛ î � � é Û î �ï� w � «� . Û7ð �òñ Ã ë �
whereÛ î �ó� and Û7ð �ôñ Ã arepreconditionersfor

w �·�
and	 � � « � w « � ! w �·� & ß � w � «Ñ. w �«C« 
 É �

. Problem(17)
is equivalentto È w � Û ß �î � ä � �{z �Û î � x � � ä �
wherew �öõ ß �î � � |~ w �·� Û ß �î �ï� � w �·� Û ß �î �ó� .÷5�â � w � « Û ß �ð �ôñ Ãw « � Û ß �î �ï� ø � � « Û ß �ð �ôñ Ã �� 1
5 Numerical Results
To validate our numericalmethodwe considerthe
widely usedbenchmarktest of the lid driven cav-
ity flow. The fluid is containedin a squaredcavity� � ! * � L & � wheretheupperwall moveswith a con-
stantvelocity

� ç � ! L � * & causinga flow rotation.To
handlethe cornersingularities,we implementa reg-
ularizedmethodreplacingthe tangentialvelocity on
thelid by aparabolicdistribution thatvanish(together
with its first derivative) on theedgesor cornerswhere
thelid andstationarywallsmeet.

We considera vertical decompositionof the cavity
into two subdomains

� � � ! * � * 1óù &vú ! * � L & and� � � ! * 1óù � L &æú ! * � L & .
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Figure1: Contoursof the first componentvelocity at the
initial andfinal iterationsof thePDD Method.
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Figures1 and2 show thecontoursof thevelocityfield
at the initial and final iterations,obtainedby using
the PreconditionedDomain DecompositionMethod
(PDDM) presentedin theprevious sections,andcor-
respondto the case

_�` � ù *
and

d ` � * 1 L ù
. We

observe that the first iteration shows a discontinuity
on the velocity field at the interface,vanishingwhen
the continuity of the normalstressandvelocity field
acrosstheinterfaceareachieved(iter=31).
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Figure2: Contoursof the secondvelocity componentat
thefirst andlastiterationof thePDDM.

Several testswereperformedin orderto studythein-
fluenceof the meshsize,aswell as the influenceof
the Weissenberg numberon the convergenceof our
method. Setting the Reynolds number to

ëíì
, and

varyingtheviscoleasticparameter, we implementthe
PDDM for two different meshesand comparethe
resultswith thoseobtainedby using two other ap-
proaches:theglobalmethodwith andwithoutprecon-
ditioning (GM andPGM). In particular, andascanbe
seenin Table1, theCPUtime is significantlyreduced
especiallyfor therefinedmeshandfor high valuesof
the Weissenberg number. Table 2 shows the corre-
spondingnumberof iterations.

GM PGM PDDM

Mesh îðïòñóîðïôöõø÷ ïúù ïüû ýÿþ�� ����� ���ì�� � ì þ���� ����� ���ì�� � ë �	� ë �ðý�
 �ÿþ
Mesh î��òñóî��ôöõø÷ ïúù ïüû �	�
 ý �üþ�
 ý����ì�� � ì ý ý	�íý � ë � ýÿþ ýì�� � ë ë � ë 
 
�
	� þ����

Table1: Comparisonof the CPU time for two different
meshesobtainedwith themethodsGM, PGMandPDDM.

GM PGM PDDM

Mesh îðïòñ î ïôöõø÷ ïúù ïüû �ðý � ë ���ì�� � ì ��� � ë ���ì�� � ë � ë ��� ��

Mesh î��òñ î��ôöõø÷ ïúù ïüû � þ � ë ���ì�� � ì ��� � ë � ìì�� � ë ��
 ��� ý��

Table2: Numberof iterationstepscorrespondingto the
globalalgorithmsassociatedto themethodsGM, PGMand
PDDM.

6 Conclusion
Theaim of this work is to applya DDM to solve the
equationsof motion of an Oldroyd-B modelusinga
block preconditionerassociatedto the Navier-Stokes
equations.Numericalresultshave beenobtainedon
thelid drivencavity benchmarkandwe concludethat
DDM with preconditionersarewell adaptedto thenu-
mericalsimulationof this viscoelasticfluid model.
Disregarding the fact that the preconditionerswere
constructedin an exact form, numericalresultsindi-
cateasignificantlyreductionin CPUtimewhencom-
paredto thoseobtainedusing a global approxima-
tion of the problem. However, if a semi-implicit ap-
proximationof the convective term is used,different
strategiesto constructpreconditionersneedto beem-
ployed,e.g. thosebasedon incompletefactorizations
andmultigrid methods.It is known thatthelid driven
cavity is a particularbenchmark,wherediscontinu-
ousconditionson theboundarynodesonly allow for
convergencewith very low valuesof theWeissenberg
number. Imposingthe no-slip condition on the two
uppercornernodesor using regularizationmethods
we expectconvergencefor higherWeissenberg num-
bers. The last approachis just the one correspond-
ing to the preliminarynumericalresultspresentedin
this work. Furtherresultsandmoredetaileddiscus-
sionwill beobjectof a forthcomingpaper.
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