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Abstract – This paper shows a new communication system oriented to the future mobile 
communications, using concepts of security, sphere packing and channel gain. This system accomplishes 
the compression using sphere packing with support of Cab curves. At the same time, providing security 
and encrypting the information. Also with the use of code algorithms a high consistency is achieved. 
Finally, the performance of the system is shown as a function of SER (Symbol Error Rate) and SNR 
(Signal Noise Rate). In the first results, sphere packing modulation obtains a gain of 3.5 dB’s compared 
with QPSK modulation with a . 610−=SER
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1. Introduction 
 
Actually in the wireless communications system 
is essential provide information in real time, 
such as medical emergencies, entertainment, 
economic, etc. Therefore is necessary to increase 
the data transmitted in terms of spectral 
efficiency and the transmission speed maybe 
using the data compression. Perhaps this could 
be one of the reasons that in the near future these 
communication systems will incorporate non-
binary finite fields in their elements, such the 
case of quantum processors. This new system 
cannot be separated of the security, which 
assures the message sent.  

For the mentioned reasons, in the 
proposed communication system a compression 
of symbols is achieved using sphere packing 
with Cab curve assuring the transmitted 
messages at the same time. Additionally, it is 
important to use channel gain mechanisms to 
improve the performance of the system, i.e. 
Space-Time and Low Density Parity Check 
algorithms.  

Works realized in [1] can be consulted 
where a new cryptographic system is 
constructed using a combination of a 
hyperelliptic curve of genus two and a Reed 
Salomon code is provided, other works by 
ARITO Seigo in [3] is presented, which  

introduce Cab curves and construct an efficient 
algorithm for addition in Jacobian group of Cab 
curves.  

Actually there are different publications 
referred to the use of sphere packing shown in [2], 
for example in [5] a space-time signal construction 
method that combines orthogonal design with sphere 
packing, referred as (STBC-SP) is provided. 

Low-Density Parity-Check codes were 
devised by Gallager [6] in 1962. These codes have 
the capability of approaching Shannon’s predicted 
performance limits [7], furthermore in recent year’s 
research interests in LDPC non-binary coding aided 
non-binary modulated Multiple-Input Multiple-
Output (MIMO) schemes operating over a finite 
field has been proposed in [4][8][9].  

The originality of this paper resides in that 
the concept of sphere packing is used from another 
point of view, since it is implemented, in this case, 
for the compression of data combined with Cab 
curves encryption and channel coding with non-
binary LDPC and Space-Time block code.  

The paper will be organized as follows. 
Theoretical aspects show Cab curves, sphere 
packing and non-binary LDPC are explained in 
section II, section III presents the mathematical 
problem formulation next in section IV the 
communication system is described and section V 
shows the performance results obtained. Finally, the 
conclusions are presented in section VI. 

Proceedings of the 10th WSEAS International Confenrence on APPLIED MATHEMATICS, Dallas, Texas, USA, November 1-3, 2006      257

mailto:isoto@lauca.usach.cl


2. Theoretical Aspects 
 
2.1. Cab curves 
 
Following [3] is introduced Cab curves. Let K  
be a finite field and be an algebraic curve 
over

C
K . Suppose C  has at least one place of 

degree one over K . Let  be a place of degree 
one over

P
K . We take the ring )P(L ∞  of 

functions on  which are holomorphic away 
from P: 

C
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in  become a monoid M
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When  is generated by two natural numbers 

and b , it call Cab curve. Then are functions 
 with the pole number at P and  

function  with the pole number  at 
P. Using this function 

PM
a

)(L ∞ a
)( PLy ∞∈ b

X and  we can 
construct an affine model of Cab curve of the 
form: 

Y
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Here, j,iα  belong to k and both 0,bα  and  
are not equal to zero. The affine model in the 
equation is called Miura model of Cab curve. In 
Miura model, Cab curve is non-singular on 
affine-plane, and the place becomes the place 

 centred on the unique infinite point on the 
curve. An elliptic curve is a C

a,0α

P
∞P

23 curve, and a 
hyperelliptic curve is a C2b curve. The genus of 
Cab curve is equal to 2/)1)(1( −− ba . 
 
