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Abstract: This paper deals with a singular perturbation of the stationary Navier-Stokes system. Thereby the term
£2Ap is added to the continuity equation, wherés small parameter. For sufficiently regular and small data,
existence of a unique solution is proved. This solution converges to the corresponding (unique) solution of the
Navier-Stokes problem iff®/2—9 for the velocity parts and ifif?/2—? for the pressure parts, respectively.
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1 Introduction

In [1] a singular perturbation of the Stokes problem
was introduced in order to obtain stable numerical
methods. The equation of continuityliv v = 0,

is substituted by the equatiativ v — 2Ap = 0,
which leads to a strongly elliptic system of second or-
der for both, the velocity vectar and the pressurg,

and thus, a boundary condition has to be added for the
pressure, too. Finally this ends up with the problem

—ACE VP = S g

—2ApF +divet = fy ’
R (S)

vo= 9 } on o

8np8 = 04 ’

Here Q@ C R? is a bounded domain with bound-
ary o0 of classC? at least,f = (f1,...,fs) and

g = (g1,...,94) are given vector fields, while®
(v§,v5,v5) andp® are the quantities to be found. The
Stokes problem (§ appears formally if we set= 0

and omit the Neumann condition for the pressure part,
and of course, estimates for the differenegs— v

are needed, as \, 0. Contributions to numerical
results using this problem were developed further in
[9, 8, 11], e.g., while in [3] the problem (pwas used

to show the existence of weak solutions to problems
with shear dependent viscosities. In the papers cited
abovef, = 0 andg = 0 was prescribed, then energy
methods were used to estimate the differenéesuy?,

p° — p°, which leads to convergence () and
L?(€2), respectively, as \, 0.

In [7], the approach of [8, 9] was exploited to ob-
tain estimates in Sobolev spadd$ (12, ¢) depending
on the small parameter. The indexs is related to
the part of the norms remaining stablezas, 0. With
those estimates it is possible to show that

lo® =% /270 (Q)||+[|p* =% HY*7°(Q)]| = O(%),

ase \, 0,(see Theorem 2 below), whefe= (0, 3/2)
can be arbitrarily close to the endpoints of the inter-
val. From the problem setting it is clear that this is
the optimum with respect to the regularity properties.
By constructing boundary layers, it was also shown in
[7], that the result is optimal with respect to the order
of convergence as \, 0. Here we dwell upon the
nonlinear singular perturbed system

—Av® + vps + N(’UE, UE) = f/a in O
—2Apf +div et = ’
D raee fa (NS))
A } onoQ,
onp® = g4

with either N (v, w) (v - V)w or N(v,w)
((v-V)w 4+ 271 (div v)w. If ¢ = 0 and the Neumann
condition is cancelled, we obtain the stationary
Navier-Stokes problem

} in €,

onof,

!
Ja

—Av+ Vp+ N(v,v)
div v

B (NSo)

v=y¢g
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For fy = 0 andg = 0 andf’ € L?(Q), e.qg., itis
well known that existence of weak solutions to NS
can be shown by application of the Leray-Schauder
principle (see, e.g., [10]), obviously then both vari-
ants of the bilinear operata¥ coincide. Note that in
(NS.) only the second variant for the bilinear operator
enables to use Schauder’s fix point theorem to prove
existence of weak solutions. Here we obtain estimates
of the same accuracy as for the linear problems but for
small solutions of the nonlinear problems, and we can
use both variants for the nonlinear term, since there is
no difference in the arguments.

The decisive point here is to find anindepen-
dent bound for the bicontinuity constant which is re-
lated to the nonlinear operatdf in H' (12, ¢)-spaces
(Lemma 4). For small data, an application of the Ba-
nach contraction principle leads to simultaneous exis-
tence and uniqueness of small strong solutions both to
(NS.) and (NS) and error estimates for the difference
of the same order as for the linear problems.

