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Abstract: - Considering time-periodic Oseen flow around a rotating bodR#nwe provea priori estimates

in Li-spaces of weak solution for the whole space problem. After a time-dependent change of coordinates the

problem is reduced to a stationary Oseen equation with the additional termsz) - Vu andw X u in the
momentum equation whete denotes the angular velocity. Assuming that fofchas a formf = V - F, we

prove L?-estimates of weak solution using a theory of Littlewood—Paley decomposition and of maximal operators.
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1 Introduction

Over the past years, there has been a great impulse in

studying the motion of a rigid body. The first system-
atic study on this subject initiated with the pioneering
work of G. Kirchhoff [K], Lord Kelvin [T] regarding
the motion of one or more bodies in a frictionless lig-
uid. After that many mathematicians have furnished
significant contributions to this fascinating field under
different assumptions on the body and on the fluid. We
wish to quote the work of H. Brenner [B] concerning
the steady motion of one or more bodies in a linear
viscous liquid in the Stokes approximation, further
H. F. Weinberger [W1]-[W2] and D. Serre [S] re-
garding the fall of a body in an incompressible Navier-
Stokes fluid under the action of gravity. Recently see
e.g. G. P. Galdi, A. L. Silvestre [GS], R. Farwig,
T. Hishida, D. Miller [FHM], R. Farwig [Fal,FaZ2],

T. Hishida [H1]-[H3], M. Hieber, M. Geissert,
H. Heck, [HGH], S. Kr&mar,S. Ne&asowa, P. Penel,
[KNPel,KNPe2], R. Farwig, M. Krbecs. N&asoa
[FKN1, FKN2], R. Farwig, J. Neustupa [KN].

Before describing the main results, we would like
to introduce some basic problems of practical interest.
The orientation of long bodies in liquid of different na-
ture is a fundamental issue in many practical interest.
A first, fundamental step in modelling and the orien-
tation of long bodies in liquids is to investigate experi-
mantally their free fall behavior (sedimentation), both
in Newtonian and viscoelastic liquids see [Le], [PC].
The addition of short fiber-like particles to a polymer

matrix is well-known to enhance the mechanical prop-
erties of thecomposite material, see [Ad]. Typical
sizes of a fiber are hundred micrometers in diameter
and a centimeter in length [Ad]. The degree of en-
hancement depends strongly on the orientation of the
fibers and the fiber orientation is in turn caused by the
flow occurring in the mold ; see [LYKU]. Very impor-
tant isseparation of macromolecules by electrophore-
sis. Electrophoresis is a dominant analytical separa-
tion technique in the biological technique in the bio-
logical sciences [GRO]. Modern applications include
weight determination of proteins [HR], DNA sequenc-
ing [Tr], and diagnosis of genetic disease [Bo]. Elec-
trophoresis involves the motion of charged particles (
macromolecules) in solution, under the influence of an
electric field. Certain types of macromolecules have
a symmetric and rigid straight-rod shape and several
hundreds nanometers in lenght [GRO]. The orienta-
tion of the molecules plays an important role, since
it is responsible for the loss of separability during
steady-field gel electrophoresis [GRO], [TMW]. We
would like to mention flow-induced microstructures.
Particle pair interactions are a fundamental mecha-
nism that enter strongly in all practical applications
of particulate flows [Jo],[Ro]. They are due to iner-
tia and normal stresses and are maximally different
in Newtonian and viscoelastic liquids [JLPF]. In the
most well-studied case of fluidized spheres, the princi-
pal interaction between a neighboring pair is described
by the mechanism of drafting, kissing and tumbling in
Newtonian liquids, and or drafting, kissing and chain-
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ing in viscoelastic liquids [Jo1], [Jo2]. A first, funda-
mental step in modelling and the orientation of long
bodies in liquids is to investigate experimentally their
free fall behavior (sedimentation), both in Newtonian
and viscoelastic liquids see [Le], [PC], [PGG].

2 Formulation of the problem

In this paper we consider a three-dimensional
rigid body rotating with angular velocityw =

©(0,0,1)", & # 0 and assume that the complement is
filled with a viscous incompressible fluid modelled by

the Navier-Stokes equations. We consider the viscous

flow either past a rotating bodif cc R? with axis
of rotationw and with the velocityu, = kes # 0 at
infinity or around a rotating bod¥x” which is moving
in the direction of its axis of rotation. After changing
of the coordinate system, considering that||w and
linearizing inu we get the following system

—vAu+kdsu— (wAz)-Vu+wAu+ Vp

= f 1)
diveu = 0 (2)
u — 0 as|z| — oco. 3

The linear system (1)—(3) has been analyzed ir
spaces] < ¢ < oo, in [Fal,Fa2] proving the priori
- estimate

HVVQUHq + HVPHQ < C||f||qv (4)
|kOsullq + || (w Ax) - Vu+w Aull,
k4
< c(HW)Hqu 5)

with the constant > 0 independent of, k, w.