For the Jacobian group of an algebraic curve  
defined over a finite field

C
K . Let K be an 

algebraic closure of K. For integers  and 

rational point  of  C  over
im

iP K , a formal sum 

 is called a divisor. All divisors on 

a curve C  become an abelian group under 
formal additions, and all divisors of degree zero 

are a subgroup  of . The invariant subgroup 
 of  under the action of 

∑= ii PmD
D

0D D
(J)(CJ K )C )( KKGal  is 

called Jacobian group of  defined over C K . For a 
divisor defined over K,  D
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is a finite dimensional vector space over K.  
 
2.2. Sphere Packing 
 
The classical sphere packing problem, still unsolved 
even today, is to find out how densely a large 
number of identical spheres can be packed together 
[2].  Therefore the general sphere packing problem, 
asks for the densest packing of equal spheres in n-
dimensional space. This problem has considerable 
practical importance even for dimensions greater 
than three.  A point in real n-dimensional space nR  
is simply a string of n real 
numbers ( )nxxxx ,...,, 21= . A sphere in nR  with 
center ( )nuuu ,...,1=  and radius ρ  consist of all 
the point ( )nxxxx ,...,, 21=  satisfying: 
 
( ) ( ) ( ) 222

22
2

11 ... ρ=−++−+− nn uxuxux       (5) 
 
If zero is a center of a sphere, then there are spheres 
with centres u and , therefore there are also spheres 
with 

v
vu +  and vu −  centres. In other words the set 

of centres forms an additive group (lattice).   
 
2.3. Non-binary LDPC 
 
The non-binary LDPC is a generalisation of the 
binary codes, for the family of non-binary LDPC, 
the non-zero entries in the parity check matrix is 
inserted the same way as we did for the binary case. 
However, in addition to decide where to insert the 
non-zero entries, the value of the non-zero entries 
has to be determined over . Furthermore, a 
legitimate non-binary codeword also has to satisfy 
the constraint that its product with the parity check 
matrix results in an all-zero vector.  

)(qGF

 
The decoding process is quite similar as for the 
binary case. Except that all the mathematic 
calculation has to be carried out in the 
concerning . However, since the field order 
has been increased from binary to , thus the 
complexity of updating of  will be magnified by 

)(qGF
)(qGF

ijR
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a factor of . However, Richardson and 
Urbanke’s reduced complexity method, by the 
use of the Fast Fourier Transform (FFT) as is 
very well explained in reference [10].  

2q

 
A legitimate codeword has to satisfy all parity 
check matrix. When updating , the 
participating variable nodes has to satisfy i-th 
parity check as formulated in equation 6. 

a
ijR
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'
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3. Problem formulation. 
 
The main difficulty in wireless communications 
systems perhaps, consists in optimizing the 
performance of the system shown in figure 1. 
For this, it is necessary to implement and 
investigate new techniques in order to improve 
its performance, then 
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SERMinY

=
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       (7) 

 
Where, means a sphere-packing 
compression and represents a Space Time 
block. But mapping symbols over Cab curve 
depends of the Jacobian’s curve , and 
compression depends of a particular lattice

SP
ST

)(CJ
Λ . 

The distortions of the channel depends on the 
distribution  of the AWGN (Additive White 
Gaussian Noise) and Fading, then 

2σ
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4. System description 
 
Fig. 1, shows the communication system, where 
the information symbols sequence of an 
arbitrary length n⋅= ζψ  is given by 

{ }011 ,,..., sssS −= ψ  that symbols are mapping in 
the non-linear Cab encrypt/encoder, Y  is a 
codeword block, this block is sent to the block 
interleaver obtained YI and then to the Space-
Time Block Code. X is transmitted for by the 
multiple antenna based transmit diversity 
system; Z is a corrupted sequence by AWGN 
with mean zero and variance  and Fading 

channel. The space-time block coded generates the 
matrix to send for the two antennas.  