2 Results for the linear problems

Before we recall the results for the linear problem, we
introduce some general notations. As already men-
tioned, Q c R? is a bounded domain with closure
Q, boundarydf?, and forz € 99 the exterior unit
normal vector is denoted by(x), if it exists. For
anyt € R, we call [t] the integer part of, i.e.
[t] max{j € Z : j < t}, while the number
t+ = (t+ |t|)/2 means the positive part of

We use the common multi-index terminology:
0* = G928, with o € Nj. If k € N, then
V* indicates the collection of all partial derivatives of
orderk. For any function spac&’, we indicate the
norm in X by | -; X|. Givenl € N, the Sobolev
spaceH'(2) consists of allp € L?(Q) with distri-
butional derivative$*p € L?(2), |a| < I, supplied
with the usual norm. Is > 0, s ¢ N, then for an
open selG C R"”, (here we neeth = 2 andn = 3)
the Sobolev-Slobodetskii spaéE (G) coincides with
the set{p € HIEN(Q) : |l¢; H*(G)]| < oo}, while

ls H3(G)|I* = HU'HM(G)HQ +
|0%p(x) — 0*(&)|?
Z /G G ‘.%' _ ‘n+2(s [s]) dgdz.

|a|=[s]

Furthermore,H ~*(G) is the dual space off 5(@G),
here the supscript indicates the closure afj°(G)

in H*(G). ThenH*(0Q) is defined, by using local
coordinates and a partition of unity ox2, via the def-
inition of H*(R?), while H—*(99) is the dual space
of H*(01) (see [4] for details.)

To obtain asymptotically precise estimates for so-
lutions® to problem (S), the spacel!(Q) are sup-
plied with equivalent norms, where the small parame-
tere € (0,1] is included (see [5, 7]). For < [ and
¢ € HY(Q) we set

s HL (5 0)]° = [loos H()]* +
l
> eV L2(Q))1%. (1)
k=0

Note that the exponents in the powerseotlepend
step-like on ordek of the derivatives. Then for any
differential operatoro® with || < [, and k with
»+ k <, we have

I=le]

Haa(P;H%_M(Q;f)”
< Cllp; HL(0)|, ()
o l—|«

leko g H. 2 L (92)]
< Cllp; HL(;9)]. ©)

We process the trace spacés—'/2(9Q) in the

following way. We define||v; Hl 11//22(8(2;5)” as

1/2
(s E=1/2(@Q)|2+ 20 s HI=Y/2(00) )

for » > 1/2; and s—"Jfl/Q(Hu;LQ(aQ)H2 +

1/2
52’*1]]1;;1{1*1/2(89)“2) for » < 1/2. The
norms of the trace operato®d! : H.(Qse) —

HL__hh__ll//QZ(ﬁ(z;s), whereh = 0 andh = 1, can be
bounded independent ene (0, 1], the converse re-
sult on extensions is also true. To formulate the com-
plete result we also neel’,(Q, ) with s > . In
this case we choose € N = {1,2,...} such that
t+1 > s > [. We introduce the Helmholtz opera-
tor L. = 1 — e2A with domainZ(L.) = H?(R3), if
Q=R3and2(L.) = {p € H*(Q) : ¢ = 0 0n 9N},

if Q is a proper subset dR3. Slnce the spectrum
of L. is contained in the intervdl, co), there exists

£ € H*Y(Q), if u € HY(Q) and we set
lus HL(Q,e)|| = | £2"%u; HE(Q,2)|. - (4)

Let 99 be of classC!t? for somel € N. It is
well known that forf € H!=1(Q) x HY(Q), and
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g € H'"1/2(90)3, subject to the compatibility con-
dition
[ 5= [ g-nao=o, ©)
) o9
problem (3) possesses a solutial? = (v2,p°) €
H*1(Q)? which is unique under the condition that

is mean value free. In [7] the following inequality was
proved for this solution:

1% HES (:€) + 1975 HE(2s€)

Qs el
< C (I HEL (5 0)l| + I fas HL(% )

Hlg's T 00)) ), ()

For solutions to the problem (PBthe following result
is valid — we recall it only for the casg = 0.

Theorem 1 [7] Let @ c R3 be a bounded domain
with 9Q of classC'*?,1 € N, s € [0,3/2), » < I
andg, = 0in (S.). Then for anyf ¢ H'=1(Q)*
andg e H*Y/2(9Q)3 complying with(5) there ex-
ists a solutionu® = (v°,p°) € H'*(Q) to problem
(S:), which is unique under the orthogonality condi-
tion [, p° = 0. This solution satisfies the estimate

o5 HEEL (952 + 195 HE (@32).
<C (I HZ o)l + 1 fas HE (@32
g5 7ol ), @)

where(' is a constant depending on, 02 and!, but
neither ons € (0, 1] nor on the dat& f, g). The sub-

script L indicates the subspace of mean value free

functions.