We introduce notation and then we will give a
formulation of our problem.

Given a domair2 = R3, the classC§°(€2) con-
sists ofC*° functions with compact supports contained

in . By L(2) we denote the usual Lebesgue space

with norm|| - ||.0
L) ={ue LYQ) : /Qu dx = 0},

D(A,) = W21(Q) N W, ().
We define the homogeneous Sobolev spaces

Wha(®?) = Cgo(R) ¥ lass

={v e Ll (R3); Vv e LI(R3)3}/R,

loc

(6)

and their dual space

/M?_Lq(Rg) _ (Wl,q/(q—l)(R3))*, (7)

with norm || - || 1 , gs.

Remarks: We would like to mention that the dual
space of a domain from Assumption | (ii), (iii) have to
be define in the following way

WLa(Q) = (W ()",
Let us consider the problem (1)- (3).

Definition 1.
Let1 < q < oo. Given f € W H4(R?)3, we call
{u,p} € Wy '(R3)3 x L(R?) weak solutiorro (1)—
3) if

(i) V-u=0 in LYR?),
(wAz) - Vu—wAue /W?fl’q(RB),

(i)

{u, p} satisfies (1) in the sense of distributions, that is

(Vu,Vo) — (wAz) Vu—wAu,p)
() = .V ) = (e
p € CF°(R?),

(8)

where < .,. > denotes the duality pairings.
{u, p} satisfies (8) for all p € W\I’Q/(q_l)(R?)).
Theorem 1. Let 1 < g < oo and suppose

(9)

then the problem (1)-(3) possesses a weak solution
{u,p} € Wh4(R3) x LI(R3)

;e W hIERY),

Vullg +Ipllq + (W Az) - Vu—wAu 14
< Clfll-1g5 (10)

with some C > 0, depends on q. The solution is

unique in /leq(R?’)ij’ up to a constant multiple of w
for u.

3 Proof of the main theorem

We give a sketch of the proof of Theorem 1, for more
details see [KNPe2].
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For a rapidly decreasing functiane S(R") let

1 ,
/ e~ Sy(z) du,

Fu(§) =u(§) = W =

with ¢ € R™, be the Fourier transform af Its inverse
is denoted byF~!. Moreover, we define the centered
Hardy-Littlewood maximal operator

Mu(zx) = sup

: /
= [ lu@)ldy, @ eR,
Qo |Q| Q

foru € Ll _(R™) where@ runs through the set of all
cubes centered at

Due to the geometry of the problem it is reasonable to
introduce cylindrical coordinatés, x3, ) € (0, c0) X

R x [0,27). Then the ternfw A x) - Vu = —z901u +
x109u may be rewritten in the form

(wAx)-Vu = dgu

using the angular derivativ@ applied tou(r, z3, 6).

Now we will solve (1) — (3) explicitly using
Fourier transforms and multiplier operators. Work-
ing first of all formally or in the space’(R") of
tempered distributions we apply the Fourier transform
F = 7 to (1) — (3). With the Fourier variable
€ = (&,6,&) € R® ands = |¢] we get from (1)
-(3).

(vs® + ik&3)T — 0+ Deg X T+ i&p =
i€ -u=0. (11)

Here (w X f) . Vg = —528/661 + 518/852 = &P
is the angular derivative in Fourier space when using
cylindrical coordinates fof € R™. Sincei§ - u = 0
impliesi¢ - (0,u — w x 1) = 0, the unknown pressure
pis given by—|¢|2p = i¢ - f, i.e.,
& - Nf

I{E.

Henceu may be considered as a (solenoidal) solution
of the reduced problem

Vp(€) = it P =

—vAu+kdsu—dpu+wAu=f in R" (12)

where byf we meanf = f — Vp.

Theorem 2. Let 1 < q < oo and f € W—14(R3).
Then the equation

Lu= (13)

D, (wWAz) - VutwAu=f in R?

possesses a weak solution u € W14(R3) subject to
the estimate

[Vullgrs + [[(wA2Z) - Vi —wAull g 4ps
< CHfH—l,q,R37 (14)

with some C' > 0, depends on q. The solution is

unique in /Wl’q(]R?’)?’ up to a constant multiple of w
for u.