2σ
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Figure 1. Diagram system 

 
The receiver in figure 1, this is composed of 

separator, combining the signals received Z of the 
multiple antennas. Note that the combined signals 
from the two receive antennas are the simple 
addition of the combined signals from each received 
antennas, i.e. the combining scheme is identical to 
the case with a single receive antenna.  

Once information combine is obtained, is 
passed to the MAP detector where the most likely 
transmitted symbol is determined based on the 
Euclidian distances between the combined signal 
and transmitted symbols then YI’ is provided and 
sent through of the de-interleaver to the Non-Linear 
Cab Decryption block. 

When the communication begins, both 
transmitter and receiver select a public key Cab 
curve of a given genus  according to the 
coefficients  and b by  over a 
finite field

g
−− baga 2/)1)(1(=

( )mGFF 2= , then the order of the 
Jacobian is calculated by: 
 

gqCabJ =)(#Or =    (9) 
 

Where,  is the order of the field q F according to 
Hasse-Weil theorem.  

Next, both transmitter and receiver build a 
table, which contains the identifiers T and the 
reduced dividers  of the curve Cab. Each reduced 
divisor  has a number of polynomials according 
to genus of the curve forming a finite dimensional 
vector space over field F.  

TD
D
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The polynomials coefficients are symbol 
sequences of length n, and then a symbol data 
block de length ζ  can be embedded in a 
reduced divisor . When this is 
accomplished, the reduced divisors are mapping 
using sphere-packing, realizing the compression 
of divisors. The compression sphere packing is 
related with the lattice Λ, since the lattice is an 
additive group formed by centres of spheres 
related with the origin. Once the main lattice is 
obtained, is simple to be able to determine the 
other centres. Then the n-dimensional lattice 

TD

nΛ  
for ,  1≥n
 

( ){ }0...:,...,, 0
1

10 =++Ζ∈=Λ +
n

n
nn xxxxx    (10) 

 
Which uses  coordinates to define an n-
dimensional lattice:  lies in the hyperplane 

 in 

1+n
nΛ

0=∑ ix 1+nR . The idea is to put the 
dividers reduced in architecture such as shown 
in the following figure. 

0D

1D
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Fig 2. Sphere packing architecture 

 
Generally the lattice is representing by 
matrix M , with this matrix is possible generate 
the other centres. For example if we have a 
lattice of 2-dimensions showed in fig. 2 the 
matrix 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

+
=

μρ
μχρ

μχ h
M

2
,   (11) 

is obtained, then only is necessary transmit the 
matrix lattice  and not all the symbols (in 
this case, reduced dividers of the Jacobian). 
Hence, the Matrix lattice is sent to the encoder 
LDPC and only to be necessary to code the main 
lattice and not all reduced dividers. Once the 
codeword is obtained, then this is transmitted 
and recovered in the receiver. 

μχ ,M

5. Results. 
 
Fig 3 shows the first results obtained where sphere 
packing modulation is compared with QPSK 
modulation in both non-binary LDPC algorithms is 
used. For the simulation the channel AWGN 
(Additive White Gaussian Noise) and 1000000 
symbols are used. The non-binary LDPC use the 
Galois field GF(4).  
 
The simulation shows that 3.5 dB’s is obtained using 
sphere packing modulation compared QPSK 
modulation.          
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Figure 3. Performance Sphere packing modulation 

vs. QPSK modulation 
 
The number of sphere packing modulated symbols 

4=L  is used. This symbols belong to lattice of 2-
dimension; in this simulation  belong to 

of the non-binary LDPC.  The sum-product 
algorithm is used for the decoder.   

q

C

6−

L =
)(qGF

 
6. Conclusions. 
 
A new communication system has been proposed 
using a combination Cab curve with sphere 
packing and non-binary LDPC oriented to the 
wireless communication. With this system we 
minimize the , since in the initial simulations, a 
gain of 3.5 dB’s is achieved for a  
compared with traditional modulation. 

SER
10=SER
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