To shorten the notations for the following
proofs, we abbreviate the left hand side of (6)
to ||u’, D! (Q,¢)| and the right hand side to
I(f,d"); RL(Q,09Q,¢)|. In a similar manner we de-
note the left hand side of (7) bju®; 2.,(Q, )| and
the right hand side by(f, ¢'); ZL.(Q,09,¢)||. The
expression(f,¢') € RL(Q,09Q,¢) 1, Z,(Q,00Q,¢) 1
means that (5) is fulfilled, whilex = (v,p) €
DL(9,09,¢) 1, 2L(92,09,¢), indicates again that
Jop=0.

Depending on the smoothness of the data, we may

apply the estimates (6) or (7) to the difference-u°,
which leads to the following result.

Theorem 2 [7] Let s € [0,3/2), f € H(Q)*, ¢ €
H'*3/2(99) fulfilling (5), moreover we assume

d € [0,], | € Ngwithl > max{s— 9, —1}, (8)

The difference:® — «° satisfies the following inequal-
ity with a constant independent efc (0, 1] and the
data:

Juf =% DL, _s(S2)]| <
5 (o4 1. prl43)2 )
Ce (If Q)M + llg's B2 )

If, in addition to(8), the requirements
1>, freHT(Q) (10)
are met, then the inequalif®) can be strengthened to

e — % 2L )| < Y2 (| HYQ)|

s B @) + g/ B2 )
(11

3 The Navier-Stokes problem

In order to obtain similar estimates in the case of
the nonlinear problems, at least for small data, we
start with proving the existence of unique strong solu-
tions (under smallness conditions) to the singular per-
turbed nonlinear problem (N§ This system as well

as the Navier-Stokes system (fN$®ave the structure
Su+N(u,u) = f, whereS is a linear operator arty

is a bilinear operator acting between certain function
spaces. There is a well-known technique to solve such
problems, which we recall in the following lemma.
The proof is obvious and uses the Banach contraction
principle.

Lemma 3 Let 2, # be Banach spaceS8,: ¥ — %

a bounded invertible linear operator with operator
norm||S7! : # — 2| = Cs. Let alsoN :
2 x 9 — % be a bilinear, bicontinuous operator,
i.e, |[N(u,w); Z| < Cn|u; 2| ||w; Z|. Then, for
anyf € # with

IF, || < 2C%Cn ", (12)

in the set{u : ||u; 2| < 2CsCy~'}, there exists
a unique solutioru to the nonlinear equatioSu +
N(u,u) = f. The solutionu fulfills the estimate

Ju; 7| < 2Cs|f; Z]- (13)
O

In order to solve (N9, we apply this lemma with the
function space®? = 2. (Q,¢), Z = #'.(Q,090,¢).
Thereby we use the operatdt = (S.u, B-u), with
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Scu = (—Av + Vp,—e2Ap + div v) and B.u =
(v]aq, Onvlaq), The nonlinear operator is defined by
N(u,@) = (N(v,9),0,0) with u,@ € 2.(Q,¢)
andN(v,0) = (v-V)vor Nv,v) = (v- V) +
271(div v). Based on embeddings theorems one can
prove the following result:

Lemma4 If Il > >0,i=1,2,3, then

lv dsw; H (2, €)
< Cllo HEL (0| [lw; HE,

(14)
(€9,

whereC' depends neither on € (0, 1], nor onv and
w.

Corollary 5 Let s € [0,3/2), andl > s. There
exist constantyy > 0,M > 0, independent of
e € (0,1], with the property: For any set of data
(f,q) € #(9,00), (cf. the notations after Theo-
rem1), which fulfil the smallness condition

(£, 9); (2,09, €)|| < p, (15)
there exists a unique solutiarf € 2'(Q,¢), to the
nonlinear problemNS.), with

[u%; 222, )l < M |[(f,9); Z3.(Q,00,¢)]|. (16)

PROOF This result follows immediately from
Lemma 3 if we observe that Theorem 1 gives an es-
timate forCs independent of, while Lemma 4 does
this job for the constant’y,. Moreover, the compat-
ibility condition (5) is not influenced by the nonlin-
ear term, thereforN(u,u) € %#'(Q,09Q), for any
u€ P'H(Q). O

The same arguments are used to prove the corre-
sponding result for the stationary Navier-Stokes sys-
tem. Again, we shorten notations R'(Q,09Q) =
H=HQ)3 x HY(Q) x H*1/2(90)% and DY(Q) =
HA(Q)? x H(Q).