In Fourier space — using cylindrical coordinates
(s,,63) € Ry x [0,27] x R, 5 = /& + &5, for
¢ = (£,6,6)T as well and note tha@u = 0,1,
Jdy,u = (e3 x z) - Vu andu satisfies the equation
1

(WIEP +ik&)a— Ou+es A= =f

& =
&

with respecttg. Denotingo(¢) = OL ()u(s, ¢, &3)
then we are looking for the solution of the following
problem:

S WIEP + k) - 0,0 = ZOL(@F (19
After some calculation we obtain
(16)
- / VPO (1) (FF(Ou(t). — tes))(€)dt.

0

Finally note thate="I¢It is the Fourier transform of
the heat kernel

1 —faf2/avt

Ey(r) = (Imot)i2

(17)
yielding
u(z) = /0 T Bk OT (1) F(Ou(t).— ktes)(x)dt. (18)

Note thatF' = f — Vpis solenoidal so that the identity
i€ - F = 0 implies that alsa: is solenoidal.
An essential step is to show

IVullgrs < CllGllgrs

for the force of the fornf = V-G with G € C§°(R?)?
on account of the density property see Lemma 1.

Assumptions I: Let Q ¢ RN, N > 2, be a domain
with boundaryd € C'! and suppose one of the
following cases

() 2 is bounded

(i) ©2 is an exterior domain, i.e. , a domain having a
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compact nonempty complement
(iii) Q is a perturbed half space, i.e., there exists some
open ballB such that2 \ B =R’} \ B.

For a bounded domaift with boundary inC°%! Bo-
govski [B1], [B2] constructed a bounded linear oper-
ator R : L{(Q) — W,%(Q)" such thatu = Ry is a
solution of

divu = gin

u = 0 ondfl. (19)

satisfying || Rgllw1.a() < cllgllq- Additionally R
mapsiW, ?(Q) N LE(2) into W7, see [W].

Lemma 1. (Farwig, Sohr)

Let @ = R" or let? C R” (n > 2) be a do-

main satisfying Assumption I, further ldt < ¢ <
oco. Then there exists a linear bounded operator

R:Wh N W-14(Q) — D(A,)" if Qis unbounded
or R: Whi(Q) N LE(Q) — D(A,)" if Q is bounded
such thatu = Rg is a solution of (2.10) for all
g € WhinWw=14(Q) or g € Whi(Q) n LL(Q)
respectivelyu = Ry satisfies the estimates

lullg < Cllgll-1,4

and
[ullwza < e(IVallg +11gll-1.4)5

wherec = ¢(£2, ¢) > 0 is a constant.

Proof: see [FS].
In our case for alff € W‘lvq(Q), there isG € L9(2)
such that
V-G=Ff
1Gllg0 < Cllfll-1.40
with someC' > 0.

As aresult, the spadgV - G; G € C§°(2)"} is dense
in W=4(Q).

(20)
(21)

Let us derive thd ¢ estimate of the operat@r defined
by

TG(z) = Vu(z) = — [gs VoV L(x,y) : G(y)dy,
L(z,y) = 5~ EOL(t)dt,

(22)

The following proposition indicates that fundamental
solution does not define a classical Calderon-Zygmund
integral operator and we need to use Littlewood-Paley
theory.

Proposition 1. There is no constardt’ > 0 such that
[z — y|T(x,y)| < C,V(z,y) € R* x R

Proof : see [H] or [FHM].

Remark: We would like to mention very important
property that the terms A zVu,w A u cannot be
estimated separately in general case but only in case
that we require special type of compatibility condition
on thef

1 2w

5 OO f(r,x3,0)dd = 0 fora.a.r > 0,z3 € R.
T Jo

For more details see [FHM].
Now, we derive thd ¢ estimate of the operatdr.

—

Vu(§) =
=[5 Yu(§OL () FG(Ou(t). — ktes) (&)L
=[5 00T, () FG(Oyy (t). — Etes)(€),

(23)
where

1
(2m)3/2

b(E) = j€2e ¢

and

e (€) = P(V1€) fort >0

are the Fourier transforms of a functighe S(R?)
and ofyy (z) = t=3/2¢(x/\/t),t > 0, resp.