Corollary 6 Letl € N, and(f,g') € RY(,00) be
given such that the compatibility conditi¢®) is met.
There exist constants, > 0 and M, > 0 with the
property: If the data( f, ¢') fulfill the smallness con-
dition

1(f, 9" RI(Q,09)] < po, (17)
then the Navier-Stokes systefiNS)) possesses a
unique solution, € D!(Q); which fulfills

lus DH(Q) 1| < Mo [|(f,¢); R' (2, 89)]

. (18)

Note that (18) implies
lus DL(Q,€) 1| < Mo [|(f,¢'); R (2,0Q)]. (19)

Like for the linear problems, we want to compare the
solution to the perturbed problem (NSwith g4 = 0

to those of (Ng). To this end we observe that for
f e H(Q)*andg € H'*3/2(6Q),

I(f,9'); RL(Q, 09, )|

I, (d',0)); B (2, 09,¢)]|

Ifs H (Y| + [|g's HF32(09)3
‘3

holds true with a constant independentzofind »
(recall that>c < [). If we assume thatf, g) satis-
fies (15) ate 1, then this condition is valid for
all e € (0,1]. Thus we can find @ < min{p, po}
where the condition (17) foff, ¢’) , with p replaced
by p, implies (15) for(f,g). In this case we obtain
unique solutions: and«’ to the nonlinear problems
(NS.) and (NQ) as well, moreover, from the inclu-
sions HH1(Q)* ¢ HFYQ)? x H(Q) ¢ HY(Q)3,
and the estimates (16), (19) and (20) we have

IN A

(20)

[us; DLQ) L, [ DLQ) L < MF (20)

independent of.

Theorem 7 Let s, [, ¢ satisfy the conditions of The-
orem?2. Let f, ¢ be fixed under the conditions ex-
plained above, furthermore,’ = (v°,p°) andu® =
(v%,p®) denote the solutions to the Navier-Stokes
problem(NSy), and the perturbed probleiNS,), re-
spectively, while the pressure componesttsand p°
have zero mean value . Then there exists gy < p
such that, under the conditidh < p , the difference
u® — u can be estimated by inequalif9), in partic-
ular.

lo* =% 0@+ Ip" - p% H* Q)]
< Ce%. (22)
PROOF. The differences® = v° —1°, ¢° = p° —
p° satisfy the following perturbed Stokes problem:
—Ar® + N, r¥) = N(r¢,0%) + Vg€ =0,
div r® = ?Ap®  inQ,
=0 on o9.

From the results quoted in Section 2, we conclude,
that the mapping. = (v,p) — (—Av + Vp,div v)
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defines an isomorphism

S: DY, = {ueD._4(Q,00,¢):
v=00n0Q, [p =0}
- Rl;’?—& ={f eRL_5(Q): [ f2=0}.

Here the norm ofS~! is bounded independent of
e € (0, 1] due to (6) whiles independent bounds f&
follow immediately from the definition of the norms.

The error system above has the structire- Pr = f
with a linear perturbatio®, and the operatd® + P

keeps the properties &, if P is small. Lemma 4

leads to the estimate
IP(re, ¢ ); RL_sH(Q, )|
= |N@r%) = N0 H Y (9,0)]]
< oIl B (9
1% L (@0 755 HE  (2.2)]

OF|Irs H s ()l

IN

for the last inequality we used (21). Thus, we have

proved that

1,0 1,0
IP:D ;=R | <CF

independent ot € (0,1], and by a classical per-
turbation argument, the assertions and arguments of

Theorem 2 remain valid for the operat®or P if § is
small enough. O

Conclusions. For small data, the Navier-Stokes
problem (NS) as well as as the perturbed problem
If the data are

(NS.) possess a unique solution.
smooth enough, the velocity part converges ta’
in H2(Q)3, while the pressurg® converges tg° in

H'(Q) ase tends to0. The convergence order in
H1(Q)3 and L*(w), respectively, is higher than the

order obtained by energy methods.
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