We definey € S(R™) by its Fourier transform
D) = 2m) e = (FA)EIO)  (24)
and for allt > 0

ve(x) = 725,

- - , (25)
Ve(€) = Y(VEE) = (2m) " Pt[e e T
We define the operator
TG(z) =
o0 k d
| €108, 016000, - Lten)©F - (26
0 14 t
To decomposeZt choosey € 030(%,2) satisfying

0<yxy<land

Y X(@27s)=1 forall s>0.

j=—o0
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Then definey; for ¢ € R™ andj € Z by its Fourier
transform

X;(6) = x(277le)),
yielding>>% ;= 1onR"\ {0} and

£ e R,

suppX; C A(2/71,27H1) =

. . (27)
{€eR™: 2071 < |¢| < 27H1),
Usingx; we define forj € Z
. 1 ~ .~
V= ——mxjxy (W =X;-v). (28

(27‘(‘)”/2

Obviously, >>22 Y/ = 1 on R™. We define the
linear operator

T,Gr) =
= I3 5 B OL (1) F GOy (). — htes) ()
dt

= fgoo wt(f)Og/y(t)fG(Ow/V(t) - %te?))(f)

(29)
Since formallyl" = 3°7 T}, we have to prove that
this infinite series converges even in the operator norm
onLq.
For later use we cite the following lemma, see [FHM].
Lemma 2. The functions 17, 1/15, j E€Z,t>0, have
the following properties:

. ~; 2i—1 g9+l

(1) suppvy CA( NN )

(i) For m > % let h(x) (1 + |z|>)™™ and
hi(z) = t*”/zh(%), t > 0. Then there exists a con-

v
stant ¢ > 0 independent of j € 7 such that

W (@) < 27 hyz (@),

%7111

x € R,

< 272l

Proof: see [FHM].

To introduce a Littlewood-Paley decomposition/cf
choosep € C§°(5,2) such thad < ¢ < 1 and

o ds 1
~ 27:7

Then definep € S(R™) by its Fourier transform
o(&) = @([¢]) yielding for everys > 0

~ ~ 1 2
?s(&) = 2(Vslél),  supp@s C A(T\/E ) %)
(30)
and the normalizatior,® ¢, (£)? % = 1forall ¢ e

R™\ {0}.

Theorem 3. Let1 < g < oo. Then there are constants
c1,c2 > 0 depending on q and ¢ such that for all f €
4

o0 ds\1/2
il < |( [ 1o 102 L) <t
q

where @5 € S(R™) is defined by (30).
Proof: See [St1],[St2].

As a preliminary version of Theorem 2 we prove the
following proposition.

Proposition 1. Let j € Z. The linear operator T
defined by 26 satisfies the estimate

|T;G|lq < c||Gllg forall G e L qe¢ (2,0(%)1)

with a constant ¢ = ¢(q) > 0 independent of f.
Proof: see [KNPe2].

ThenT = Z;’i_oo T; converges in the operator norm
on L and||TG|, < c||G||,, for everyG € S(R3)?
andq > 2.

To prove (32) forg € (1,2) we use a standard duality
argument. The adjoint operatdi* is given by

T*G(x)
| 0 0, 06) O 010 + ten) F. (32)

with g € S(R3)3.

The same argument as above implies thatis
also a bounded operator dri/ (@~ (R3)?, it implies
thatT is bounded foil < ¢ < 2. Forq = 2 we apply
Plancherel theorem.

This imply that we proved the following estimate

IVullg < [1Glq- (33)

Now, using Farwig- Sohr lemma (Lemma 1) we know
that there is7 € LI(R?)? such that

V-G = f, IGllgrs < CllFll-14,82-

This implies the statement of Theorem 2.

It remains to prove the uniqueness. We use the duality
method. We consider the adjoint equation

LYy =

—Av—%—i—

9 _ g F ()
8%3

(w/\x)~Vv—w/\v+ax3
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with F € C§°(R?)Y. This admits the solution

06 = [ e OO 0L (1) ~htex)) )i
" (35)
Applying the same argument we get

V0|25 < C||F||, s, forallv e W (R?), (36)
r € (1,00).

Let u € W14(R3)3 be a weak solution ofLu =

0in W14(R3)3. One can take as a test function to
get
< Lu,v >=0.

Similarly, one takes: as a test function for (35) in
W—1a/la=1)(R3)3 to obtain

<u,Lv>=<u,V-F>.

Therefore,
<u,V-F>=0.

Since F € (Cg°)? is arbitrary, we obtain: = 0 in
Wt4(R3)3 by Theorem 2.u is a constant vector, but
it is a constant multiple ob becauses A u = 0.

To complete the proof of Theorem 1, we have to show
the following lemma

Lemma 3. Let v € S(R?) be the solution of

—Av—i—aa;—(w/\x)~Vv—0inR3.

Then supp w C {0}.
Proof: This was proved in [Fa2].

Proof of Theorem 1: As we explain before the terms
wAx)x Vu—wAuare divergence free. The pressure
is formally obtained from the problem

p=-V-(=A)"'f.

Since(—A)~! can be justified as a bounded operator
from W~14(R3) to W14(R3) we get

IVpllg < el fll-14,
which implies that

1f = Vpll-14 < ellfll-14-

This completes the proof of Theorem 1.
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